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Stochasticity in biological systems

Cell 135, October 17, 2008 ©2008 Elsevier Inc.  217

Noisy Bugs
The first attempts to characterize stochastic gene expres-
sion were born from experiments in synthetic biology in which 
experimenters found that noisy behavior in gene expression 
was interfering with the operation of engineered genetic cir-
cuits. One example is the “repressilator,” a synthetic network of 
repressors that was capable of producing oscillations in gene 
expression (Elowitz and Leibler, 2000). The authors found that 
the oscillations were subject to marked fluctuations in their 
period and magnitude and conjectured that stochastic effects 
in gene expression were causing these effects. In another 
study explicitly aimed at controlling fluctuations, Becskei and 
Serrano (2000) showed that engineering a circuit with nega-
tive feedback could reduce cell-to-cell variability in expression. 
Although these experiments showed that noise in gene expres-
sion was important and could even be controlled, the molecu-
lar basis for the observed variability remained unclear.

The first experiments to explore the causes of stochastic gene 
expression were the landmark studies of Elowitz et al. (2002) and 
Ozbudak et al. (2002). Elowitz et al. introduced the concepts of 
extrinsic and intrinsic noise in gene expression (analyzed math-
ematically by Swain et al., 2002). In their experiments, Elowitz et 
al. quantified the variability in the expression from a promoter in 
E. coli by introducing two copies of the same promoter into the 
genome of E. coli, one driving the expression of cyan fluorescent 
protein (CFP) and the other driving the expression of yellow fluo-
rescent protein (YFP) (Figures 1A and 1B). In this setup, extrinsic 
fluctuations are those that affect the expression of both copies 
of the gene equally in a given cell, such as variations in the num-
bers of RNA polymerases or ribosomes. Intrinsic fluctuations 
are those due to the randomness inherent to transcription and 
translation; being random, they should affect each copy of the 
gene independently, adding uncorrelated variations in levels of 
CFP and YFP levels (Figure 1C). They found that both sources 

of noise can be significant depending on 
the promoter. Later time-lapse measure-
ments showed that in bacteria, the time 
scale for intrinsic fluctuations is less than 
9 min, whereas extrinsic fluctuations 
exert their effects on time scales of about 
40 min, or roughly the length of the cell 
cycle (Rosenfeld et al., 2005).

Ozbudak et al. (2002) observed that 
variability in the expression of a gene 
expressing GFP driven by an inducible 
promoter in B. subtilis depended on the 
underlying biochemical rates of tran-

scription and translation. In these experiments, transcription 
rates were controlled by varying the level of induction, and the 
translation rate was altered by introduction of mutations into 
the ribosomal binding site. This verified a stochastic theory 
of intrinsic noise they had developed predicting how noise 
in gene expression would change as these parameters were 
altered (Thattai and van Oudenaarden, 2001) (Figures 2A and 
2B). In particular, the theory predicted that noise (measured 
by the standard deviation in protein expression level divided 
by the mean) would depend inversely on the rate of transcrip-
tion but would not depend on the rate of translation. This is 
because proteins are produced in translational “bursts” from 
individual transcripts; the concept of bursts in gene expres-
sion continues to play an important role in current research, 
especially in higher eukaryotes.

Recently, a set of exciting single-molecule experiments have 
observed translational bursts in individual living bacteria. To 
count the number of proteins per cell, Cai et al. (2006) used two 
methods: one involving microfluidics, in which they quantified 
the number of beta-galactosidase enzymes in a cell by moni-
toring its enzymatic activity, and one involving direct visualiza-
tion of single YFP molecules tethered to the cellular membrane 
(Yu et al., 2006). Both studies showed that proteins were syn-
thesized in rapid, burst-like fashion.

Another study (Golding et al., 2005) used the MS2-GFP 
method (Bertrand et al., 1998; Beach et al., 1999), which 
allows one to monitor the transcription of individual mRNA 
molecules in real time. This is accomplished by introduction 
of a repeated sequence motif into the 3′ untranslated region 
of the mRNA, to which a fusion of the MS2 coat protein and 
GFP binds, thus rendering the mRNA molecule fluorescent. 
According to the model presented in Figure 3A, one would 
expect that mRNA molecules are produced at a steady rate 

Figure 1. Intrinsic and Extrinsic Contribu-
tions to Noise in Gene Expression
(A) A fluorescence image of individual E. coli dis-
playing marked cell-to-cell variability in the ex-
pression of two identically regulated fluorescent 
proteins.
(B) Schematic depiction of the temporal behav-
iors of extrinsic noise (upper) and intrinsic noise 
(lower).
(C) Expected cell-to-cell variations when fluctua-
tions are intrinsic, extrinsic or both.
(A) and (B) are adapted from Elowitz et al., 2002.

Fluorescence imaging of individual E. coli reveals marked variability in protein expression

[Raj et al. 2008. DOI 10.1016/j.cell.2008.09.050]

extrinsic noise:
fluctuations in cellular environmental
factors

intrinsic noise:
fluctuations arising from low copy
numbers (E.coli : 10 mRNA molecules
per cell)

This presentation focuses on modelling of extrinsic noise!
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Challenge

Integration of experimental data (in vitro and in vivo) into a system’s
understanding at different scales in space and time
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Outline

Why modelling hormonal regulation?

Physiological background

Experimental data in vivo

Model development for the human menstrual cycle

Conclusion and outlook
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Hormones

[https://opentextbc.ca/introductiontopsychology/chapter/

3-4-putting-it-all-together-the-nervous-system-and-the-endocrine-system/]

hormones control a lot of
functions: sexual reproduction and
development, whole-body
metabolism, blood glucose levels,
plasma calcium concentration,
growth,...

hormones are produced in, and
released from, diverse places

they are carried in the bloodstream
and capable of acting on target
cells throughout the body
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Hormonal axes

Source: Davidson’s Essentials of Medicine, 2nd ed.
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Hormonal regulation

Feedback mechanisms lead to oscillatory behavior (milliseconds to days)
→ significant implications for treatment

[https://www.lecturio.com/concepts/

hypothalamic-and-pituitary-hormones/]

Review

3doi: 10.1210/endrev/bnaa002 https://academic.oup.com/edrv

Dynamics Within the HPA Axis in Health

An ultradian pattern of cortisol release in humans 
has been widely reported (8–12). More recently, 
the development of an automated sampling system 
for use in humans has enabled blood sampling at a 
higher frequency than has been previously possible 
(13). Fig. 1B shows a 24-hour profile of ACTH and 
cortisol in a healthy volunteer. With 10 minutes 
of sampling resolution, a short delay is evident 
between ACTH and cortisol secretion, with each 
cortisol pulse closely following each ACTH pulse. 
In healthy male subjects, Russell et  al. showed 
that both ACTH and cortisol pulsatility was rap-
idly inhibited by intravenous infusion of the syn-
thetic mixed glucocorticoid agonist prednisolone 
(14). The site of the rapid inhibition of ACTH 
secretion appears to be the anterior pituitary, as 
prednisolone also inhibited the ability of exoge-
nous CRH to induce increased ACTH and cor-
tisol secretion. Prednisolone fast feedback could be 
reduced by pretreatment with the glucocorticoid 
receptor (GR) antagonist mifepristone but not with 
the mineralocorticoid receptor (MR) antagonist 
spironolactone. The rapid dynamics of negative 
feedback on ACTH secretion were consistent with 
the plethora of evidence for a ligand-dependent 
nongenomic GR-mediated negative feedback in the 
anterior pituitary (15). The pituitary is not the only 
site where rapid nongenomic negative feedback is 
found, as Tasker and colleagues have elucidated a 
mechanism of glucocorticoid suppression by the 
hypothalamic endocannabinoid system (16–18).

This circadian and ultradian rhythm of ad-
renal glucocorticoid secretion has not only been 
recorded in man, but also in every other species 
tested so far, including rat (19–24) as shown in 
Fig. 1C, rhesus monkey (25–27), hamster (28,29), 
horse (30), sheep (31–33), and goat (34–36). A ro-
dent automated blood sampling system designed to 
perform frequent sampling on freely behaving rats 
in their home cage environment (1,37) has revealed 
the ultradian rhythm of rats in great detail, showing 
distinct pulses at approximately hourly intervals. 
The ultradian corticosterone rhythm of rats has 
been found to exhibit significant sex differences 
(38–41), and is subject to further change during 
lactation and aging (42–44), as a result of early 
life stress (45) and inflammatory disease (46,47). 
The HPA axis has also been found to exhibit re-
markable plasticity associated with physiological 
changes throughout life in healthy humans. An ex-
ample of HPA axis adaptation to rapidly changing 
physiology occurs during pregnancy. The maternal 
HPA axis undergoes dramatic activation during 
pregnancy resulting in increased circulating cor-
tisol, and a study at the Edinburgh Royal Infirmary 
was able to quantitatively assess this phenomenon 
using multiple peripheral blood and 24-hour inter-
stitial fluid samples on 5 healthy pregnant women 
at 16 to 24 weeks’ gestation (P1) and again at 30 to 
36 weeks’ gestation (P2) compared with a control 
group of healthy nonpregnant (NP) women. While 
an observed increase in cortisol pulse amplitude 
was not significantly different (NP 44 nmol/L, P1 
99  nmol/L, P2 131  nmol/L; P = .09), significant 
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Figure 1.  The HPA axis and its hormonal output over the day. (A) A schematic of the HPA axis. CRH (and AVP) are secreted from the 
PVN. These hormones in turn, stimulate the secretion of ACTH from the anterior pituitary, which in turn, drives the secretion of gluco-
corticoids from the adrenal cortex. Automated blood sampling has enabled high resolution measurements of the circadian and ultradian 
profile of (B) ACTH and cortisol (CORT) in human over a 24-hour period and (C) corticosterone in rat.
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[Lightman et al. (2020), doi: 10.1210/endrev/bnaa002]
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Why modelling?

endocrine axes are largely studied in isolation (reductive approach)

dynamic changes in hormone levels are not captured well by single-point
measurements

challenging to collect longitudinal data on long-time processes like puberty
and menopausal transition

under-representation of women in clinical studies due to (i) potential
maternal-fetal liability and (ii) the menstrual cycle as confounding variable

Mathematical modelling...

allows to formulate and test hypothesis in-silico (answer various “what if?”
scenarios), including those that are costly, challenging or not feasible in-vitro
or in-vivo

provides new information about potential mechanisms and can identify areas
of deficient knowledge

helps in quantifying inter- and intra-individual variability
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Reproductive medicine

Increased chance for successful pregnancy by modern techniques:

In-vitro fertilization (IVF)

Intracytoplasmic sperm injection (ICSI)

Success rates: 8 - 35%

Depending on the clinic due to different
treatment strategies!

Aim: supply of model-based clinical decision support system for reproductive
endocrinologists

better understanding of complex processes

simulation and optimization of treatment strategies in silico (cost-saving and
efficient)
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The human menstrual cycle

[Chris 73 / Wikimedia Commons]

Orchestrated interplay of hormones
along the HPG-axis:
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Follicular development

5th December 2019 Biological Background           3

Female Menstrual Cycle
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Clinical trials: Hormone blood data from healthy women
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Clinical trials: Pharmacokinetik (PK) data

Single dose Nafarelin (GnRH agonist):
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Single and multiple dose Cetrorelix (GnRH antagonist):
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measurements: drug, LH, FSH, E2
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Ovarian stimulation: Treatment protocol data
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Typical problems

time series data of a few components

many patients, but few data points per patient, mostly under treatment

high inter- and intra-individual variability

different physical units, sometimes not even convertible

missing measurement errors

missing information about the cycle day

averaged data for women with different cycle length or in different stages of
the cycle

Susanna Röblitz (CBU/UiB) Hormonal Regulation
Woudschoten Conference, September 27, 2024

15 / 46



Modelling in biology and medicine

mathematical

model

validation

calibration

construction
model

conceptual

experimental
model

interpretation

“Essentially, all models are wrong, but some are useful”
(George Box)

“fitness for purpose” rather than being “right or true”

“A (mathematical) model should be as simple as possible, but not any
simpler”

(A. Einstein)
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Conceptual model

Compartments: blood, ovaries,
uterus, pituitary, hypothalamus
Components:

Estradiol

Progesterone

Inhibin A and B

LH + receptor binding

FSH + receptor binding

GnRH + receptor binding

6 follicular stages

6 luteal stages (corpus
luteum)

HYPOTHALAMUS

PITUITARY

CORPUS LUTEUM

OVARIES

inhibin

activin

follistatin

FSH

LH

GnRH

estradiol

progesterone

estradiol

progesterone

TEUM

ovulation
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Mathematical model

Mass action kinetics:
R + L ↔ RL

[Pivonka et al., InTech 2012]

Hill kinetics: stimulatory/inhibitory
effects

H+(S(t),T , n) :=
S(t)n

S(t)n + T n

T
SHtL

m

H+HSHtL,T,nL

n=10

n=5

n=2

The model: ordinary differential equations (ODEs)

x ′(t) = f (x(t), u(t), θ), x(0) = x0

Experimental measurements (with additive Gaussian noise):

y(t) = h(x) + ϵ(t), ϵ(t) ∼ N (0, σ2(t))
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Example: Modelling of LH

Progesterone

Estradiol

LH Pituitary LH Serum

GnRH−R complex

SynLH(t) = (bSynLH + mE2 · H+(E2,TE2; nE2)) · H−(P4,TP4; nP4)

RelLH(t) = (bRelLH + mGnRH-R · H+(GnRH-R,TGnRH-R, nGnRH-R)) · LHPit(t)

d

dt
LHPit(t) = SynLH(t) − RelLH(t)

d

dt
LHblood(t) =

1

Vblood

RelLH(t) − kon · LHblood · RLH − c · LHblood

Susanna Röblitz (CBU/UiB) Hormonal Regulation
Woudschoten Conference, September 27, 2024

19 / 46



The FemCyc model

Purpose: simulate the effect of birth control pill on hormone blood concentrations

49 DDEs, 208 parameters
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[I. Reinecke, P. Deuflhard. A complex mathematical model of the human menstrual cycle. J Theor Biol. 2007;
247(2):303-30. doi: 10.1016/j.jtbi.2007.03.011]
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The GynCycle model

Purpose: development of a pharmacokinetik/pharmacodynamic (PKPD) model
for single and multiple dose administration of GnRH analogues (in collaboration
with Pfizer UK)

Blood measurements (drug, LH, FSH, E2):

single dose Nafarelin (GnRH agonist)
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single and multiple dose Cetrorelix (GnRH antagonist)
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PKPD Modelling: GnRH agonists

GnRH mass

GnRH frequency

GnRHpituitary

GnRH frequency

active

GnRH receptors

inactive

GnRH receptors

GnRH agonist

DOSING COMPARTMENT

GnRH antagonist

DOSING COMPARTMENT

active Ago−Rec

complex

GnRH antagonist

CENTRAL COMPARTMENT

PERIPHERAL COMPARTMENT

GnRH antagonist

GnRH agonist

CENTRAL COMPARTMENT

complex

active GnRH−Rec

complex

Effect on LH and FSH release
Rest of the model

clear

Complex
Ant−Rec

degr

inactive Ago−Rec

degr

complex

inactive GnRH−Recdegr

syn degr

dose

dose

G protein-coupled receptor (GPCR) model coupled to PK model for GnRH
agonists and antagonists
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Drug Database

PK description as unique parametrizations of important drugs:

Administered compound dimension dose beta clearance rate

Triptorelin (Decapeptyl 0.1 mg) mg 2.5 250.0 6.00
FSH (Merional 75 I.E.) I.E. 5.347 4.271 0.488
FSH (Menopur 600 I.E.) I.E. 13.378 9.871 0.417
FSH (Puregon/Gonal-f 600 I.E.) I.E. 21.387 4.271 0.488
LH (Merional 75 I.E.) I.E. 0.594 6.041 3.199
LH (Menopur 600 I.E.) I.E. 5.669 6.041 3.199
LH (Ovitrelle 250) I.E. 39.632 6.041 3.199
Norethisterone (Primolut N) mg 27.291 52.324 11.090

http://www.kompendium.ch/home/de

dcdrug (t)

dt
= Dβ

2t exp (−βt) − cLcdrug (t)

parameters can be determined via nonlinear

equations from PK parameters

tmax, cmax, AUC0−∞
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The GynCycle model
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GynCycle: 33(+8) ODEs, 114 parameters
BioModels database: http://biomodels.caltech.edu/BIOMD0000000494

[S. Röblitz et al. A mathematical model of the human menstrual cycle for the administration of GnRH

analogues. J. Theoret. Biol. 321:8–27, 2013. DOI: 10.1016/j.jtbi.2012.11.020]
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GynCycle: Results

The model allows to

systematically study the influence of drug, dose and timing of
administration on hormone profiles in a “normal” menstrual cycle
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The PAEON model

Purpose: Simulation of female fertility treatments

downregulation + stimulation + oocyte retrieval

Aim: between 11 and 15 mature oocytes
Risk: Ovarian hyperstimulation syndrome (OHSS)
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Treatment protocol data
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Treatment cycle: ultrasound measurements
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The PAEON model

Tasks:

create a virtual patient population

develop a new model for follicular development to simulate the stimulation
phase

PAEON project: Model-Driven Computation of Treatments for Infertility Related Endocrinological Diseases
(02/13-01/16)

Partners: ZIB, La Sapienza U Rome, U Lucerne, U Hospital Zürich, Hannover Medical School
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Parameter estimation

Frequentists’s approach:

∥F (θ)∥22
θ−→ min

with sum of least squares errors

∥F (θ)∥22 =
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Bayesian approach:
computation of probability
distributions according to Bayes’
theorem

P(θ|z) ∝ P(z |θ)P(θ)

with likelihood

P(z |θ) ∝ exp
(
−∥F (θ)∥22

)
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Prior estimation

Prior πP

Patient Data D1 Patient Data D2 . . . Patient Data DM

Likelihood L1 Likelihood L2 . . . Likelihood LM

Posterior P1 Posterior P2 . . . Posterior PM

Treatment in Silico

Succes Rate S1 Succes Rate S2 . . . Succes Rate SM

We introduced a nonparametric, transformation-invariant estimator for the prior
distribution defined in terms of the missing information.
[Klebanov et al. Objective priors in the empirical Bayes framework. Scand J Statistics 48(4), 2021.]
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A new follicle model

Replacing the “old” follicle model with a new one...
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A new follicle model

Purpose: simulate the competitive growth of multiple follicles

x ′i = xi (ξ − xi )(γ − κ(Σjx
ν
j − µxνi )), xi (0) ∈ (0, ξ)

xi (t)[mm]: diameter of follicle i = 1, . . . , n
ξ[mm]: upper limit for the size of a follicle (usually 20 mm)
γ[1/(mm · d)] : individual growth rate

κ[1/(mm3 · d)]: strength of competition
µ ∈ (0, 1): proportion of self-harm

ν: fractal dimension

Fit to bovine ultrasound data:
[S. Cummins et al. J Dairy Science 95(7), 2012]
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[Lange et al. (2019). doi: 10.1007/s00285-018-1284-0]
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A hormone-dependent follicle model

Biological knowledge:

FSH concentrations need to surpass a distinct level to stimulate ovarian
follicle growth (FSH threshold concept).

A limited duration of elevated FSH levels above the threshold is needed for
single dominant follicle selection (FSH window concept).

Progesterone exerts an inhibitory action on follicular development.

There is follicle-to-follicle variablity in the response to FSH.

Model assumptions:

The FSH-receptor complex level regulates growth and selection.

High system level FSH inhibits competition.

Progesterone inhibits the follicular growth rate.

Follicles have individual FSH sensitivity thresholds.
d

dt
xi = H+(FSHR,TFSHR(i), nFSHR) · (ξ − xi )xi

(
γ − κ

(∑
x2 − x2i

))
κ = κ0 · H−(FSH,Tκ

FSH , n
κ
FSH)

γ = γ0 · H−(P4,T γ
P4, n

γ
P4) · H

+(FSHR,T γ
FSHR , n

γ
FSHR).
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A stochastic follicle model

Biological knowledge:

The higher the FSH blood level, the more follicles are recruited.

Follicular artresia is irreversible.

Model assumption:

The recruitment of follicles follows a Poisson process. The Poisson parameter
λ (expected number of follicles that start growing within a certain time
interval) is modulated by the FSH concentration.

λ = λ0 ·
(
1 + sPoisFSH · H+(FSH(T ),TPois

FSH , n
Pois
FSH)

)
Four possible follicular destinies:

(i) growth (x ′
i (t) ≥ 0)

(ii) ovulation (xi > 18mm, LH ≥ TLH = 25 mIU/mL)
(iii) decay (x ′

i (t) < 0)
(iv) large (xi > 18mm) for 2 days, but not ovulating ( LH < TLH)

Follicles (ii)-(iv) are removed from the simulation.
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The PAEON model: Results

Treatment Verification

Design & Optimization
w.r.t. efficacy, cost, safety

[Tronci et al. (2014). doi: 10.1109/FMCAD.2014.6987615] [Mancini et al. (2018). doi: 10.29007/g864]
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Follicular dynamics under treatment

Note! The PAEON model is not fully coupled and can only be usd to simulate
follicular growth dynamics under GnRH agonist treament when the feedback loop

is interrupted due to GnRH-receptor downregulation n the pituitary.
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A fully coupled model

Purpose: Simulation of hormone dynamics and follicular growth throughout
consecutive cycles

Plan & Goal            Background        Results Conclusion & Outlook              9

from Röblitz et al. 2013

from Lange et al. 2018

newly introduced

Model of the female menstrual cycle

FS = π ·
∑

H+(xi ,TFS , nFS ) · (xi )2

E2(t) = bE2
syn + sFS · FS + hE2 · exp

(
−wE2(t − (TOvu + τ))2

)
P4(t) = bP4

syn + hP4 · exp
(
−wP4(t − (TOvu + τ))2

)
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Unstimulated cycle

5th December 2019 Simulation Results      16
   

Simulation Results: Normal Cycle

5th December 2019 Simulation Results      17
   

Simulation Results: Normal Cycle

dominant follicle 

the model generates quasi-periodic
solutions for all four hormones

wave-like growth behavior of the follicles
(not enforced by implementation!)

ovulation of a dominant follicle 12 h
after the LH peak

variability in cycle length (30.56± 7.00)
and number of follicles per cycle
(16.19± 3.08):

no correlation between cycle length and
follicular count

[S. Fischer et al. (2021). DOI: 10.3389/fendo.2021.613048]
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Parameter space exploration

the likelihood P(z |θ) is difficult to compute
for a stochastic model

→ Approximate Bayesian Computation
(ABC) rejection algorithm with summary
statistics and log-normal prior

acceptance criteria:

characteristic FSH profile in > 80% of the
cycles
mean cycle lenght and standard deviation
within physiological ranges

Results:

µ (proportion of self-harm) is lower in normal cycles and negatively correlated
with cycle length

[S. Fischer et al. (2022). DOI: 10. 1016/j.jtbi.2022.111150]
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Random start ovarian stimulation

Luteal Phase Stimulation Late Follicular Phase Stimulation
[Kuang et al.] Simulation [Zhu et al.] Simulation

# follicles 13.9 ± 7.8 11.1 ± 3.5 6.3 ± 2.2
10 - 14 mm
# follicles 11.1 ± 5.5 8.9 ± 3.7 11.7 ± 6.2 8.0 ± 2.2
> 14 mm
treatment 10.2 ± 1.6 9.4 ± 0.7 10.93 ± 1.66 6.0 ± 0.7
duration

[X. Zhu, Y. Fu. (2019). doi: 10.3389/fendo.2019.00448; Y. Kuang et al. (2014). doi:

0.1016/j.fertnstert.2013.09.007; S. Fischer et al. (2021). DOI: 10.3389/fendo.2021.613048]
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Conclusion

We provided a modelling and simulation framework for the dynamics of
ovarian follicles and key hormones along the HPG axis throughout
consecutive human menstrual cycles.

The model accounts for intra- and inter-individual variability in the cycle.

The growth of ovarian follicles in waves is an emergent property in our model
simulations and further supports the hypothesis that follicular waves are also
present in humans.

Our modell suggests poor follicle quality as a main reason for irregular cycles.

The model can serve as a quantitative systems pharmacology model for
studying hormone drug treatment in women.

Model simulations confirm that ovarian hyperstimulation can be started at
random time points in the cycle.
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Outlook

The hypothalamic-pituitary-ovarian axis interacts with other endocrine
sub-systems!
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Outlook

Hormonal rhythms change with age and during pregnancy!

Simulation of menopausal transition by reducing the follicular recruitment rate:
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