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Introduction

• Non-linear parabolic problems: partially saturated �ow,

non-steady �ltration and reaction-di�usion systems.

• Main idea: To develop an e�cient numerical strategy for

simulating processes in porous media involving oscillatory

characteristics.

Problem de�nition and upscaling

∂tb
ε(x, pε) +∇·uε = f ε, in Ωε

T

uε = −Kε(x)∇pε, in Ωε
T

where ε := `
L
→ Scale separation.

• Upscaled model: e�ective parameters homogeneous within

sub-domains.

∂tb
?(x, p0) +∇·u0 = f ?, in ΩT

u0 = −K?(x)∇p0, in ΩT

Y

Micro-scale problems:

−∇y ·
(
K
(
∇yω

j + ej
))

= 0

ωj is Y -periodic

K?
i,j(x) =

∫
Y

(
K(x,y)

(
ej +∇yω

j(x,y)
))
· ei dy

b?(x, p) :=

∫
Y

b(x,y, p) dy and f ?(x, t) :=

∫
Y

f(x,y, t) dy.

Adaptive strategy

Error control by the �ux averaging

ηT := ‖uH − AuH‖L2(T )

The elements to be re�ned are T ∈ TH :

ηT ≥ Θ

(
max
K∈TH

ηK

)
AuH(z) =

1

|wz|

∫
wz

uH

Linearization (Upscaled model)

Take L ≥ max
p∈R
{∂pb?} and p0

n := p(tn−1) given.

While ‖pin − pi−1
n ‖ ≤ δ solve:

L
(
pin−pi−1n

)
+b?

(
pi−1n

)
+∆t∇·ui

n=∆tf ?+b?(pn−1)

ui
n −K?∇pin = 0

• Fixed point iteration scheme.

• Unconditional convergence.
• Convergence rate: α = L−m

L+C∆t
for some C>0 and 0<m<L.

Numerical Results
Highly heterogeneous, non-periodic medium (SPE10th project)

· bε(pε)=R · (pε)3

· T = 1

· ∆t = 0.02

· L ≥ max(3·R·(pε)2)
2

· Θ = 0.2

Fine-scale permeability (Log10)

Coarse-scale permeability (55× 15)

Re�ned permeability (L); Magnitude of the velocity �eld (R)

Convergence L-scheme (L); Improved convergence L-scheme & Newton (R)

Conclusions and future work

• Backward Euler and lowest order Raviart-Thomas MFEM.

• Improved accuracy without compromising the e�ciency.

• Update macro-scale parameters only when it is necessary.

• Unconditional convergence of the linear solver.

• Complex micro-scale models.

• Reactive transport.

• Moving interfaces.

• Phase-�eld modelling.References
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