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Parameter ldentification in Differential Equations:
Some Examples

o Identify spatially varying coefficients/source a, b, ¢ in linear
elliptic boundary value problem on Q C RY, d € {1,2,3}

—V(aVu)+cu=binQ, %:gonaﬂ,
from boundary or (restricted) interior observations of u.
e e.g. EIT: identify conductivity o in
—V(ocV¢i) =0in Q

from boundary observations
current j; = —a% and voltage v =¢; on 9Q i€ {l,...1}

o Identify parameter ¢ in initial value problem for ODE / PDE
u(t) = f(t,u(t),v) te€ (0, T), wu(0)=up

from discrete of continuous observations of u.
Yi = g,'(U(t,')). i€ {17 B m} or y(t) = g(tay(t))' te (Oa T)

DA



Parameter ldentification in Differential Equations:
Some Examples

o Identify spatially varying coefficients/source a, b, ¢ in linear
elliptic boundary value problem on Q C RY, d € {1,2,3}
—V(aVu)+cu=binQ,

— =g on df,
n
from boundary or (restricted) interior observations of u.
@ e.g. EIT: identify conductivity o in

—V(oVepi)=0in Q
from boundary observations
current jj

_ _ 09
= "0 %n

and voltage v =¢; on 9Q i€ {l,...1}
o Identify parameter ¢ in initial value problem for ODE / PDE
a(t) = f(t,u(t),0) t€(0,T),

u(0) = up
from discrete of continuous observations of u.
yi = gi(u(t;

). i €{1,....m}or y(t) = g(t,y(1)),

t

te(0,7)



Abstract Formulation as Operator Equation
Identify parameter g in (PDE or ODE) model

A(g,u) =0
from observations of the state u

C(u)=y,

where ge X, ue V,y e Y, X,V,Y... Hibert (Banach) spaces
A: X x V — W*. . differential operator
C :V — Y...observation operator
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Identify parameter ¢ in (PDE or ODE) model

A(g,u) =0
from observations of the state u

Clu) =y,
where ge X, ue V,y e Y, X,V,Y... Hibert (Banach) spaces
A: X x V — W*. . differential operator
C :V — Y...observation operator
@ reduced approach: operator equation for g

Fla) =y,
F=CoSwith S: X — V, g~ u parameter-to-state map
o all-at once approach: observations - model system for (g, u)

A(q,u) = 0in W* B
C(U) — yinY = F(q,u)—y

@ minimization based approach ... “Or AT (s <>



minimization based formulation of inverse problems




Abstract Formulation as Operator Equation
Identify parameter g in (PDE or ODE) model

A(g,u) =0
from observations of the state u

Clu) =y,
where ge X, ue V,y e Y, X,V,Y... Hibert (Banach) spaces
A: X x V — W*. . differential operator
C :V — Y...observation operator
@ reduced approach: operator equation for g

Fa) =y,
F=CoSwith S: X — V, g u parameter-to-state map
e all-at once approach: observations-model system for (q, u)

Al(q,u) = 0in W* B
C(U) — yinY = F(q,u)—y

@ minimization based approach ... “Or AT (s <>



Abstract Formulation as Minimization Problem: Basic Idea

A(q,u) =0
Cu) =y

F(g)=y e, {
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F(g)=y e, {C(u) _,

is equivalent to
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or equivalent to

min [|C(u) — ylI® + 1A(q, u)||?




Abstract Formulation as Minimization Problem: Basic Idea

A(q,u) =0

F(g)=y e, {C(u) _,

is equivalent to
min [|F(q) - yII”
or equivalent to
min |C(u) = vII* + (g, u)|

or equivalent to

min | C(u) — y|1? st. A(q,u) =0
q,u
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Abstract Formulation as Minimization Problem: Basic Idea

Fla)=y e, {A(q’ =0
Clu) =y
is equivalent to
min [|F(q) - yII”

or equivalent to

min |C(u) = vII* + (g, u)|
or equivalent to

min | C(u) = y[I* st. A(g,u) =0

or equivalent to |

min [|A(q, u)|> s.t. C(u) =y

...and beyond, e.g., variational formulation of EIT [Kohn&Vogelius'87]




Abstract Formulation as Minimization Problem: Basic Idea

) A(q,u)=0
F(g)=y e, (g, )
Clu) =y
is equivalent to
min [|F(q) = |
or equivalent to
min || C(u) — yI? + [ A(g, u)[?

or equivalent to

min | C(u) - y|? st. A(q,u) =0

q,u

or equivalent to
min [ A(q, u)[|* st. C(u) =y

...and beyond, e.g., variational formulation of EIT [Kohn&Vogelius'87]
...and several other application examples, see below, .-, . -,




Formulation and Regularization via Minimization
inverse problem:

(g,u) € argmin{J(q,u; ) : (q,u) € Maa(y)}
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regularize by
e adding penalties (Tikhonov type) and/or
e imposing constraints (lvanov type)




Formulation and Regularization via Minimization
inverse problem:

(g,u) € argmin{JT(q,u;y) : (q,u) € Maa(y)}

y0. .. perturbed measured data; noise level S(y,y%) < §
inverse problem is ill-posed:
minimizer does not depend continuiously on y

~> regularized inverse problem:
(o up) € argmin{J (g, u; y°) + - R(q. u) : (q,u) € Myg(y*)}

regularize by
e adding penalties (Tikhonov type) and/or
e imposing constraints (lvanov type)

treat data misfit by
e penalty term in cost function (Tikhonov type) or
e constraint (Morozov type) .




Regularization with data misfit Penalization

inverse problem (IP):

min S(C().y) + Q(A(a.v)

st. (q,u) € Maa(y) =X x V,

regularization (RdmP):

min  S(C(u),y°) + Q(A(q, u)) + a - R(q, u)
(qu)eXxV
st. (q,u) € My(y°) ={(q,u) € X x V : R(q,u) < p}.
where S: Y x Y - R, @: W — R are positive definite functionals

VyLy2 €Y : S(y1,y2) >0 and (y1=yz & S(y17y2)=0),

YyweW : Q(w)>0 and (w:O@Q(W):O).

e.g., just norms or derived from statistical noise model




Regularization with data misfit Constraint
inverse problem (IP):

min  Q(A(q, u))

(q,u)eXxV
sit. (q,u) € Maa(y) ={(q.u) € X x V : C(u) =y},

regularization (RdmC):

(qﬁur)réi)rngQ(A(q; u)) +a-R(q,u)

st. (q,u) € M4a(y’) = {(q,u) € X x V : S(C(u),y’) <76
and R(q, u) < p}.
where S: Y x Y - R, @: W — R are positive definite functionals
Vyi,y2€ Y S(y,»2) >0  and (y1 =y & SO, y) =0),

YyweW : Q(w)>0 and (w:O@Q(W):O).

e.g., just norms or derived from statistical noise model .., .-, .-, .-,



examples




The variational approach to EIT
see, e.g., [Kohn&Vogelius'87, Kohn&McKenny'90, Knowles'98]




The reduced formulation of EIT

identify conductivity o in
—V(oV¢i) =0in Q

from boundary observations

current j; = —a% and voltage v =¢; on IQ i€ {l,...1}




The reduced formulation of EIT

identify conductivity o in
—V(6V¢) =0in Q (%)
from Neumann-Dirichlet operator

No : j = dloq where ¢ solves (x) with a% =jondQ, [,qpds=0

(Calderdn problem)




The variational approach to EIT
see, e.g., [Kohn&Vogelius'87, Kohn&McKenny'90, Knowles'98|




The variational approach to EIT

see, e.g., [Kohn&Vogelius'87, Kohn&McKenny'90, Knowles'98|
Identify spatially distributed conductivity o in Q C R?

V-Ji=0, VYE=0, Ji=0cE inQ, i=1,...,1,

(with V4o = (—d—Xz, 37) so that V+- = curl)
from observations of boundary currents j; and voltages v;.




The variational approach to EIT
see, e.g., [Kohn&Vogelius'87, Kohn&McKenny'90, Knowles'98|
Identify spatially distributed conductivity o in Q C R?
V-Ji=0, VY E=0, J=0E inQ, i=1,...,1,

(with V4o = (—072, d%) so that V+- = curl)
from observations of boundary currents j; and voltages v;.

Using potentials ¢; and 1);
for current densities J; and electric fields E;

Ji=—-Vtyi, E=-V¢;, i=1,....1,

we can rewrite the problem as

\/EVqﬁ,-:%VHp,- in Q; v =7, ¢ = v; on 9N, i:l,...,I7J

=

> <

where vi(x(s)) = — [5 ji(x(r)) dr for 99 = {x( ) 5'6‘9’ !ength(@Q))}.




The variational approach to EIT

ﬁwf:%v% N Q, Wi—ni, b= ondQ, i=1,...1.




The variational approach to EIT

ﬁw,:;ng,- N Q, Wi—ni, b= ondQ, i=1,...1.

equivalent to

mlnz /|\/‘v¢,—7v%p,|2dx

o, <

s.t. w,-:'y,-,qﬁ,-:'u,- ondQ2, i=1,...,1




The variational approach to EIT

ﬁwf:;gvlw,- N Q, Wi—ni, b= ondQ, i=1,...1.

equivalent to

mlnz /|\/‘v¢,—7viw,|2dx

0,09 <
s.t. w,-:’y,-,d),-:v,- ondQ2, i=1,...,1

equivalent to since Jo Vi - Vi dXme viji dx)
2 | L2
mz L (eVa+ 21940 ) ox

st. Yi=7i, pi=v; ondQ, i=1,...,1




Regularized variational EIT
inverse problem (EIT):

I
1
min § jl/ VoV — —=V1hi|? dx
£:12 Q| Vo |

st. Y=, pi=v; ondQ, i=1...,1




Regularized variational EIT
inverse problem (EIT):
< 1 I o1, 2
s et
st. Y=, pi=v; ondQ, i=1...,1

regularization (RegEIT):

I
' 1
i E ( 1 R v 2 D o 112 12
;2;7” — {2/Q|\/Ev¢l ﬁv Vi|“ dx + 2(||¢IHH1+C(Q) + H%HHH((Q))}

st. 0<o<aTon{,

d )
I S B E

~~ special case of regularization with constraint on data misfit (RdmC)

< > < P AEDP» =




Regularized variational EIT: Function space setting
q=o0, u:(¢17"'7¢lawla"'7d)/)a y:(vlw"avlv’yla"'a’yl)
X =1%Q)
Y = L2(09) x wh(6Q)'
V:{(¢17"'7¢/7’¢)17"'7¢/)eHl(Q)zl : tr%IQ(d)]_,...,¢[,1/)1,...,1/)[)EY}

W= 13(Q)
Ag,u) = (VaVo1 = LT 41, VoV = V)
C =tr3y

Qw) = %||W||f2(9)/

R(q,u) = R(1) = 3 (101135ec iy + 103130
i=1

-

R(q,u) =R(q) = [lo = 52| 1~0), p=T5%
S(y,y)= ma i — Uill L= (a0) + |7 — Fill Lo
(v,7) emax lvi = Till o= a0) + 17 — Fill L= (9

-----




Regularized variational EIT: well-definedness, convergence

op = oand = = Lin [(Q),
(®,,V,) — (D, V) in H(Q)?
(®,,V,) — (b, V) in HF¢(Q)?
tr(®,, V,) — tr(®, W) in L=°(0Q)%

(o',,,(D,,,W,,) I> (o’,(D,W) A

Corollary

For each y® € Y and a > 0 a minimizer of (RegEIT) exists.
Let S(y,y°) <4,
c<ol <Gae inQ
and choose a = (4, y®) such that a(8,y°) — 0 as § — 0.
s 5 s 4,
Then, as 5 — 0, (005,5): Pagsyo) Vaioys) = (of, o wh.




Regularized variational EIT: well-definedness, convergence

op = oand = = Lin [(Q),
(®,,V,) — (D, V) in H(Q)?
(®,,V,) — (b, V) in HF¢(Q)?
tr(®,, V,) — tr(®, W) in L=°(0Q)%

(o',,,(D,,,\U,,) I> (o’,(D,W) A

Corollary

For each y® € Y and a > 0 a minimizer of (RegEIT) exists.
Let S(y,y’) <

c<ol <Gae inQ

and choose a = (4, y®) such that a(8,y°) — 0 as § — 0.

-
Then, as § — 0, (02(6’)/5), ¢‘;(5’y5), ‘Ug{(&y(;))) = (of, of, i)
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applicability of iterative minimization methods);
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Remarks on EIT example

Hilbert spaces X, V for design variables g, u (easier
applicability of iterative minimization methods);

cost function: J° differentiable;

constraints: pointwise bounds can be efficiently implemented
[Hungerlander, BK and Rendl 2020] and are practically relevant
in view of known a prior bounds on o;

first order least squares formulation of the PDE model;
Euler-Lagrange equation for unregularized problem yields
second order PDE model V - (¢V¢;) = 0;

can be extended to complete electrode model CEM

[Somersalo, Cheney, and Isaacson, 1992], see [Huynh and BK, 2020];

in case of finite dimensional data space (e.g. CEM) partial
data inversion can be employed, see [Huynh and BK, 2020];

analgously: permeabilities in magnetostatics, cracks from
electrostatic measurements




|dentification of sound sources from microphone array

measurements

Identify number, locations, amplitudes
of sound sources from microphone array
measurements.

l2Ptt —Ap=o

&

measurements p(x;), ¢ € {1,...,L}

xp € Q ... (known) location of /-th micro
p. ..acoustic pressure

o...sound source




Sound source localization: Formulation as 1st order system

linearized conservation of momentum: ggv: + Vp. =1,
linearized conservation of mass: g; + 0V v =g,

linearized equation of state: p. = C—lzpw,
0

ooVt + Vp~ = f, (1)
Pt t ooV -v=g, (2)
~- .. fluctuating part 0...constant mean value

@ 0= 00+ 0~ ...mass density

@ v = v. ...acoustic particle velocity,
°

°

p = po + p~ ...pressure,
co . ..speed of sound.

% 2-v-(1) = Clgptt —Ap=o0=g— V f 2n}d‘<zr(>1e‘r7V\>/ave eq.




Sound source localization

Boundary conditions:

oov-v+kp=0 on I,

v.vr=0on I,

I,...absorbing boundary part
I,...reflecting boundary part

Measurements:
ye=p(x), £ €{1,...,L}




Sound source localization: Inverse problem

in time domain:

oovi +Vp=f in Q2x(0,T) oov-v+rp=0 onl,x(0,T)
zlozpt+goV-v:0 inQx (0, 7) v-r=0 on T, x(0,7T)

ye =p(xe), £€{1,...,L}




Sound source localization: Inverse problem

in time domain:

oovi +Vp=f in Q2x(0,T) oov-v+rp=0 onl,x(0,T)
zlozpt+goV-v:0 inQx (0, 7) v-r=0 on T, x(0,7T)

ye =p(xe), £€{1,...,L}

in frequency domain: (with fixed frequency w)

oowv +Vp=f in ooV-v+rp=0 onl,
%zwﬁ—l—gov-\?:OinQ V-vr=0 on [,

yo=p(xe), Le{1,...,L}




Sound source localization: Inverse problem

in frequency domain: (with fixed frequency w)

oowV +Vp=f in Q ooV-v+rkp=0 onl,
Elgzwﬁ—i—gov-\“/:OinQ V-r=0 onl,

ISZ:}?(XZ)7 £6{177L}




Sound source localization: Inverse problem

in frequency domain: (with fixed frequency w)

oowV +Vp=f in Q oV-v+rp=0 onl,
Elgzwﬁ—l—gov-\“/:OinQ V-r=0 onl,

ﬁZ:j}(Xf)’ EE{]'??L}

splitting v, p into real and imaginary parts:

—QOWVCJ‘FVPS%—@%:O 90V%-]j—|—ﬁ'/p%:0
_f onl,
oowvg + Vps —fa =0 | o Ve V+Epy =0
—Lwps+ 0V -vp=0 (M V;R-V:O}
onl,

C—gwpm+goV-Vg:0 vg v =0

pre = yr(xe) s pse=ys(xe), £€{1,..., L}

to avoid the problem of nondifferentiability of z +— |z|? in C.




Sound source localization: Inverse problem

r€Smom, R ‘= —QowWVg + Vpr — féR =0
(€Smom,s = Oowvr +Vpg —fa =0 |

. 1
r€Smass, R -— —?wpg —+ QOV CVR = 0 in Q
"CSmass, 3 1= ZWPR T o0V - vg =0

PR = }/S%(XE)v P30 = YQ‘;(XZ)a le {17 s

ooV - v+ kpr =0 onT,
oovg -V + Kkpg =0

v =0 } onl,

vy v =0

L}




Sound source localization: Inverse problem

r€Smom,R 1= —00W Vg + Vpr —fr=0 ooV -V + kpr =0 onT
ESmom,3 = 00W VR +Vpg —fg =0 g Qvav+rpy =0 .
r€Smass, R ‘= —ZWP3 + ooV -vr=0 vp v =20 }
C R
onl,
€Smass, g = zWPR + ooV - vg =0 vg v =0

pre = yr(xe), pse=ys(xe), £€{1,... L}
equivalent to

: 2 2 2 2
min / (resmom,éR + resmom,% + resmass,?]‘ﬁ + Iresmass,g) dx
R fa,PR P, ViR, Ve JQ

st. ov-v+rkp=0onl,, Vv-v=0onT,
f)\(Xg):_)’}g, 46{1,...,1_}




Sound source localization: Regularized inverse problem
inverse problem (SSL):

- 2 2 2 2
min / (reSmom.® + "€Simom.s T M€Smass i + 1€Smass ) AX
fr,f, PR PS VR VS S Q

st. ov-v+rkp=0onl,, Vv-v=0onT,
ﬁ(Xg)Z)’}g, EE{].,...,L}




Sound source localization: Regularized inverse problem
inverse problem (SSL):

- 2 2 2 2
min / (reSmom.® + "€Simom.s T M€Smass i + 1€Smass ) AX
fr,f, PR PS VR VS S Q

st. ov-v+rkp=0onl,, Vv-v=0onT,
f?\(Xg):)’}g, KE{].,...,L}

regularization (RegSSL)
(use measure norm || - || () to enhance sparsity):

rin [ (25 + s 1S+ €5 )
F.p0JQ
+onl|(fr, fs, P, Py v, va) I E2 s + 02ll(V - i, V- £5) [ aay:
st. ooVv-v+kp=0onl,, Vv-v=0onT',

Vo—10 < p(xe) <yr+76, Le{l,... L}

~~ special case of regularization with constraint on data misfit, (RdmC)



Regularized sound source loc.: Function space setting

q:(f%,fg), u:(p%7p§aV§R7V3)7 y:(Y1a--~7}/L)

Qmic €Q, Qpic open

X = {(fn, f5) € L>(Q)® : suppess(fr),suppess(fs) € Q\ Qumic}

Y =R"

V = {(pr, p3, v, v3) € HY(Q)? x H(div, Q) (P, Ps)lam. € H*(Qmic)” S C(Qmic)?
00V -v+rp=0in HY2T )2, 0-v=0in HY2(T,)}

W =1%(Q)®

A(q, u) = (reSmom®s €Smom.S, €Smass, R, €Smass,3)

C =(0x...0x) (point evaluation at the microphones)

Ow) = %”WHi?(Q)L

Ri(q, u) = [|(f, fs, Prs Ps, ViR, V&) 1720y
Ra(q, u) = Ra(q) = (V- fr, V - )| (2
S(y,7) = e lye — ¥l

ERRRE)




Regularized sound source localization:
well-definedness, convergence

(fR.n» 3,0 PRons P05 VIR, 0y VSS,n) 1 (fr, sy PRy Py Vi, V) <
(V- oo, V- Fyn) = (V- fir, V- ) in M(Q) and (fir.n, ) —(fir, ) in L2(Q),
(Pw,ns P3,n) = (P, Ps) in HY()?
(ViR,n, Va,n) = (v, va) in H(div,Q)?
(PR P3n) Qe = (P25 Pl I H? (Qpmic)?

Corollary

For each y° € Y and o > 0 a minimizer of (RegSSL) exists.

Let S(y,y%) <d and ||y’ — y|ly = 0asd — 0,

and choose a = a(d,y°) > 0 such that a(8,y’) — 0 as § — 0.
Then, as 6 — 0, y® — y, the family

(fj(&yé), ﬁi(é,yé)’ Vg(g,ya)%e(o,é] has a T convergent subsequence
and the limit of every T convergent subsequence solves (SSL).




Remarks on sound source localization example

o Hilbert spaces X, V for design variables g, u (easier
applicability of iterative minimization methods).

@ cost function: J? differentiable;

@ constraints: pointwise bounds can be efficiently implemented
[Hungerlander, BK and Rend| 2020];

o first order least squares formulation of the PDE model;

o Euler-Lagrange equation for gnregularized problem vyields
second order PDE model —‘(‘:—’gﬁ —Ap=0;
0

@ due to finite dimensional data space partial data inversion can
be employed, see [Huynh and BK, 2020].




numerical results for sound source localization




O Computational setup
» Simplified SAE Type 4 Body!®
» Two acoustic sources with
equal intensity
* Near the side mirror and near the wheel housing
* Frequency of 500 Hz

PML Qpy,

‘/5')&// anml
3 n:/‘-l.-ﬁﬂ_,/"’ source region O

sound hard

wheel housing

Society of Automotive Engineers: Aerodynamic Testing of Road Vehicles in Open Jet Wind Tunnels.
SAE Special Publication 1465 (1999).




U Realistic pressure values at the microphone positions

» Forward simulation on a much finer computational grid as then used in the
identification process

* 4.6 million degrees of freedoms in contrast to 0.5 million

¥ PML was twice as thick than on the coarse grid
¥ Random noise was added (SNR of 26 dB)

» Microphone positions on the fine and coarse differ slightly

» Original source distribution




U Three different microphone configurations have been considered

8000080088 s e T R e @ o omoes 006 sesme ¢ s@

o 00© 000000080 ° e e i
coo0 2.8 . s

a) c)
165 microphones 124 microphones 98 microphones
equally spaced (0.34 m) different planes




O Original source distribution RNl S S A

O Microphone configurations ,.
a)
25 20 .15 -0 5 0
— U d—
b)
-5 20 -15 10 -5 0
!  —
C
' =25 20 -15 -0 -5 0
— ! U te—
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O Original sound pressure distribution

O Sound pressure based on identified
sources

a)
65 70 75 B0 85 90 95
[

b)

a5 70 75 80 85 90 95
— . i

<)

65 70 75 80 85 90 95
bt —]



numerical experiments for a model problem




Numerical Experiments
Identify spatially varying coefficient ¢ in
~A+4cu=bin(-1,1)°

Dirichlet -1,1 -1,1
with homogeneous rienie boundary data on {{ 1 x(=1,1)

Neumann (-1,1) x {-1,1}

from interior observations of u.
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Numerical Experiments
Identify spatially varying coefficient ¢ in
~A+4cu=bin(-1,1)°

Dirichlet
with homogeneous boundary data on {

{-1,1} x (-1,1)
(-1,1) x {-1,1}

Neumann
from interior observations of u.

min || —A+cu—b||?, 1 st. —76 < u(x)—y’ <75, c < c(x) < T ae.
c,u

test 1: cex(x,y) =1+410-1p, c=1, c=1
test 2: cex(x,y)=1—-10-1p, +5-15, c=-9, <€=6,
test 3: cex(x,y) = —10-1g, — 5 - 1Ip, c=-10, ¢=0




Numerical Experiments
Identify spatially varying coefficient ¢ in
~A+4cu=bin(-1,1)°
{_17 1} X (_17 1)
(_17 1) X {_17 1}

Dirichlet
with homogeneous boundary data on
Neumann

from interior observations of u.

min || ~A-+cu—b||3, 1 st. —75 < u(x)—y°’ <76, c<c(x)<Cae
c,u
test 1: cex(x,y) =1+410-1p, c=1, c=11,
test 2: cex(x,y)=1—-10-1p, +5-15, c=-9, <€=6,
test 3: cex(x,y) = —10-1g, — 5 - 1Ip, c=-10, €¢=0,

o Bl = Bo,z(—0.4, —0.3), Bz = Bo,1(0.5,0.5)

@ piecewise linear/constant FE discretization of u/c
@ Gauss-Newton method starting at co = 1(c + ¢)
*]

stopping criterion J((Xxk :k)) <le-5

=11 CO> <F>r «E> (=




Test 1

-0.5 0 0.5
X

left: exact coefficient cox; c =1, c =11

Figure: . . ;
& right: locations of spots for testing weak * L convergence




Comparison

@ mkr_box ...recursive globalization of semismooth Newton
@ mSN2_box ...combinatorial globalization of semismooth Newton

@ quadprog (Matlab) with trust-region-reflective
(subspace trust-region method based on interior-reflective Newton [Coleman&Li'96]

quadprog | mSN2_box | mkr_box
k 5 4 4
k) 11 4.6671e-06 | 9.8449e-06 | 9.8449-06
erfspot; 3.7548e-13 | 0 0
erfspot, || 5.1669e-06 | 0 0
erfspot; || 0.5280 1.3360 1.3360
errjiq) || 0.0882 0.0972 0.0972
CPU 30.77 35.22 6.55

k...number of Gauss-Newton steps




Convergence as § — 0

) 0.001 | 0.01 0.1
errspot; || O 0 0
erfspot, || O 0.7960 | 4.8689

efspor, || 1.0840 | 2.1512 | 2.5862
errji(g) || 0.1472 | 0.2136 | 0.3671

Table: Averaged errors of five test runs on each noise level, with random
uniform noise

(using mkr_box)




reconstruction cx; active set lower bound; active set upper bound; § = 10%
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reconstruction cx; active set lower bound; active set upper bound; § = 1%




Test 2

-0.5 0 0.5
X

left: exact coefficient cox; c = -9, €¢=6

Figure: . . .
& right: locations of spots for testing weak * L convergence




reconstruction cx; active set lower bound; active set upper bound; § = 1%

o, k=1 A =1




Test 3

ex

®

> 0
-0.5
-0.5 0 0.5
X
. left: exact coefficient cox; c = —10,€=0
Figure:

right: locations of spots for testing weak * L convergence




reconstruction cx; active set lower bound; active set upper bound; § = 1%
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Conclusions

e Convergence analysis for a nonstandard variational
regularization of a variational formulation

o for EIT

@ for sound source localization

— iterative methods

— other applications (e.g., distributed or nonlinear permeabilities
in magnetostatics, Lamé parameters in elastostatics, cracks)




Thank you for your attention!
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