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Introduction
Two-phase porous-media flow models rely on:
• Constitutive laws for the averaged quantities
• Effective macroscopic parameters

Objective:
• Rational derivation of the constitutive relation-

ships and the effective parameters
• Include dynamic and contact-angle effects in the

upscaled models
• Understand the impact of the pore geometry

Approach:
• Start with pore-scale, two-phase flow models
• Explicit representation of pore geometry and

evolving fluid-fluid interfaces
• Upscaling by asymptotic expansion & averaging

Dimensionless quantities
Scale ratio ε
Viscosity ratio M
Reynolds number Re
Capillary number Ca
Slip length λ
Pore radius R

Velocity u
Pressure p
Interface position γ
Mean curvature κ
Contact angle θ
Saturation S

Asymptotic expansion method
1. Scale separation ε = typical radius

length � 1

2. Use the asymptotic expansion ansatz, e.g.

uεm(t,x) = um(t,x) + εu1
m(t,x) +O(ε2)

3. Equate terms of the same order in ε

⇒ Asymptotic equations in the limit as ε→ 0

Main assumptions
• Ca = O(ε0), Re ≤ O(ε0), M ≤ O(ε0)
• Transversal interface: ∂sγz ≡ 0
• Constant or interface-local slip length:
λε(t, z) = λ+ λe exp(−|z − γεz(t, 1)|/ε)
with either λe = 0, or λ = 0

Validation: Capillary rise
• Rising liquid in a vertical glass tube
• Upscaled model with dynamic contact angle for

the dimensionless rise height h(
8h

1 + 4λ + 2η
)
∂th = 1− h

• Better match with experimental data [1] than
the Lucas–Washburn model. Below: Glycerol
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R = 0.25mm: Experiment Lucas–Washburn Upscaled Model (η = 0.52)
R = 0.50mm: Experiment Lucas–Washburn Upscaled Model (η = 2.18)
R = 1.00mm: Experiment Lucas–Washburn Upscaled Model (η = 8.79)
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Modeling of immiscible two-phase flow in a pore
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Sketch of the axisymmetric pore filled by two fluids

• Navier–Stokes equations for the flow of two immiscible fluids

ε2Re
(
∂tu

ε
I + (uεI · ∇ε)uεI

)
+∇εpεI = ε2 ∆εuεI in ΩεI(t),

ε2Re
(
∂tu

ε
II + (uεII · ∇ε)uεII

)
+∇εpεII = Mε2 ∆εuεII in ΩεII(t),
∇ε·uεm = 0 in Ωεm(t)

• In- and outflow conditions at z = 0, 1, axial symmetry at r = 0

• Navier-slip at the pore wall Γεw: tεw · (uεm + 2ελεDε(uεm)nεw) = 0, uεm · nεw = 0

• Surface tension and dynamic & hysteretic contact angle at the moving fluid-fluid interface Γε(t)

−(pεI − pεII)nεΓ + 2ε2(Dε(uεI)−MDε(uεII)
)
nεΓ = (d−1)

Ca κεnεΓ, uεI = uεII,

∂t(γεzez + εγεrer) · nεΓ = uεI · nεΓ, cos(θ(−∂tγε · tεw|z=γε
z
)) = tεΓ · tεw

∣∣
z=γε

z
at s = 1

Upscaled model and averaged quantities
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• Hagen–Poiseuille flow in bulk domains ⇒ Darcy’s law

ū = −K∂z p̄m with K =
{

1
3R(3λ+R) (2D)
1
8R(4λ+R) (3D)

• Young–Laplace law at the interface ⇒ Dynamic capillary pressure

S = V(γz)
V(1) , 〈pI〉I − 〈pII〉II = pC(S, ∂tS) + τ(S)∂tS

• Local capillary pressure

pC(S, ∂tS) =
(d− 1) cos

(
θ
( V(1)
A(S) ∂tS

))
CaR(S)

• Dynamic effect

τ(S) = (V(1))2

(
1
S

∫ S

0

σ

(A(σ))2K(σ)dσ + M
1− S

∫ 1

S

1− σ
(A(σ))2K(σ)dσ

)

Numerical example: 2D “constricted pore”

Velocity profile

• Pressure cycle pin(t) = 9− 4t
• Dynamic and hysteretic contact angle models

cos θ(u) = cos
(
π
3 −

πsgn(u)
12

)
− ηCau

→ Reduced interface velocity
→ Enhanced local capillary pressure and

phase-pressure difference
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Conclusion and future work
• Upscaled model: Darcy’s law + dynamic and hysteretic capillary pressure
• Asymptotic solution for two-phase flow model with dynamic/hysteretic contact angle derived
• Extension for gravity / external forces straightforward
• Model validated using capillary rise experiments

◦ Implementation of the upscaled model for the pore throats in a dynamic pore-network model
◦ Upscaling of the dynamic pore-network model to obtain effective core-scale properties / models
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