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Application Background

Inaccurate classical fluid models in
(1) atmospheric reentry of spacecraft

(2) fusion reactor and plasma simulations

(3) shallow free surface flows

Challenges

Modeling, analysis and numerics need to consider
• high-dimensionality • multiple scales • adaptivity

Model Hierarchies

+ preserve structure of the model

+ allow for efficient numerics

+ enable adaptivity within simulation

Goal: Self-learning models

⇒ moment models as hierarchical PDEs

Application 1: Atmospheric Reentry

Relevant scale is the Knudsen number

Kn =
mean free path length

reference length
=
`

L

Model equation is the Boltzmann Transport Equation
∂

∂t
f (t,x, c) + ci

∂
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f (t,x, c) = S(f )

Application 2: Shallow Flows

Relevant scale is the shallowness

S =
water height

wave length
=
h

λ

Model equation is the incompressible Navier-Stokes Equation

∇ · uuu = 0, ∂tuuu + uuu · ∇uuu = −1
ρ
∇p + 1

ρ
∇ · σ + g

Ansatz: Hermite Expansion [1, 2]

Expand unknown distribution function in Hermite series around equilibrium Maxwellian

f (t, x, c) =

M∑
i=0

fi(t, x)φi

(
c− v√
θ

)
Leads to hyperbolic moment model

∂tuM +A∂xuM = S, uM = (ρ, v, θ, f3, f4, . . . , fM)T

Ansatz: Legendre Expansion [3]

Expand unknown horizontal velocity profile in Legendre series around mean velocity

u(t, x, z) = um(t, x) +

M∑
i=1

αi(t, x)φi

(
z − hb
h

)
Leads to hyperbolic Shallow Water Moment Model [4]

∂tuM +AM∂xuM = S, uM = (h, um, α1, α2, . . . , αM)T ∈ RM+2

Results: Hypersonic channel flow [2, 5] Results: Shallow sediment transport [6]

Next challenges:

(1) derivation of hybrid moment models

(2) development of adaptive numerical schemes

(3) simulation of application tests
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