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Rank-1 updates in Simplex
When the basic set is updated we have the

Minimisation in Different Norms following update for
Least Squares Bk = ((::1 )|Bk AVK‘BK)—I—GI' [((::1 )r (AVk)r) — ((::1 )q
m Definition (Basic set) (27)
min ||b — AX||2 = min Z(b — Ax)? (1) A basic set Bx = By U By~ for Kx and v« > O is a where j is the position of g in the set B;. This can
\ = subset of k + 1 indices from {1,..., m} such that ©e Implemented with ORupdate.
Least absolute values i (fo — AVieyi)i = — Vi € By -, g Convergence properties
nllb— Axls —min 3 [(b-Ax) (2 and >inee
min — AX|[1 = mIn — AX)j _ KSOO < GMRES
= (o — AVkyk)i = vk VI € B> (16) b= Ax GJ';;S— b= Ax, ”OO (28)
least absolute deviation and for all i € Ny := {1,....m}\ By holds that < |[b— AxAMES|lp < b — Ax> ]2
. . - W N h
min||b — Ax||« = min max |(b— Ax);|  (3) (ro — AViYi)il < v Vi € Ny (17) Ve conclude | ais —
=lem and b — AX " |loe < (Ib— AT (29)
. B, - (—1Bk7< AV, Bk7<> (1) S0 a good preconditioner for GMRES is also a
BAMAANN AP AN S -\ 18 AVkls,. good preconditioner for Krylov-Simplex.
W with By € rR**1>4+1 non-singular. :
Y RAVAVOATAN ARV VAVATYVAVAVAVALVARN ] S
i . w %\ -, |
Figure: We compare the residuals after optimization of x in  Figure: Left: The [[b — Ax|| as a function of the simplex
the || - ||, ]| - |1 and || - || iterations. Each cross indicates an optimal point within the el
Krylov subspace. Right: the ||b — Ax||1 as a function of the krylov subspace
Krylov subspace Methods simplex iterations. Figure: Comparison of the convergence of Krylov-Simplex

We start with an initial guess xp and calculate the versus GMRES over the same Krylov subspace.
initial residual r = b — Axp. A Krylov | -
tial residual r = b = Axo. A Krylov subspace Is Conclusions and future steps

then » Algorithm can be written with only rank-one

2 k—1

ICK(Av rO) — Span{r07 Ar07 A r07 tc 7A rO}? (4) 7 ] | updates_

Conjugate Gradients SR w wm e w e oo el o EXpensive since the solutions are constructed
min Ix—x*la — Tk =|nolles (5) Figure: We show., Ieft_, an objectlv_e mvolvmg.an f1-norm each iteration.

XEXo+Kk(A, ) along a search direction p for various step sizes s. We have Ftyre:
where x = xy + Vi v. with V. a basis for the Krvloy @ Piecewise linear function WI’[.h breakpoints. The slope . : :
subsbace ° kY X Y changes occur when one particular component of the vector - Comparlsmn. with COl_umn gener?t'oln'

PaCt . _ in the ¢1-norm switches sign, as the step size changes. The ~ » Long-step Simplex with bound flipping.

Generalized Minimal Residual (GMRES) derivative, right, is a piecewise constant function. » Extension ¢, — ¢, inverse problems

vexomin 4 o 10=AX]l2 = min [ir]j2€1—H1 "y"H Krylov-Simplex for References

M Definition (¢1-norm Krylov) » Vanroose, Wim, and Jeffrey Cornelis.

Krylov-Simplex for ¢ Let A € R™" a matrix and b € r” a right hand "Krylov-Simplex method that minimizes the

Definition (max-norm Krylov) side. The iterates of the ¢1-norm Krylov-Simplex residual in ¢4-norm or /.-norm.” arXiv preprint
Let A € R™*" a matrix and b € r™ a right hand are given by arxiv:i2101.11416 (2021).
Slde The IterateS Of the goo-nOrm KryIOV'SlmpleX Xk .— arngnXGXOHCkakH 1. (1 9) Algorithm 3.1 Krylov-Simplex for mingez,+xc, ||b — AZ|oo
are given by . N 1 7 = b— Az
This corresponds to the optimization problem 2 i =l .
- " 3: by = {1}, Index where the max 1s reached.
Xk = argmlnxexo+/ckHrk\|oo. (7) min 1;7%7 (20) : }/1 _k[{m}éum] .
ThIS COrreSpOndS tO the Optlmlzathn prOblem St — ’yk S ro — Akak S ’Yk 6 Déailca;;]aitifﬁfil [Ag’k_lAUk] and store and update Vi1 = [Vka”k+1]*
min Y KKT conditions 5 Bi= (1)
St - Wklm S r() - Akak S ”Vklma (8) 12; en[ézi?}f] = (B
- )\ —+ m =1, (21 ) 11:  Solve Brpd = —Avy1|p, using Q and R.
The KKT conditions VIATA— ) = O (22) 2 S [{j}ifé]e”d)/df;l/d(l)] |
T+ ) = 1, 9 < (- AV) < R
VkT AT( )\ . ,U) _ 07 (1 O) 1 Z O7 )\ Z O) ( 4) 13 wlilgl;ezl fttér.l., maxsimplexiters do
—Yk1lm S fo — AVkYk S Yilm (1 1) )\I((rO _ AVkYk) + /yk)l — O) \V/I c {1 m}(25) 12 ds[ipdate the Q and R using (3.45).
AZ0, =0, (12) (k= (o~ AViyi))i = O, Vi€ {1.m}26) = Unueite Qunt musig 1)
Ailfo — AVky + xim)i = 0, Vi€ {1.mj} (13) The first two equations, (21) and (22), are the dual = sove 57 (% ) = () wing Qand &
pilykim — (o — AVky))i =0, Vie {1..m}.(14) equations. The third is the primal equation. The %A Az banc 20 then
The first two equations, (9) and (10) are the dual last two, (25) and (26), are the complementarity = else -
_ _ _ _ _ ‘e . : : 26: g = min(\;, ;) leaving index,
equations, the third equation is the primal Cond!t!ons. Note the similarity with the KKT 2 5, =B \{ah, L
equation and the last two, (13) and (14), are the  conditions (9)-(14). o, Setdimd(2:end) Eefd?lz i),
complementarity conditions that couple all O YT SrepSieSimplex O,
equations together. 32 end if

33: end while
34: T = o + Viyk.

35: ||‘?*k||00 = Y-
36: end for




