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Outline

@ inverse problems

@ examples of inverse problems for PDEs

@ regularization: Tikhonov, Newton type and Landweber in
o reduced formulation
o all-at-once formulation

@ numerical results

@ time dependent problems
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Inverse probleme are often unstable:
Small perturbations in the data can lead to
large deviations in the solution.
— regularization necessary

Question of identifiability:
Are the searched for quantities uniquely determined
by the given data

Mathematical modeling:
Formulate the underlying physical /biological /economic. . . laws in a
mathematical language (usually partial differential equations PDEs)
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o Identify spatially varying coefficients/source a, b, ¢ in linear
elliptic boundary value problem on Q C RY, d € {1,2,3}
0
—V(aVu)+cu=binQ, a—“ = j on 0Q,
n
from boundary or (restricted) interior observations of wu.

applications in medical imaging (electrical impedance tomography),
nondestructive testing, seismic prospection, material
characterization,. ..

o Identify parameter ¢ in initial value problem for ODE / PDE

u(t) =f(t,u(t),v) te(0,T), u(0)=up

from discrete of continuous observations of u.
yi =gi(u(t), i €{1,...,m}or y(t) = g(t,y(t)), t € (0, T)

applications in population dynamics, epidemology, combustion
(parabolic); imaging with waves (hyperbolic),.. .
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A: X x V — W*. . differential operator
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Abstract Formulation
Identify parameter g in (PDE or ODE) model
A(g,u) =0
from observations of the state u
C(u) =y,

where ge X, ue V, y e Y, X, V,Y.. Hilbert (Banach) spaces
A: X x V — W*. . differential operator
C:V — Y...observation operator

(a) reduced approach: operator equation for g

F(q) =y,
F=CoSwithS: X — V, g~ u parameter-to-state map

(b) all-at once approach: observations and model as system for (q, u)

A(q,u) = 0in W* B
C(U) =y in Y g F(q7 U) =Yy
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The Parameter-to-State Map S in some Examples
o Identify spatially varying coefficients/source a, b, ¢ in

—V(aVu)+cu=bin Q, %:Oonﬁﬂ,

S :(a, b, c) — u solving the linear elliptic bvp

o Identify parameter ¢ in
u(t) = f(t,u(t),”) te (0, T), wu(0)=u

S : 9 — u solving the ivp for an ODE / PDE

o generally for model  A(q,u) =0:

S : g+ usolving A(q,5(q)) =0
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o well-definedness of parameter-to-state map often requires
restrictions on . ..
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... models (e.g., monotonicity of £ in —Au+ &(u) = q)




Motivation for All-at-once Formulation

o well-definedness of parameter-to-state map often requires
restrictions on . ..
...parameters (e.g., a>a>0,c>0in —V(aVu) + cu=b)
... models (e.g., monotonicity of £ in —Au+ &(u) = q)

o singular PDEs: parameter-to state map may exist only on a
very restricted set




MicroElectroMechanical Systems (MEMS)

Top view Cross section

passive layer (SU8-3000)

acceleration sensors, = A=
microphones, pumps,
loudspeakers, ...

transient MEMS equation

Uy + cuy + du + pAzu —nAu+

u...membrane/beam displacement
b(t). . .voltage excitation

a(x). . . dielectric properties




MicroElectroMechanical Systems (MEMS)

membrane

(boundary fixed) control of voltage b(t) and/or
design of dielectric properties a(x)
to achieve prescribed

round plate K
& P displacement yq4(x, t);

(fixed at -1)

b(t)al) _

utt+Cut+dU+pA2u—nAu+m—

achieve large displacements |u|
avoid pull-in instability at v = —1!

parameter-to space map exists only on a very restricted set
(too restrictive for certain tracking tasks)




Numerical tests

1
Ha,u) =5 [lu— vallf + 5 H3HL2
static case

alx)  _
—Au+ m =0

Q=(0,1)2 a =105, 64 x 64 grid.

» JEr E>

Target vd (desired maximal deflection: -0.99)




Numerical tests: Using control-to-state map

impose control constraints: ||al|,» < 55 = 0.14815- - -
to guarantee well-definedness of control-to-state map

optimal control a optimal state u
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impose control constraints: ||al|,» < 55 = 0.14815- - -
to guarantee well-definedness of control-to-state map

optimal control a optimal state u




Numerical tests: Not using control-to-state map

impose pointwise state constraints: u(x) > —0.99
to avoid singularity

optimal control a optimal state u




Comparison: with vs without control-to-state map
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Cross sections of states for approach with (dashed) and without
(dash-dotted) control-to-state map,
as well as target yq (solid) and bound —0.99 (dotted)

[BK&Clason 2013]
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Motivation for All-at-once Formulation

o well-definedness of parameter-to-state map often requires
restrictions on . ..
...parameters (e.g., a>a>0in —V(aVu) = f)
... models (e.g., monotonicity of £ in —Au+ £(u) = q)
@ singular PDEs: parameter-to space map may exist only on a
very restricted set, e.g. MEMS equation
b(t)a(x)

utt+cut+du+pA2u—nAu+m:0

@ it can make a difference in implementation and in the analysis
(convergence conditions)

@ enables to preserve some causality in parameter identification
for time dependent PDEs
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A(g,u) =0
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C(u)=y,

(a) reduced approach: operator equation for g

F(a) =y,
F=CoSwithS: X — V, g u parameter-to-state map

existence of parameter-to-state map S defined by A(g, S(q)) =0
requires condition of the Implicit Function Theorem type

Au(q, u)_1 exists and ||Au(q, u)_lH < Cxy




Abstract Formulation
Identify parameter g in (PDE or ODE) model
A(g,u) =0
from observations of the state u

C(u)=y,

(a) reduced approach: operator equation for g

F(a) =y,
F=CoSwithS: X — V, g u parameter-to-state map

existence of parameter-to-state map S defined by A(g, S(q)) =0
requires condition of the Implicit Function Theorem type

Au(q, u)_1 exists and ||Au(q, u)_lH < Cxy

ill-posedness (F not continuously invertible)
only noisy measurements y° ~ y given
= regularization needed O (T Er 2>
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Tikhonov Regularization
regularization functional R : X — R (proper, convex)
e.g., R(q) := %Hq — g4]|? for some a priori guess q;
IR(q) = q — q.

regularization parameter oo > 0

min LIF(q) = ¥°I? + aR(q)

with F = Co S, S parameter-to-state map, A(q,S(q)) =0,
equivalent to

min31C() = y'IF +aR(q) st Alg.u) =0

[Seidman&Vogel '89, Engl&Kunisch&Neubauer '89,...] in Hilbert space
[Burger& Osher'04, Resmerita & Scherzer'06, Scherzer et al. '08,
Hofmann&Pdschl&BK&Scherzer '07, Poschl '09, Flemming '11,

erner '12,...] in Banach space
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Regularized Gauss-Newton Method
g* fixed, one Gauss-Newton step:

min HIF(@*) + F'(d") (g — q°) — ¥’ + R (q)

k+1

~ g




Regularized Gauss-Newton Method

g* fixed, one Gauss-Newton step:
min 3[|F(q) + F'(4)(a = a°) = °II* + axRu(q)

s gkl
with F = Co S, S parameter-to-state map,
A(g.5(q)) =0, Aq(q,5(q)) + Au(q, 5(9))S'(q) = 0;
i=S(q), u=>5(qk) + S'(qk)(q — qx)
equivalent to

min 3(|C(8) + C'(@)(u — @) — y°||* + aR(q)

q,u,u

st AN, @) + AL(q", @) (u— @) + A", @)(g— g") =0
and A(gX, i) =0




Regularized Gauss-Newton Method
g* fixed, one Gauss-Newton step:
min 3[1F(q") + F'(a")(q = @) = ¥ [I* + xRa(q)
s gkt
with F = Co S, S parameter-to-state map,
A(q,5(q)) =0, Aq(q,5(q)) + Au(g,5(q))S'(q) = 0;
i=S(q), u=>5(qk) + S'(qk)(q — qx)
equivalent to
min 3(|C(8) + C'(@)(u — @) — y°||* + aR(q)

q,u,ii
st AN, @) + AL(q", @) (u— @) + A", @)(g— g") =0
and A(g*, i) =0

[Bakushinskii '92, Hohage '97, BK&Neubauer&Scherzer '97,...] in
Hilbert space

e.g., [Bakushinskii&Kokurin'04, BK&Schopfer& Schuster '08, Jin '12,
Hohage&Werner '13,...] in Banach space
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Gradient Methods

gradient steps for
min 3||F(q) — y°|I?
q
~ Landweber iteration (steepest descent, mimimal error)
gt =q" — pfF(d") (F(d") - y°)
with F = C o S, S parameter-to-state map, A(q, S(q)) = 0, equiv. to
gt =q" - ukF’(q")*<F(qk) - y5)
= ¢" — 1K(C'(5(6)S'(a) (C(S(a") — ¥*)
= q" + p*AL(q", )"

where




Gradient Methods

gradient steps for
min 3[1F(a) = ¥°|1
~ Landweber iteration (steepest descent, mimimal error)
gt =q" — pfF(d") (F(d") - y°)
with F = C o S, S parameter-to-state map, A(q, S(q)) = 0, equiv. to
gt =q" - ukF’(q")*<F(qk) - y‘s)
= ¢" — 1K(C'(5(6)S'(a) (C(S(a") — ¥*)
= q" + F AL (", d)p
where
A(q¥, i) =0
A, (g*, d) p = —C'(@)*(C(a) — y°)
[Hanke&Neubauer&Scherzer '95,...] in Hilbert space
[BK&Schdpfer&Schuster '08,...] in Banach space
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Abstract Formulation
Identify parameter g in (PDE or ODE) model
A(g,u) =0
from observations of the state u
Clu)=vy,
(b) all-at once approach: observations and model as system for (q, u)

A(g,u) = 0in W~ B
C(U) — yinY < F(q,u)—y

for other all-at-once type approaches see, e.g.,
[Kupfer & Sachs '92, Shenoy & Heinkenschloss & Cliff '98,
Haber & Ascher '01, Burger & Miihlhuber '02,...]

ill-posedness (F not continuously invertible)
only noisy measurements y% ~ y given
= regularization needed
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Tikhonov Regularization

min 3 C(u) - YI1P + 311A(q, u) 1> + aR(q)

first order optimality condition:

A, (g,u)*A(q, u) + «dR(q)
C'(u)*(C(u) = y°) + A (q, u)* A(q, u)+a0R(u)

=0
=0




Tikhonov Regularization

min 31 €)= y°I? + 31IA(g, u)lI* + aR(q)
first order optimality condition:

A,(q,u)"A(g, u) + adR(q) =0
C'(u)*(C(u) = y°) + A,(q, u)* A(q, u)+a0R (1) = 0

i.e., with p = A(q, u):

A(g,u) — p=0 ...state equation
A,(q,u)*p+adR(q) =0 ...gradient equation
Al (q,u)*p+ C'(u)*(C(u) = y®) +adR(u) =0 ...adjoint equation




Tikhonov Regularization

min 31€(w) =Y I + pllA(g, u)ll + aR(q) +aR(u)




Tikhonov Regularization

min 31CW) = Y1 + pllAg, u) | + aR(q)+aR ()
i.e., (exact penalization) with p sufficiently large

min 31C(u) = y°II? + aR(q) s.t. A(q,u) =0

i.e., reduced Tikhonov.




Tikhonov Regularization

min 31CW) = Y1 + pllAg, u) | + aR(q)+aR ()
i.e., (exact penalization) with p sufficiently large
min 31 C(u) ~ 1> + 0R(q) st Ag,u) =0

i.e., reduced Tikhonov.
Lagrange function
L(q,u,p) = %”C(U) - y6||2 + aR(q) +aR(u) + (A(q, u), p)

first order optimality condition:

A(g,u) =0 ...state equation
AL(q,u)*p+adR(q) =0 .. .gradierjt equation
A (q,u)*p+ C'(u)*(C(u) — y?) +adR(u) =0 ...adjoint equation




Tikhonov Regularization

min 31€(w) =Y I + pllA(g, u)ll + aR(q) +aR(u)
i.e., (exact penalization) with p sufficiently large
min 3| C(u) = ¥°[1* + oR(q) st. A(q,u) =0
i.e., reduced Tikhonov.
Lagrange function
£(q, v, p) = 4|C(u) — ¥ |2 + aR(q) - R (1) + (A(q, u), p)
first order optimality condition:

A(g,u) =0 ...state equation
AL(q,u)*p+adR(q) =0 .. .gradierjt equation
A (q,u)*p+ C'(u)*(C(u) — y?) +adR(u) =0 ...adjoint equation
i.e., reduced and all-at-once Tikhonov regularization
are basically the same. (O B AT =




Regularized Gauss-Newton Method

(g¥, u¥) fixed, one Gauss-Newton step:
min 31 CW) + () (w = u¥) = Y|P + aR(q)
+ 31AGG", u") + AL (", 1) (u = uF) + Ag(d®, ) (g — 49)|1?

k—|—17 uk+1)

~ (q




Regularized Gauss-Newton Method

(g*, u¥) fixed, one Gauss-Newton step:

min 31 CW) + () (w = u¥) = Y|P + aR(q)

+ 31AGG", u") + AL (", 1) (u = uF) + Ag(d®, ) (g — 49)|1?
(g4, )
first order optimality condition:
with p = A(g¥, u*) + A, (g%, u*)(u — u*) + AL(d¥, u¥) (g — ¢):
AL(G ) (u — u¥) + A(g¥, uF) + A(gX, u*) (g — ¢*) —p =0
... linear state equation

A;(qk, ukYp+adR(q) =0 ... gradient equation
AL(q¥, akYp+ C(uk)*(C(uk) + C'(u)(u — ui) — y?) - 007 (1) = 0

...adjoint equation

CO> AF> 2> 4




Regularized Gauss-Newton Method

(g*, uk) fixed, one Gauss-Newton step:
rgip L) + (W) (u — k) — ¥ |12 + auRi(q) +n R (u)
+ pllA(G", uF) + AL(X, ¥ (u = u¥) + AL(d", u*) (@ — q")l

i.e. (exact penalization) with p sufficiently large

min IC(W) + C' (W) (u—u*) = I + axRi(q)

s.t. AR, u¥) + AL(gX, u¥)(u — u¥) + AL (g, u¥) (g — ¢¥) = 0




Regularized Gauss-Newton Method

(g*, uk) fixed, one Gauss-Newton step:
min 3| C(u*) + C'(u*)(u = u*) = y°I? + awRi(q) T R ()
+ pll A, uF) + AL (g5, uF)(u — u¥) + A", u*) (g — ")l
i.e. (exact penalization) with p sufficiently large

min IC(W) + C' (W) (u—u*) = I + axRi(q)

s.t. AR, u¥) + AL(gX, u¥)(u — u¥) + AL (g, u¥) (g — ¢¥) = 0

first order optimality condition:




Regularized Gauss-Newton Method

The latter is not reduced regularized Gauss-Newton!




Regularized Gauss-Newton Method

The latter is not reduced regularized Gauss-Newton!
So what would then reduced regularized Gauss-Newton mean?




Regularized Gauss-Newton Method (reduced)

g* fixed, one reduced Gauss-Newton step:

min 11C(@) + C'(@)(u— 8) - /1> + 0 Ri(a)

s.t. A(gX, d) + AL(q", @) (u— @) + AL(q¥, i) (g — g*) =0
and A(g*, i) =0




Regularized Gauss-Newton Method (reduced)

g* fixed, one reduced Gauss-Newton step:
min 1|C(@) + C'(@)(u— 8) - 71> + xRi(a)

s.t. A(gX, d) + AL(q", @) (u— @) + AL(q¥, i) (g — g*) =0
and A(g*, i) =0

first order optimality condition:

A(gk, i) =0 .nonlinear decoupled state equation
A, (q*, i) (u — d) + A(g~, i) + AL(q", u)(q q*) = 0...linear state equation
Ag(q ,0)*p+adR(qg) =0 ... gradient equation

Al (g~ d)*p + C'(&)*(C(d) + C'(i)(u — i) —y°) =0 ...adjoint equation




Comparison of optimality conditions for reduced and
all-at-once Newton

reduced:
A(gk, i) =0 (nonlinear decoupled state equation)
A, (q*, i) (u— i) + A(g¥, @) + AL(q*, d)(qg — g*) =0 (linear state eq.)
A;(qk, i)*p+ adR(q) =0 ... gradient equation
Al (g%, @) p + C'(a)*(C(d) + C'(d)(u — i) — y°) =0 ...adjoint equation
all-at-once
AL (K, k) (u — u*) + A(gK, uk) — Ag(qk, u¥)(g — g¥) = 0...linear state eq.
k * .
AL (g%, u*)*p+ adR(q) =0 - .gradient eq.
AL(g%, uk)*p + C'(uk)*(C(u¥) + C'(uk)(u — uk) — y°) +adR(u) = 0 adj.eq.




Gradient Methods (reduced)

g* fixed, one Landweber step
¢ = g — 1“F(q") (F(a) — )
= ¢" — 1K(C'(5(61)S'(a) (C(S(a") — )
=q" + kAL (¢", 0)*p

where

{ A(gk, i) =0 ...nonlinear decoupled state equation

Al (gk, d)*p + C'(&)*(C(d) — y°) =0 ...adjoint equation




Gradient Methods (all-at-once)

(g¥, u¥) fixed, one Landweber step for F

k+1 k K\ * k
q q q q
() = (3] = () (<

-(3)m (96 A (3857




Gradient Methods (all-at-once)
(g*, u¥) fixed, one Landweber step for F (Z) = (Aéc(’;ll)l))

k+1 k K\ * k
q q q q
() = (3] = () (<

() (5 A (2520

¢t = g — Ay (a", u¥)*A(q¥, u¥)
ukH =k — O (W) (C(0F) — y°) + A (F, u) " Agk, u¥)

completely explicit, no model to solve!




Convergence Analysis

o Existence of minimizers, stability, convergence, rates under
(variational, approximate) source conditions follow as
corollaries of existing results for Tikhonov, IRGNM,
Landweber, when regularizing with respect to g and u

e Case of regularization aR(q) of g only:
Recover bounds on u via solvability condition ||A,(q, u) || < Ca
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o Existence of minimizers, stability, convergence, rates under
(variational, approximate) source conditions follow as
corollaries of existing results for Tikhonov, IRGNM,
Landweber, when regularizing with respect to g and u

e Case of regularization aR(q) of g only:
Recover bounds on u via solvability condition ||A,(q, u) || < Ca

o Case of additional regularization 3R (u) of u:
solvability condition ||A,(q, u)~!|| < Ca not needed!




Convergence Analysis

o Existence of minimizers, stability, convergence, rates under
(variational, approximate) source conditions follow as
corollaries of existing results for Tikhonov, IRGNM,
Landweber, when regularizing with respect to g and u

e Case of regularization aR(q) of g only:
Recover bounds on u via solvability condition ||A,(q, u) || < Ca

o Case of additional regularization 3R (u) of u:
solvability condition ||A,(q, u)~!|| < Ca not needed!

o Getting rid of solvability condition allows to skip constraints
on parameters (e.g. a > a > 0 in a-problem —V(aVu) = b)!




numerical results




Numerical Tests

nonlinear inverse source problem:

~Au+C¢u*=qin Q=(0,1) & homogeneous Dirichlet BC

Identify q from distributed measurements of u in 2




Comparison of reduced and all-at-once Landweber

5 _ it 5 _qf
¢ itaao itred CPUaa0 CPUred “qk*(6|)|ysf\(\)x i ”qk*(6|)|;$|(\jx -
0.5 | 5178 2697 2.97 18.07 | 0.0724 0.1047
5 >2-10° | 48510 | 1293.60 | 482.19 | 0.7837 0.1633
10 >2.10% | > 10° | 1257.50 | 639.87 | 0.9621 0.1632
-0.5 | 10895 2016 | 8.85 14.55 | 0.1406 0.2295
-1 18954 - 11.42 - 0.2313 -

(1% Gaussian noise)




Comparison of reduced and all-at-once IRGNM

8 _ At T

¢ itaao | itred | CPUaa0 | CPUred qu*(6|)|,2$|c|>x Tl 1 e (6|)|;’reﬁlx i
0 34 32 0.14 0.10 0.0149 0.0151

10 43 43 0.20 0.55 0.0996 0.1505

100 55 56 0.28 0.82 0.0721 0.0770
1000 | 68 68 0.42 1.07 0.0543 0.0588

-0.5 33 32 0.13 0.35 0.1174 0.2165

-1. 35 - 0.23 - 0.2023 -

-10 44 - 0.23 - 0.0768 -

-100 | 77 - 0.59 - 0.2246 -

-1000 | 70 - 0.49 - 0.0321 -

(1% Gaussian noise)




Numerical Tests in 2-d with Adaptive Discretization

nonlinear inverse source problem:
—Au+ P =qin Q=(0,1)2 & homogeneous Dirichlet BC
Identify q from distributed measurements of u at 10 x 10 points in Q

- sie (3 (25" (252)))

with ¢ =10, p =0.5, 0 = 0.1, and s = 2.

@ goal-oriented, dual weighted residual estimators

@ computations with Gascoigne and RoDoBo
@ joint work with Alana Kirchner and Boris Vexler (TU Munich)




left: exact source g,

middle: reconstruction by reduced Tikhonov (RT),

right: reconstruction by all-at-once Gauss-Newton (AGN),
with ¢ = 100, 1% noise




left: exact state uf,

middle: reconstruction by reduced Tikhonov (RT),

right: reconstruction by all-at-once Gauss-Newton (AGN),
with ¢ = 100, 1% noise




adaptively refined meshes,
left: by reduced Tikhonov (RT),

right: by all-at-once Gauss-Newton (AGN),
with ¢ = 100, 1% noise




Table: all-at-once Gauss-Newton (AGN) versus reduced Tikhonov (RT)
for different choices of ¢ with 1% noise.
ctr: Computation time reduction using (AGN) in comparison to (RT)

¢ RT AGN ctr
error 1/ # nodes error 1/a  # nodes
1 0.418 2985 2499 0.412 4600 3873 -65%
10 0.417 3194 2473 0.411 4918 3965 -59%
100 0.408 5014 6653 0.417 6773 9813  39%
500 0.418 9421 11851 0.404 13756 821  97%
1000 0.439 11486 44391 0.426 16355 793 99%




Conclusions and Outlook

@ Tikhonov:
reduced ~ all-at-once

@ Newton:
reduced: solve nonlinear and linear models in each step
all-at-once: only solve linearized models

@ Landweber:
reduced: solve nonlinear and linear models in each step
all-at-once: never solve models!




Conclusions and Outlook

@ Tikhonov:

A

reduced ~ all-at-once

Newton:
reduced: solve nonlinear and linear models in each step
all-at-once: only solve linearized models

Landweber:
reduced: solve nonlinear and linear models in each step
all-at-once: never solve models!

time dependent problems
regularization parameter choice
restrictions on nonlinearity of F / F

convergence rates under source conditions

minimization based inverse problems formulations and
regularizations




time dependent problems




Parameter identification in time dependent systems
perturbed state space system

a(t) = f(t,u(t),d)+w(t) te(0,T), u(0)= u(h)
and yo(t) = g(t,u(t),0)+2°(t) te(0,7) (c?)
or X? = gi(u(t),0)+20 ie{l,...,n} (d%)

Identify parameter 6 from continuous (c®) or discrete (d®) partial
observations of the state u.
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Identify parameter @ from continuous (c?) or discrete (d?) partial
observations of the state u.

perturbations w’ and z° unknown, only norm bounds given.




Parameter identification in time dependent systems
perturbed state space system

u(t) f(t,u(t),0) +w(t) te(0,T), u(0)= u(h)
and yo(t) = g(t,u(t),0)+2°(t) te(0,7) (c‘s_)
or XO = gi(u(t),0)+20 ie{l,...,n} (d°)

1

Identify parameter @ from continuous (c?) or discrete (d?) partial
observations of the state u.

perturbations w’ and z° unknown, only norm bounds given.

Exact solution (uf, 8") of inverse problems satisfies unperturbed
system

f(t,u'(t),0") te(0,T), ul(0)=u(d)
g(t, uT(t),HT) te(0,T) (c)

i (1
and y(t)

or y. = gu(t),0") ie{l,....,n} (d)




Parameter identification in time dependent systems
perturbed state space system
a(t) = f(t,u(t),0)+w(t) te(0,T), u(0)=u(h)
y'(t) = g(tu(t),0)+2°(t) te€(0,T)

Identify parameter 6 from partial observations of the state u.
perturbations w’ and z° unknown, only norm bounds given.

Exact solution (uT, HT) of inverse problems satisfies unperturbed
system

uf(¢) f(t,uf(£),00) te(0,T), u'(0)=u(d")

y(t) = g(tul(2).6") te(0,7)




Parameter identification in time dependent systems
perturbed state space system

a(t) = f(t,u(t),0)+w’(t) te(0,T), u(0)= uo(h)
vo(t) = g(t,u(t),0)+2°(t) te(0,T)

Identify parameter 6 from partial observations of the state u.
perturbations w’ and z° unknown, only norm bounds given.

Exact solution (uT, HT) of inverse problems satisfies unperturbed
system

uf(¢) f(t,uf(£),00) te(0,T), u'(0)=u(d")
y(t) = g(tu'(),0") te(0,T)

y —y=2"+g(u’,0") — g(-,ul,6)
where u®(t) = f(t,u’(t),0) +w’(t) te(0,T), u’0)

Observations are caused by the true parameters and perturbed by w®, z°

DA



Parameter identification in time dependent systems
perturbed state space system

a(t) = f(t,u(t),0)+w’(t) te(0,T), u(0)= uy(h)
yo(t) = g(t,u(t),0)+2°(t) te(0,T)

Identify parameter 6 from partial observations of the state u.
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a(t) = f(t,u(t),0)+w’(t) te(0,T), u(0)= uy(h)
yo(t) = g(t,u(t),0)+2°(t) te(0,T)

Identify parameter 6 from partial observations of the state u.
Conventional formulation as an inverse problem

F(0) =y’

with forward operator F : 0 — g(-,5(0),0)




Parameter identification in time dependent systems
perturbed state space system

a(t) = f(t,u(t),0)+w’(t) te(0,T), u(0)= uy(h)
y(t) = g(tu(t),0)+2°(t) te(0,T)
Identify parameter 6 from partial observations of the state u.
Conventional formulation as an inverse problem
F(0) =y’
with forward operator F : 0 — g(-,5(0),0)

@ treats the system as a black box, thus neglecting its causal
structure

@ requires existence and numerical evaluation of a
parameter-to-state map S : 0 — u

~~ all-at-once formulation?




All-at-once formulation

with




All-at-once formulation

F(u,0) =Y
with

u—f(-,u,0)
F:UxX —->WxHxY, (u0)— ( u(0) — up(0) )
g('vu79)

Y° =(0,0,y°) ~ (0,0,y) =Y




All-at-once formulation

F(u,0) =Y
with
u—f( 0)
F:UxX —->WxHxY, (u0)— ( u(0) — up(0) )
g('vl"?e)
=(0,0,y°) = (0,0,y) = Y
€ 15(0,T;V) : ve L0, T; V¥)} C C(0, T;H), VCHC V*

= L2(0 T,V*), 22e€Y=1,0T;Z).
W07 +20, y=g(-ul,01)

IImII
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W
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All-at-once formulation

F(u,0) =Y
with

u—f(-,u,0)
F:UxX —->WxHxY, (u0)— ( u(O)uo(G))
g('7u70)

Y° =(0,0,y°) ~ (0,0,y) =Y

U:={vely0,T;V):vely0,T;V)}CCO,T;H), VCHCV*
wl e W =1,(0,T;V*), 22eY=1,(0T;2).
y‘S:g(.’u579T)+267 y:g(,uT79T)

f:(0T)xVxX -V, g:(0,T)xVxX—=Z
are Caratheodory mappings for fixed 6 € X
and satisfy growth conditions




All-at-once system formulation 0. 71 = Ujeq,....my[7i-1. 7]

77777

Vje{o,...,m—l} : IF‘j(u,H)zYJ-

with




All-at-once system formulation 0. T1=Ujcqr.....ml7i-1.7]

Vje{o,...,m—l} : IE‘J-(u,H):YJ-

with

(u - f(-,u,9)>
FiUxX—=>W;xY, (u8)— (7j:7j+1)
g('7u79)|(’rj,’rj+1)

forje{1,...,m—1},

(u— f(-,u,9)>’

(0’7—1)

Fo:U XX —WoxHxYo, (u,6)~ u(0) — uo(0)
g('au76)|(0,7'1)




All-at-once system formulation 0. T1=Ujcqr.....ml7i-1.7]

EERER)

Vje{O,...,m—l} : IE‘J-(u,H):YJ-

with

(u - f(-,u,9)>
FiUxX—=>W;xY, (u8)— (7j:7j+1)
g('7u79)|(’rj,’rj+1)

forje{1,...,m—1},

(l-l_ f('7U79)>’(07’1)
Fo:UXxX —>WoxHxYy, (ub)— u(O)—uo(G)’

g(" u, 6)|(0,7-1)

WJ‘ = L2(Tj,7'j+1; V*), yj = I—2(Tja7-j+1; Z)a Y_;s = (07 (07 )ij)




All-at-once system formulation 0. T1=Ujcqr.....ml7i-1.7]

VjG{O,...,m—l} : IFJ-(u,H):YJ-

with

(u - f(‘,u,9)>
FiUxX—=>W;xY, (u8)— (7j:7j+1)
g('7u79)|(’rj,’rj+1)

forje{1,...,m—1},

(l-l_ f('7U79)>’(07’1)
Fo:UXxX —>WoxHxYy, (ub)— u(O)—uo(G)’

g('a u, 6)|(0,7-1)
Wi = La(7j, 101 V*), Yy = La(73, 7415 2) . Y9 = (0,(0,)y))
Continuity of u over breakpoints 7; guaranteed by embedding

U C C(0,T; H).
State space stills goes over whole time interval!

CO> <F>r «E> (=




Reduced system formulation 0, 71 =Ujeqr,...my7-1,7]

77777

Vie{0,....m—1} : F(0) =y,

with




Reduced system formulation 0. 71 =Ujcqr...ml7i-1.7]

.....

Vje{0,...,m—1} : Fj(0) =

with

Fi- X =, Fi(0) =g(-50),0)]
Vi = La(75,7j41: Z)

for j€{0,...,m—1},

T 57}+1




Reduced system formulation 0. 71 =Ujcqr...ml7i-1.7]

.....

Vje{0,...,m—1} : Fj(0) =
with
Fi- X =Y, F0)=eg(,5(0),9)

Vi = La(75, 7415 Z2)
for j€{0,...,m—1},

where u = 5(6) solves

T 57}+1

u(t) =f(t,u(t),d) te(0,7T), u(0)=u(0)




Parameter identification methods to be compared

o reduced Landweber (rLW)
Okr1 = Ok — uicF'(0k)*(F(0k) — ¥°)
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Parameter identification methods to be compared

o reduced Landweber (rLW)
Okr1 = Ok — uicF'(0k)*(F(0k) — ¥°)

o reduced Landweber-Kaczmarz (rLWK)
Orr1 = Ok — 1k (0)* (Fjgy (0k) = ¥is)
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Parameter identification methods to be compared

o reduced Landweber (rLW)

Okr1 = Ok — uicF'(0k)*(F(0k) — ¥°)
o reduced Landweber-Kaczmarz (rLWK)

Ori1 =0k — ukﬁ{(k)(ek)*(f:j(k)(ek) - yf(k)) Jj(k) = kmodn,
o all-at-once Landweber (aLW)

(ks Os1) = (Ui, O) — ' (uge, O )* (Fug, 0x) — YO)




Parameter identification methods to be compared

o reduced Landweber (rLW)
Okr1 = Ok — uicF'(0k)*(F(0k) — ¥°)
o reduced Landweber-Kaczmarz (rLWK)
Ok+1 = Ok — MkF(k)(Hk) (Figo(0) — j(k)) J(k) = kmod,,
o all-at-once Landweber (aLW)
(k1 Oke) = (up, 0k) — i (upe, k) * (F(u, i) — Y°)
o all-at-once Landweber-Kaczmarz (aLWK)
(i1, Okesn) = (Ui, 0k) — 1 (Wi, 0)* (Fgay (i, ) = Vi)




Parameter identification methods to be compared

o reduced Landweber (rLW)
Okr1 = Ok — uicF'(0k)*(F(0k) — ¥°)
o reduced Landweber-Kaczmarz (rLWK)
Ok+1 = Ok — MkF(k)(Hk) (Figo(0) — j(k)) J(k) = kmod,,
o all-at-once Landweber (aLW)
(k1. O1) = (Ui, Ok) — il (i, 1) * (Fuk, i) — Y°)
o all-at-once Landweber-Kaczmarz (aLWK)
(i1, Okesn) = (Ui, 0k) — 1 (Wi, 0)* (Fgay (i, ) = Vi)

adjoints of F'(0), F;(0),F'(u,0), F;(u,0)
~> adjoint PDEs, to be solved backwards in time




Comparison of all-at-once and reduced Landweber methods

one all-at-once Landweber step one all-at-once Landweber-Kaczmarz-cycle

Qe

one reduced Landweber steﬁ one reduced Landweber-Kaczmarz cicle S



Thank you for your attention!
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