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Lines of research

Line A Line B Line C
Nonimaging freeform optics Imaging optics Improved direct methods

-1.00-0.75 -0.50 -025 000 0.25 050 0.75 1.00
q

> Luminaires, street lights, ... » Cameras, telescopes, ... » Ray tracing: iterative

» Compute optical surfaces that > Make a very precise image pro.cedure to compute final
convert given source into of an object, minimizing design. Slow convergence
desired target distribution aberrations » Advanced numerical schemes

» Freeform surfaces » Description with Lie for Hamiltonian systems and

. ; Liouville’s equation
» Fully nonlinear PDE of transformations q

Monge-Ampére type
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William Rowan Hamilton

Sir William Rowan Hamilton (1805-1865)
Irish mathematician, astronomer and physicist

Work
» Geometrical optics

» Classical mechanics

» Quaternions i# = 2 = k2 = ijk = —1
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Mass-spring system

» Compressed
spring

‘ Position of mass relative to
| equilibrium position: q(t)
|

v

v

SRNIINLINNGY
SANANNNINNAAY
SNANNNNANNNY

Momentum: p(t) = mv(t) = mq(t)

v

X .
A 0 A . Hamiltonian:

P
> Equilibrium 7 ‘ H(g,p) = ot 1kq

iti 729
position

v

Hamilton’s equations:

S050%5540555 0550005004 oH

1 q = —

A 0 A q op
oH
0q
» H is conserved:

. O0H. O0H.
A 0 A q H:a*quraT)P_o

» Extended P =

spring
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Simulation mass-spring system

This slide has an animation. It is available online at https://youtu.be/CE9GI80qQOE
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Optical fiber

» Gradient-index material » Position: q(z)

Refractive index (—1 < q < 1) . dq .
» Optical momentum: p(z) = n— with s arclength
s

n(q) =/n§(1—q*) + ¢ bz

Here: no > 1 _ : 5
Note: 1 < n(q) < ng p Ipll = /p*+p2=n
» Use z as evolution parameter
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Hamiltonian system

srs 1
777
777 1 1s
777
200 0s 14
777
777 a0 1
777
777 08 12
777
777 K 1
777
777 o

» Position of the mass: q(t) » Position of the ray: q(z)
» Momentum: p(t) » Optical momentum: p(z)
» Hamiltonian: » Hamiltonian:

2
H(ap) = 2 + 3ke’ Hig,p) = —/(n(q))2 —p* = —p,

» Hamilton’s equations:

_on | oH
- 9p q_ap
oH . oH

"o P="2

v

Hamilton’s equations:

g
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Simulation optical fiber

0.5

L
40 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

This slide has an animation. It is available online at https://youtu.be/exIVIEK8Ypk
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Imaging optics

» Consider imaging optical system

Jobject
pobject

<Q\mage>
Pimage

Object plane  Optical system  Image plane

» Each ray is defined by position q(z)
and optical momentum p(z)

» Hamiltonian optics:

oH . oH
—= — - H=— 2 _ 12
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Optical map:

(qimage> -M (qobject)
Pimage pobject

Ideal system:

M = Miinear = <(C1 S)

In practice M is nonlinear
Goal: Mathematical description of
deviations from linearity

Deviations are called aberrations in optics

TU/e
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Aberrations

» Consider Taylor series expansion of optical map in phase-space coordinates (g, p) about (0, 0)

» First-order term: Gaussian optics, paraxial optics

» Higher-order terms: aberrations
Reducing aberrations is important for image quality

» Rotationally symmetric system: Odd-term aberrations only

Third-order aberrations — image of regular 5 x 5 grid of point sources

& &8 %@@ A : /
OO ST .

DO @@ Oo - o0 -

9@6@@@@@ PN
\QQQ/@@@Q@/ / | \

Spherical aberration Coma Astigmatism

\
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/

-
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SR
®@ e @
. .
®@ e @

Field curvature

NV~ Y

Distortion
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Analytical expressions for aberrations

» Goal: Design optical systems with minimal aberrations
> Needed: Analytical expressions for aberrations

> Break down in steps: P—R—P—R—P P: propagation
R: refraction

Jobject (image
Pobject pimage

» Each step is symplectic map: No light rays lost or created
Volume conservation in phase space

» Symplectic maps can be written as concatenation of Lie transformations

13| Martijn Anthonissen | Hamiltonian optics, Lie algebra and Liouille’s equation | Imaging optics
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Lie algebraic tools

v

Let f, g, h be smooth functions on phase space
Define Poisson bracket [f, gl

ol = of 0g of og
h8 =3 % 3 2
> Bi-linear

[xf + Bg, hl = «lf, h] + Blg, h]

[ﬁocngBh]:oc[f, gl + BIf, hl

Anti-commutative

v

g} = _[g)ﬂ
> Jacobi identity
[f, [g, hll + [g, [, I + =0
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v

v

v

Vector space of functions with Poisson bracket
is Lie algebra

Define Lie operator [f, -]

If,-lg=1f, g

Define Lie transformation exp(If, -])

o0 .k
expllf ) =y 1

k!
k=0

1< =161 fork=1,2,...

Lie transformation is symplectic
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Lie formulation of Hamiltonian optics

» Poisson bracket

0g  OH
3
op OH
3 3

__Oof 0g of Og
[f,gl = 3 o 3 g
> Note:
OH 9q OH
Hgl = — .42 .
H, 4] 5 o o
oH op oH
[H> P] = ZTq . 67;) - ZTp
» Recall Hamilton’s equations:
. O0H . OH
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v

v

v

v

Rewrite as

g=—H,lg p=—IH"lp
It follows that

q® = (—[H,))q

Taylor series

0 i
qlz) = Z q (O)Zk

k!
k=0

Conclusion:

q(z) =M(q(0))
M = exp(—z[H, ‘])

TU/e
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Propagation as Lie transformation

» Hamiltonian for light propagation in medium
with constant refractive index n
Journal of the Optical Society of America A,

H(g,p) = —/n* —p?
Optics, Image Science and Vision, 39(9), 1603-1615

» Taylor expansion: " httpsi/doi.org/10.1364/JOSAA 465900

Barion, A., Anthonissen, M.J.H., ten Thije

Boonkkamp, J.H.M., ljzerman, W.L. (2022)

Alternative computation of the Seidel aberration
| coefficients using the Lie algebraic method

2 2 4
H(Q»P):—” 1_<§) :—n+%+%+...

» Lie transformation

M = exp(—z[H, ‘])

2 4
= exp(—z[—n, ]) exp ([_an’ }) exp <[_Z§n3’ ]) ..

= exp(—z[Hy, -]) exp(—z[H4, -]) - --
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Representing symplectic maps as Lie transformations

> Dragt-Finn factorization » If gis homogeneous polynomial of degree m then
Let M be analytic symplectic map
Assume M(0) =0 [fz,g]:%'%—%'%
Then: 0g op Op 0q

has degree m too

M = exp(lfr, *]) exp([fs, -]) exp([fa, -]) - - - Same way: [f, |“g has degree m

with f,, homogeneous polynomial of degree m: exp([f2, -])g has degree m
exp(lf2, ‘1) is linear operator
fm(Ag, Ap) = A"fin(q,p) forall A € R » More general:

+ Approximate M by exp([fm, -]) describes aberrations of order m — 1

M =M, = exp(lfr, -]) exp(lf3,-]) - - - exp([fr, -])

Note: M, is symplectic

TU/e
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Analytical expressions for aberrations

» Consider imaging optical system » Spot diagram off-axis object: Lie approach
vs OpticStudio (OS)
(CJObJect) (Qmage)
Pobject Pimage ~0.235
z
—0.240
> Break down in steps: P—R—P—R—P ~0.245
P: propagation
R: refraction 0250
> Write each step as truncated Lie transformation 0245 0250 0255 0260

Can be done for propagation, reflection, refraction "

» Use the properties of Lie transformations to
concatenate and rearrange them

Barion, A., Anthonissen, M.J.H., ten Thije
Boonkkamp, J.H.M., ljzerman, W.L. (2023)
Computing aberration coefficients for plane-symmetric
reflective systems: A Lie algebraic approach
Journal of the Optical Society of America A, Optics,
Image Science and Vision, 40(6), 1215-1224
https:/doi.org/10.1364/JOSAA.487343

TU/e

» Use analytical expressions to design optical systems
with minimal aberrations
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Improved direct methods based on solving Liouville’s equation

Real space » Direct method: given source and optical system,
Lar compute light distribution at target
» Standard: Monte Carlo ray tracing
Los| Robust but slow convergence (order 1/4/Ny4ys)
» Alternative: compute evolution of energy density
5 in phase space by solving Liouville’s equation
£ 07 Fast and more accurate
a » g < 0: Water, refractive index ny = 1.4
0.35 g > 0: Airbny =1
» Define ray by position g(z) and direction p(z)
p(0) =0 — q(z) constant
or “source p(0) > peit — ray is reflected

-1 -0.75 -0.5 -0.25 0 0.25 05 075 1
Position ¢

p(0) > peit — ray is reflected
0 < p(0) < peit — ray is refracted

De e o
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Phase space

Real space

Position z
Momentum p

_source

-1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1
Position g

1.4

1.05

&
9

=}
w
w

Phase space: p(2,q,p) at z = 0.7

-1

-0.75

-0.5

-0.25 0 0.25 0.5 0.75
Position g

This slide has an animation. It is available online at https://youtu.be/BRDN8DSWTNQ
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Liouville’s equation
» Basic luminance p = p(z, g, p): luminous flux
per unit area and unit solid angle

> Along a ray:
p(z + Az,q(z + Az),p(z + Az)) = p(z,q,p)

Differential form

dp O0p. Op.
— —_— —pH=0
oz " aqd Tt 3P

» Use Hamilton’s equations

. OH . oH
g=

B
to get
dp O0poH 0poH

22 " oqp opoag O
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> Liouville’s equation
op

3, T V- (pu) =0
0z
with V = (9/dq,0/p)",
oH
op
u
_OH
0q

» Using H = —y/n? — p?, we find
1 p
e —
Vi —p 0

if n is constant. Hence:

TU/e
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Space discretization

> 2D optical system: 2D phase space » Expand solution in reference domain (&,m) € [—1, 1]2
3D 4D

» Space discretization (g and p): p(z,&,m) ~ Z 0j(z
Discontinuous Galerkin spectral i—0 j=0

element method (DGSEM)

L;, L: Lagrange polynomials on Gauss-Legendre nodes
» Straight-sided quadrilaterals

» Accuracy controlled by number of elements K and
polynomial order N

n EA z3

X

3 > » Evolution of pj(z) found from weak formulation of
o Liouville’s equation
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Optical interfaces
> At optical interfaces

p(z7,q(z7),p(z7)) = p(z",q(z"),p(z"))

z and g continuous
p discontinuous

» Compute p(z*+) from law of reflection or Snell’s law

» Align mesh with optical interface

» Local energy balances to ensure energy conservation
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» Reflection

Reflected ray Reflector

Normal - ---- 3

Incident ray

» Refraction
Air Glass

Refracted ray

Normal - - - - -

Incident ray

TU/e
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Time discretization

» Evolution parameter: z
Arbitrary derivative (ADER) discretization

> |dea: use PDE to replace z-derivatives
with spatial derivatives

> We have
dp , 0p
-~ F_0
oz “3q
Taylor series:
M oo
p(z + AZ) 9y P) ~ g Hg(z) 9y P) (Az)k
Replace z- with g-derivatives
M akp
p(z + AZ) 9y P) ~ Z Ck(AZ) 9, P)w(z» 9y P)
k=0

Cauchy-Kovalewski procedure
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» ADER-DG leads to explicit scheme
» Arbitrarily high order of accuracy

in space (g and p) and time (z)

» CFL condition on Az causes problems near

optical interfaces: sub-cell interface
method

van Gestel, R.A.M., Anthonissen, M.J.H., ten Thije

&{ Boonkkamp, J.H.M., l|zerman, W.L. (2023)

1 | An ADER discontinuous Galerkin method on moving
. g\ meshes for Liouville’s equation of geometrical optics

u Journal of Computational Physics, 488, 112208

https:/doi.org/10.1016/j.jcp.2023.112208

TU/e
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Hybrid scheme

» Away from optical interfaces: light rays are straight lines if n is constant
» Can be solved more efficiently using semi-Lagrangian discontinuous Galerkin (SLDG) scheme
» Hybrid scheme: ADER-DG close to optical interface, SLDG elsewhere

> Divide computational domain in regions
Intermediate element to couple ADER-DG and SLDG regions

SLDG intermediate  ADER-DG ™™ ADER-DG intermediate SLDG

142

St

2t

¢ : ‘ ¢ ¢ '
Qo Qap Qi sp Ql—s/z Ql—l/z Q;M/z Q;<+3/2 Qs Qiirp Qiiop
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Meniscus lens

» Light rays travel from left to right

1.0 Refracted at both spherical surfaces
» Initial condition (z = 0)
0.5
2 2
S3 _ —q —p
00 p(0,q,p) = exp (203> exp (203)
-0.5
with o4 = 0.5, 0, = 0.08
1o » Mesh: Agmax = 0.16, Ap = 0.1
00 05 10 15 20 25 30 35 40 Polynomial order: N =7
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Basic luminance

-0.25
-0.50

-1.0 —075

~1.00 -0.75 ~0.50 ~0.25 0.00 025 0.50 0.75 100
q

Initial condition At target

van Gestel, R. A. M., Anthonissen, M. J. H.,

ten Thije Boonkkamp, J. H. M., lJzerman, W. L. (2024)

A hybrid semi-Lagrangian DG and ADER-DG solver on a moving mesh
for Liouville’s equation of geometrical optics

Journal of Computational Physics, 498, 112655
https://doi.org/10.1016/}.jcp.2023.112655

TU/e
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Solar concentrator

» Light rays travel from left to right
1.0 Refracted at left surface
Total internal reflection (TIR) at top or bottom
05 » ADER-DG scheme with initial condition (z = 0)
o 00 p(o) qd, P) = d)m,k(q/}\q)d)m,k(P/)\p)
with G i (x) = cos™ (FxK), m =10,k =2
-0.5 » Mesh: AGmax = 0.1, Ap = 0.1
Polynomial order: N = 6
-1.0

0.0 0.5 1.0 15 2.0 2.5
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Basic luminance

) -
1.0 m

0.5

/
-05 /

0.0 i R — 0.0 05 10
q q
Initial condition Half way At target

Animation at https://youtu.be/NdsmRIT2auE
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llluminance and comparison between methods

- QMC \\\~‘-~
1.0 j\/\ — hDG 103 TSl
0.8 1 1
| 1 —
L B
S 0.6 =
= | | r
0.4 | | = 107{ -=- QMC —
' 1 & ADG N=5 "
0.2 1 : —— hDG N=5 "o
: : 1094 e ADG N=7
0.0 — [— —e— hDG N=7
-1.0 ~0.5 0.0 05 1.0 100 10t 102 10 104
q Computation time [s]
llluminance at target » QMC: quasi-Monte Carlo ray tracing
» ADG: ADER-DG
Elq) = J O(ztarges 9, P) dp » hDG: hybrid scheme (ADER-DG and SLDG)
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Conclusions

» Model light propagation using Hamiltonian optics .
» Nonlinearities in optical map: aberrations |jf

Reducing aberrations is important for image quality '
> Approximate propagation, reflection and refraction

by truncated Lie transformormations / /
» Concatenating and rearranging Lie transformations

gives analytical expressions for aberrations

> Liouville’s equation is alternative to ray tracing OPTIC

» Advanced ADER-DG scheme to solve Liouville’s equation || AWAVE

» Hybrid scheme: ADER-DG close to optical interface, SLDG elsewhere L Math & CS
Outperforms ray tracing ] orp

More info: https://martijna.win.tue.nl/Optics/
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