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What are geometric uncertainties?

At the continuum scale, possible variabilities in boundaries or interfaces.
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Sources of geometric uncertainties

Intrinsic variability:

manufacturing defects, randomness in production process,
biological variations ...

Lack of knowledge:

limited measurements, definition of target volume ...
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Geometry modeling

Shape variations Topology variations

Domain mapping Level set

Point processes

& High dimensionality
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Shape variations via domain mapping

Reference domain D, bounded and Lipschitz /q)m%

d
O(y;@) =&+ Y y0(@), y e [-1,1]°
j=1

Set D(y) := ®(y; D).

Remark: Given a boundary parametrization

d
V(w3 s) =0(s) + >yt (s),

j=1

a domain transformation can be obtained by extension.
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Topology variations

Level set

Given

d
m(y; @) = mo(x) + »_ y;(),

j=1
with y; i.i.d., define

I(y):={xe€D:m(y;x) =7}

Point process

A number N of objects
N .

A set {yj}],:l of points

A shape around each point

Babugka et al. (1999)
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Mesh handling

We want to solve

V- (@Vu)=f in D(y),
u=0 on dD(y)

Possibilities

Fictitious domain approach [canuto Kozubek 2007]
Working on the reference domain [xiu Tartakovski 2006]
Isogeometric analysis [Dslz et al. 2022]

Moving the mesh / Remeshing
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Working on the reference domain

[Xiu Tartakovski 2006]

D(y)

Variational formulation

/ aVu(y) - Vo dx = / fvdzx
D(y) D(y)
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Working on the reference domain

[Xiu Tartakovski 2006]

(y)

Variational formulation on reference domain

/ DO (a0 ®)DD " det(DP)Vi(y) - Vo di = / det(D®)(f o ®) - © di

Ay) fy)
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Non-intrusive UQ methods

Qy), y € [-1,1]¢

Moments Surrogates
Perturbation methods Reduced Basis
Stochastic collocation Stochastic collocation
(Multilevel) Monte Carlo Neural networks

(High-order) quasi Monte Carlo Weighted least squares

& High dimensionality
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Monte Carlo integration

“Throw the dice” and average:

E[Q~ 1 O Qy,) = Eul@)

Error bound

E[IEv[Q | -E[QII"] <

1
vVar Q]
_\,_/

statistical error

15/ 44



Monte Carlo integration
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EIQ =~ 17 D Q(w,,) = Barl] ~ Fur(Qu)
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Monte Carlo integration

“Throw the dice” and average:

E[Q~ - > Qy,) = Eul@)

Error bound

E[llEx Q1] —E[Q]IP] < IE[QL —Q]HQ-I—%Var @
—_— !

—_—

bias error
statistical error

N e
Combine approximations with different accuracy
T T aka
. u N Compute rough approximation E[Q1] and apply corrections
L4

15/ 44



Multilevel Monte Carlo: definitions

Sequence of approximations

(Ql)lel and Qo =0

Multilevel Monte Carlo estimator [Heinrich 2001, Giles 2008]

L

EQi]=) E[Q-Qi1] ~ EY Q=) Ewm [Q — Qi1

=1

Error bound

(15" @~ BIQIIF] < [1Q1 — QI + 3 F-var(@: — Q]

bias error

statistical error
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Multilevel Monte Carlo: algorithm

Given a tolerance £2:
@ Split € = c},0s + <10
@ Select level L such that ||E [Qr — Q]| < €vias

@ Choose (Q\l,),’;1 s.t. stat error < £~,,, at minimum cost

Var [Q: — Qi-1]

M,
= 1 X W,
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Multilevel Monte Carlo: pros and cons

Q Low regularity requirements (finite variance)
Q Dimension-independent convergence rates

Q Improvable convergence speed (sometimes)
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Stochastic collocation

Collocation: Evaluate Q(y) at deterministic points {y,,} "

m=1

Stochastic: Choice of points depends on distribution of y
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Stochastic collocation: sparse grids

[Gerstner, Griebel 2003 - Schillings, Schwab 2013]

Univariate operators:
(I;);>1 univariate interpolation operators 0

Af := I; — I;_1 univariate difference operators.

= L= AlQ)

Tensorization and sparse interpolation operators:

v=(v1,v2,v3,0,...) multi-index.

I I Lo
A, = ® Al,j: multivariate operators
Jj>1

A downward closed

Qy) = In(Q)(y) = Y ALQ)(y)

veA

o = N W A o9

01234567
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Stochastic collocation: convergence

Informal

smoothness + sparsity = fast, dimension-independent convergence

A bit more formal
(b, p, €)-holomorphy

Q = Q(y) admits uniformly bounded, holomorphic d

extension to polyellipses in complex plane —\1\_/1’ 0
Theorem (Chkifa Cohen Schwab 2014)

If the (b, p, €)-holomorphy assumption holds and A, grows at most polynomially
with k, there exists a sequence (An) ~n>1 of downward closed sets An:

Ay <N and [|Q ~ Ia(Q)lle < CN™*, s = }19 _1,
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Stochastic collocation: pros and cons

Q High convergence rates
0 Dimension-independent convergence rates

g Needs smoothness and sparsity
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Neural network approximation

R,(NN)(y) = zy, realization of a neural network

Training set: {y,,, Q(ym)}%ﬂ

Loss: Laf- Z Ro(NN)(y,,,)1*.

m=1

23 /44



Neural networks: pros and cons

O Milder smoothness requirements
\') Well-suited for high-dimensional approximation

\g Still a lot of heuristics
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Recap UQ methods

Qy), y € [-1,1]*

Moments Surrogates
Perturbation methods Reduced Basis
Stochastic collocation Stochastic collocation
(Multilevel) Monte Carlo Neural networks

(High-order) quasi Monte Carlo Weighted least squares

Factors of choice: smoothness and sparsity
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General recap

Domain mapping
Level set
Point process

Geometry
modeling

(Multilevel) Monte Carlo
Stochastic collocation
Neural networks

UQ methods

Mesh
handling

Reference domain
Remeshing
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Applications

Mesh
handling
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Helmholtz transmission problem: motivation

5

Fabrication process of nano-antennas intro-
duces large shape variations

100nm
e

Sannomiya, Diss. ETHZ N.18747.

We consider an interface problem on such varying geometry
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Helmholtz transmission problem

For every y € [—1,1]%

— V- (aVu) — x*u = 0in Di(y) U D,(y)
+ continuity conditions at r(y)

+ radiation condition for (u — u;) on 8D

1 in Do(y), o
with o = !n ) and k= "
a; in Di(y)

Assumptions

star-shaped scatterer non-trapping regime [Moiola, Spence 2019]
low frequency

29 /44



Helmholtz transmission problem: methods

Domain Qol-
mapping dependent

Geometry

ety UQ methods
Mesh

handling

Reference
domain
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Shape variations via domain mapping

Reference domain D, bounded and Lipschitz /q)m%

d
O(y;@) =&+ Y y0(@), y e [-1,1]°
j=1

Set D(y) := ®(y; D).

Remark: Given a boundary parametrization

d
V(w3 s) =0(s) + >yt (s),

j=1

a domain transformation can be obtained by extension.
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Helmholtz transmission problem: geometry

/2
(Y3 ) = r0(9) + > Baj—1y2i—1 cos(2mp) + Ba;ya; sin(2mp)

j=1

where

y € [-1,1]% independent

_1
Boj—1,B2; < Cj 1,0<qg<1

Remark: ¢ associated to interface smoothness.
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Helmholtz transmission problem: UQ

Qol: 4(y)

Theorem (Hiptmair et al. 2018)
1 1
The (b, p, £)-holomorphy assumption holds with » = i 1.
J
Corollary
If A grows at most polynomially with k, there exists a sequence (An)y~, of
downward closed sets: B
X N . 1
fAN <N and i — IA”||L<>O([_1 1Je0, HY(D)) = CN ", s=—-—2.
1], H] q |

Remark: same holds for the far field.
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Helmholtz transmission problem: numerics (SC)

Interp. of Redy, d =16 Interp. of Redy, d = 32 Interp. of Redy, d = 64

10° e e E JALIE
«

T

100 ERERARLY EEEn e e L
i

T
7

L

T

10~

TR
Ll
T

1072 1072 1072

|
Ll

107" la—col=3 107 fe—ccl=3

supyep, [IRetn(y) — Ia(Re @n) ()|l (5cr)
supyep, [IRe @ (y) — Ia(Re @n) (W)l 51 (k)
supyep, [IRe @ (y) — Ia(Retn) (W)l a1 (s )

10—5 Ll L 10—5 Ll L 10—5 Ll L
10° 10! 102 100 10! 10? 10° 10! 102

34 /44



Helmholtz transmission problem: UQ

Qol: {u(y; i)}

NP
i=1
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Helmholtz transmission problem: UQ

Qol: {u(y; @)}

For each evaluation point x, Cl—discontinuity on hyperplane:

Pi(o) = {y € [-L.1)" 120 € T(y) |

Moments: multilevel Monte Carlo [s. 2019]

Surrogate: RelLU neural networks [s. 2022]
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Helmholtz transmission problem: numerics (MLMC)
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Helmholtz transmission problem: numerics

a; = 100, ki /Ko = 0.8, 1 point

(NN)

d
8 16 32 64
1/p
1 0.63%0 | 1.38%0 | 1.71%0 | 2.01%o0
2 0.22%0 | 0.28%0 | 0.25%0 | 0.30%0
3 0.12%0 | 0.13%0 | 0.15%0 | 0.13%o
a; = 100, k; /Ko = 0.8, 64 points
d
8 16 32 64
1/p

1 2.15% | 3.21% | 3.72% | 3.75%

2 1.23% | 1.31% | 1.33% | 1.34%

3 0.86% | 0.83% | 0.89% | 0.91%
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Mechanics for composites: motivation

Accelerate inference for mechanics of composites
with random microstructure

Babugka et al. (1999).

We consider an elliptic problem on such varying geometry
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Mechanics for composites: model problem

For every y € P:

V-T(y;uly)) =f inD

|

T(y;u) = 2u(y)e(u) + My)tr(e(u))I
+ boundary conditions.

Q(u) local
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Mechanics for composites: methods

Point Multilevel
process Monte Carlo
Geometry
el UQ methods
Mesh
handling
Remeshing
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Mechanics for composites: model-based MLMC

[S. WohImuth Oden Faghihi 2019]

Build sequence of surrogate models for MLMC

Tools

upscaling
goal-oriented, adaptive model selection

model-based multilevel Monte Carlo
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Mechanics for composites:

RMSE

Q(u) = local average of tr(e(u))

0.005

0.0025

—6—2level MC.
—&—3level MC.
MC

10°
Work

1010

numerics

Q(u) = surface average of uy

—&—3level MC
— — —MC, estimated

109 101
Work
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Other applications

Linear parabolic PDEs [Djurdjevac 2021, Castrillén-Candas Xu 2021]

Wave equation [Motamed Nobile Tempone 2013, Motamed Nobile Tempone 2015]

Stationary Navier-Stokes [Cohen Schwab Zech 2018]

Maxwell in frequency domain [Jerez-Hanckes Zech 2017, Aylwin Jerez-Hanckes Schwab Zech 2020]

EIectrocardiogra phy [Gander Krause Multerer Pezzuto 2021]
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Take-home messages

e Uncertainty modeling, mesh handling and UQ method are
case-dependent.

e Domain mapping useful to handle shape variations.

e Non-intrusive UQ methods preferred due to highly nonlinear parameter
dependence.

e Stochastic collocation efficient upon smoothness and sparsity.

e Multilevel Monte Carlo efficient to compute moments of non-smooth

Qols.

e Neural networks efficient as surrogates of piecewise-smooth Qols.
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