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PART I 
Theoretical Introduction



Source: Environment and Climate Canada 
https://www.ec.gc.ca/eau-water

Issues: 
• Parameters unknown 
• Model, but possibly erroneous 
• Boundary or initial conditions uncertain 
• Measurements, possibly noisy 

Given: 
• Parametrized PDE-model  

Groundwater Flow:                  
• Groundwater management 
• Contaminant transport 

Goal: 
• Predict hydraulic head 
• Predict pollutant concentration

Source: Environment and Climate Canada 
https://www.ec.gc.ca/eau-water

Motivation - A Geosciences Example
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Problem: For             compute                                where 

                in multi-query, real-time, or slim computing settings. 

µ 2 D
<latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y
<latexit sha1_base64="dGjOHEEUyiyYn8zNQ0rAWWJZNo4="></latexit>

PDE

s(µ) = f(y(µ);µ)
<latexit sha1_base64="R/cV7XqGNeN6rsREoNiF+iP4UoQ=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASLUDdlphYURCi4cVnBXqAdSibNtKFJZkgyQh2Kr+LGhSJufQ93vo2Z6Sy09UDCx/+fQ05+P2JUacf5tgorq2vrG8XN0tb2zu6evX/QVmEsMWnhkIWy6yNFGBWkpalmpBtJgrjPSMef3KR+54FIRUNxr6cR8TgaCRpQjLSRBvaRqvR5fHYdVKYZXKXXwC47VScruAxuDmWQV3Ngf/WHIY45ERozpFTPdSLtJUhqihmZlfqxIhHCEzQiPYMCcaK8JNt+Bk+NMoRBKM0RGmbq74kEcaWm3DedHOmxWvRS8T+vF+vg0kuoiGJNBJ4/FMQM6hCmUcAhlQRrNjWAsKRmV4jHSCKsTWAlE4K7+OVlaNeq7nm1dlcvN+p5HEVwDE5ABbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MW8tWPnMIfhT1ucPbvCT4A==</latexit>
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10 Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

Problem: For             compute                                where 

                in multi-query, real-time, or slim computing settings. 

µ 2 D
<latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y
<latexit sha1_base64="dGjOHEEUyiyYn8zNQ0rAWWJZNo4="></latexit>

PDE

output of interest parameter

output functional state variable, y(x;µ)
<latexit sha1_base64="DGVifkedjagEIkuSRGUVPyL0B7M=">AAACDnicbVDLSsNAFJ3UV62vqLhyEyxC3ZRECgpuCm5cVrAPaEKZTKbt0HmEmYkYQv/BX3Cre3fi1l9w65c4abOwrQeGOZx7LvdwwpgSpV332yqtrW9sbpW3Kzu7e/sH9uFRR4lEItxGggrZC6HClHDc1kRT3IslhiykuBtObvN59xFLRQR/0GmMAwZHnAwJgtpIA/skrfmhoJFKmfmyp+mNz5KLgV116+4MzirxClIFBVoD+8ePBEoY5hpRqFTfc2MdZFBqgiieVvxE4RiiCRzhvqEcMqyCbBZ/6pwbJXKGQprHtTNT/25kkKk8n3EyqMdqeZaLCyeykP3n7Sd6eB1khMeJxhzNDw8T6mjh5N04EZEYaZoaApEkJruDxlBCpE2DFVOKt1zBKulc1j237t03qs1GUU8ZnIIzUAMeuAJNcAdaoA0QyMALeAVv1rP1bn1Yn3NrySp2jsECrK9fJFOcWw==</latexit><latexit sha1_base64="DGVifkedjagEIkuSRGUVPyL0B7M=">AAACDnicbVDLSsNAFJ3UV62vqLhyEyxC3ZRECgpuCm5cVrAPaEKZTKbt0HmEmYkYQv/BX3Cre3fi1l9w65c4abOwrQeGOZx7LvdwwpgSpV332yqtrW9sbpW3Kzu7e/sH9uFRR4lEItxGggrZC6HClHDc1kRT3IslhiykuBtObvN59xFLRQR/0GmMAwZHnAwJgtpIA/skrfmhoJFKmfmyp+mNz5KLgV116+4MzirxClIFBVoD+8ePBEoY5hpRqFTfc2MdZFBqgiieVvxE4RiiCRzhvqEcMqyCbBZ/6pwbJXKGQprHtTNT/25kkKk8n3EyqMdqeZaLCyeykP3n7Sd6eB1khMeJxhzNDw8T6mjh5N04EZEYaZoaApEkJruDxlBCpE2DFVOKt1zBKulc1j237t03qs1GUU8ZnIIzUAMeuAJNcAdaoA0QyMALeAVv1rP1bn1Yn3NrySp2jsECrK9fJFOcWw==</latexit><latexit sha1_base64="DGVifkedjagEIkuSRGUVPyL0B7M=">AAACDnicbVDLSsNAFJ3UV62vqLhyEyxC3ZRECgpuCm5cVrAPaEKZTKbt0HmEmYkYQv/BX3Cre3fi1l9w65c4abOwrQeGOZx7LvdwwpgSpV332yqtrW9sbpW3Kzu7e/sH9uFRR4lEItxGggrZC6HClHDc1kRT3IslhiykuBtObvN59xFLRQR/0GmMAwZHnAwJgtpIA/skrfmhoJFKmfmyp+mNz5KLgV116+4MzirxClIFBVoD+8ePBEoY5hpRqFTfc2MdZFBqgiieVvxE4RiiCRzhvqEcMqyCbBZ/6pwbJXKGQprHtTNT/25kkKk8n3EyqMdqeZaLCyeykP3n7Sd6eB1khMeJxhzNDw8T6mjh5N04EZEYaZoaApEkJruDxlBCpE2DFVOKt1zBKulc1j237t03qs1GUU8ZnIIzUAMeuAJNcAdaoA0QyMALeAVv1rP1bn1Yn3NrySp2jsECrK9fJFOcWw==</latexit><latexit sha1_base64="DGVifkedjagEIkuSRGUVPyL0B7M=">AAACDnicbVDLSsNAFJ3UV62vqLhyEyxC3ZRECgpuCm5cVrAPaEKZTKbt0HmEmYkYQv/BX3Cre3fi1l9w65c4abOwrQeGOZx7LvdwwpgSpV332yqtrW9sbpW3Kzu7e/sH9uFRR4lEItxGggrZC6HClHDc1kRT3IslhiykuBtObvN59xFLRQR/0GmMAwZHnAwJgtpIA/skrfmhoJFKmfmyp+mNz5KLgV116+4MzirxClIFBVoD+8ePBEoY5hpRqFTfc2MdZFBqgiieVvxE4RiiCRzhvqEcMqyCbBZ/6pwbJXKGQprHtTNT/25kkKk8n3EyqMdqeZaLCyeykP3n7Sd6eB1khMeJxhzNDw8T6mjh5N04EZEYaZoaApEkJruDxlBCpE2DFVOKt1zBKulc1j237t03qs1GUU8ZnIIzUAMeuAJNcAdaoA0QyMALeAVv1rP1bn1Yn3NrySp2jsECrK9fJFOcWw==</latexit>

s(µ) = `(y(µ);µ)
<latexit sha1_base64="MezlwcETBzG+WBqBOQM4sJd21tE=">AAACAHicbZBNS8MwGMdTX+d8q3rw4CU4hHkZ7RwoiDDw4nGCe4G1jDRLt7AkLUkqjLKLX8WLB0W8+jG8+W1Mux5084GEH///85A8/yBmVGnH+bZWVtfWNzZLW+Xtnd29ffvgsKOiRGLSxhGLZC9AijAqSFtTzUgvlgTxgJFuMLnN/O4jkYpG4kFPY+JzNBI0pBhpIw3sY1X1eHJ+4xHGqtOcr7NrYFecmpMXXAa3gAooqjWwv7xhhBNOhMYMKdV3nVj7KZKaYkZmZS9RJEZ4gkakb1AgTpSf5gvM4JlRhjCMpDlCw1z9PZEirtSUB6aTIz1Wi14m/uf1Ex1e+SkVcaKJwPOHwoRBHcEsDTikkmDNpgYQltT8FeIxkghrk1nZhOAurrwMnXrNvajV7xuVZqOIowROwCmoAhdcgia4Ay3QBhjMwDN4BW/Wk/VivVsf89YVq5g5An/K+vwBx0aVMQ==</latexit>



Objective
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Problem: For             compute                                where 

                in multi-query, real-time, or slim computing settings. 

Goal: Compute approximations 

                that are (certifiably) accurate and (online-) inexpensive.

y(µ) ⇡ yN (µ)
<latexit sha1_base64="0gWD3cpzIfFTPER/6bAZgdLJc6Y=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYktaDLghtXUsE+oAlhMp20QyeZMDMRQ+zCX3HjQhG3/oY7/8ZpmoW2Hrhw5px7mXuPHzMqlWV9G6WV1bX1jfJmZWt7Z3fP3D/oSp4ITDqYMy76PpKE0Yh0FFWM9GNBUOgz0vMnVzO/d0+EpDy6U2lM3BCNIhpQjJSWPPMorTlhcuagOBb8AabeTf72zKpVt3LAZWIXpAoKtD3zyxlynIQkUpghKQe2FSs3Q0JRzMi04iSSxAhP0IgMNI1QSKSb5ftP4alWhjDgQlekYK7+nshQKGUa+rozRGosF72Z+J83SFRw6WY0ihNFIjz/KEgYVBzOwoBDKghWLNUEYUH1rhCPkUBY6cgqOgR78eRl0m3U7fN647ZZbTWLOMrgGJyAGrDBBWiBa9AGHYDBI3gGr+DNeDJejHfjY95aMoqZQ/AHxucP3wyVUA==</latexit>

s(µ) ⇡ sN (µ) := f(yN (µ);µ)
<latexit sha1_base64="WGw9j/M044JMQcrSL77uARi8e/w=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoN2WmFhRFKLhxVSrYB3TKkEkzbWjmQZIRh6Hf4MZfceNCEbeu3Pk3Zqaz0NYDCeeecy/JPU7IqJCG8a0VVlbX1jeKm6Wt7Z3dPX3/oCuCiGPSwQELeN9BgjDqk46kkpF+yAnyHEZ6zvQ69Xv3hAsa+HcyDsnQQ2OfuhQjqSRbr4qK5UVVC4UhDx6gsFtZfXHlVmI7ac2y6jK9bL1s1IwMcJmYOSmDHG1b/7JGAY484kvMkBAD0wjlMEFcUszIrGRFgoQIT9GYDBT1kUfEMMlWmsETpYygG3B1fAkz9fdEgjwhYs9RnR6SE7HopeJ/3iCS7vkwoX4YSeLj+UNuxKAMYJoPHFFOsGSxIghzqv4K8QRxhKVKsaRCMBdXXibdes08rdVvG+VmI4+jCI7AMagAE5yBJrgBbdABGDyCZ/AK3rQn7UV71z7mrQUtnzkEf6B9/gD0IJxW</latexit>

µ 2 D
<latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y
<latexit sha1_base64="dGjOHEEUyiyYn8zNQ0rAWWJZNo4="></latexit>

PDE

s(µ) = f(y(µ);µ)
<latexit sha1_base64="R/cV7XqGNeN6rsREoNiF+iP4UoQ=">AAAB/XicbZDLSgMxFIYz9Vbrbbzs3ASLUDdlphYURCi4cVnBXqAdSibNtKFJZkgyQh2Kr+LGhSJufQ93vo2Z6Sy09UDCx/+fQ05+P2JUacf5tgorq2vrG8XN0tb2zu6evX/QVmEsMWnhkIWy6yNFGBWkpalmpBtJgrjPSMef3KR+54FIRUNxr6cR8TgaCRpQjLSRBvaRqvR5fHYdVKYZXKXXwC47VScruAxuDmWQV3Ngf/WHIY45ERozpFTPdSLtJUhqihmZlfqxIhHCEzQiPYMCcaK8JNt+Bk+NMoRBKM0RGmbq74kEcaWm3DedHOmxWvRS8T+vF+vg0kuoiGJNBJ4/FMQM6hCmUcAhlQRrNjWAsKRmV4jHSCKsTWAlE4K7+OVlaNeq7nm1dlcvN+p5HEVwDE5ABbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MW8tWPnMIfhT1ucPbvCT4A==</latexit>

output of interest parameter

output functional state variable, y(x;µ)
<latexit sha1_base64="DGVifkedjagEIkuSRGUVPyL0B7M=">AAACDnicbVDLSsNAFJ3UV62vqLhyEyxC3ZRECgpuCm5cVrAPaEKZTKbt0HmEmYkYQv/BX3Cre3fi1l9w65c4abOwrQeGOZx7LvdwwpgSpV332yqtrW9sbpW3Kzu7e/sH9uFRR4lEItxGggrZC6HClHDc1kRT3IslhiykuBtObvN59xFLRQR/0GmMAwZHnAwJgtpIA/skrfmhoJFKmfmyp+mNz5KLgV116+4MzirxClIFBVoD+8ePBEoY5hpRqFTfc2MdZFBqgiieVvxE4RiiCRzhvqEcMqyCbBZ/6pwbJXKGQprHtTNT/25kkKk8n3EyqMdqeZaLCyeykP3n7Sd6eB1khMeJxhzNDw8T6mjh5N04EZEYaZoaApEkJruDxlBCpE2DFVOKt1zBKulc1j237t03qs1GUU8ZnIIzUAMeuAJNcAdaoA0QyMALeAVv1rP1bn1Yn3NrySp2jsECrK9fJFOcWw==</latexit><latexit sha1_base64="DGVifkedjagEIkuSRGUVPyL0B7M=">AAACDnicbVDLSsNAFJ3UV62vqLhyEyxC3ZRECgpuCm5cVrAPaEKZTKbt0HmEmYkYQv/BX3Cre3fi1l9w65c4abOwrQeGOZx7LvdwwpgSpV332yqtrW9sbpW3Kzu7e/sH9uFRR4lEItxGggrZC6HClHDc1kRT3IslhiykuBtObvN59xFLRQR/0GmMAwZHnAwJgtpIA/skrfmhoJFKmfmyp+mNz5KLgV116+4MzirxClIFBVoD+8ePBEoY5hpRqFTfc2MdZFBqgiieVvxE4RiiCRzhvqEcMqyCbBZ/6pwbJXKGQprHtTNT/25kkKk8n3EyqMdqeZaLCyeykP3n7Sd6eB1khMeJxhzNDw8T6mjh5N04EZEYaZoaApEkJruDxlBCpE2DFVOKt1zBKulc1j237t03qs1GUU8ZnIIzUAMeuAJNcAdaoA0QyMALeAVv1rP1bn1Yn3NrySp2jsECrK9fJFOcWw==</latexit><latexit sha1_base64="DGVifkedjagEIkuSRGUVPyL0B7M=">AAACDnicbVDLSsNAFJ3UV62vqLhyEyxC3ZRECgpuCm5cVrAPaEKZTKbt0HmEmYkYQv/BX3Cre3fi1l9w65c4abOwrQeGOZx7LvdwwpgSpV332yqtrW9sbpW3Kzu7e/sH9uFRR4lEItxGggrZC6HClHDc1kRT3IslhiykuBtObvN59xFLRQR/0GmMAwZHnAwJgtpIA/skrfmhoJFKmfmyp+mNz5KLgV116+4MzirxClIFBVoD+8ePBEoY5hpRqFTfc2MdZFBqgiieVvxE4RiiCRzhvqEcMqyCbBZ/6pwbJXKGQprHtTNT/25kkKk8n3EyqMdqeZaLCyeykP3n7Sd6eB1khMeJxhzNDw8T6mjh5N04EZEYaZoaApEkJruDxlBCpE2DFVOKt1zBKulc1j237t03qs1GUU8ZnIIzUAMeuAJNcAdaoA0QyMALeAVv1rP1bn1Yn3NrySp2jsECrK9fJFOcWw==</latexit><latexit sha1_base64="DGVifkedjagEIkuSRGUVPyL0B7M=">AAACDnicbVDLSsNAFJ3UV62vqLhyEyxC3ZRECgpuCm5cVrAPaEKZTKbt0HmEmYkYQv/BX3Cre3fi1l9w65c4abOwrQeGOZx7LvdwwpgSpV332yqtrW9sbpW3Kzu7e/sH9uFRR4lEItxGggrZC6HClHDc1kRT3IslhiykuBtObvN59xFLRQR/0GmMAwZHnAwJgtpIA/skrfmhoJFKmfmyp+mNz5KLgV116+4MzirxClIFBVoD+8ePBEoY5hpRqFTfc2MdZFBqgiieVvxE4RiiCRzhvqEcMqyCbBZ/6pwbJXKGQprHtTNT/25kkKk8n3EyqMdqeZaLCyeykP3n7Sd6eB1khMeJxhzNDw8T6mjh5N04EZEYaZoaApEkJruDxlBCpE2DFVOKt1zBKulc1j237t03qs1GUU8ZnIIzUAMeuAJNcAdaoA0QyMALeAVv1rP1bn1Yn3NrySp2jsECrK9fJFOcWw==</latexit>
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FE SPACE
HIGH-DIMENSIONAL

y(µ), µ 2 D
<latexit sha1_base64="tF8tGj5mvXcm4O3fnT+dbcXR1co=">AAACFHicbVDLSgMxFM34rPU16rKbYBEqSJkpgi4LunBZwT6gM5RMmmlDk8yQZIRh6MKf8Bfc6t6duHXv1i8x087Cth5Icjj3XO7NCWJGlXacb2ttfWNza7u0U97d2z84tI+OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5u83n0kUtFIPOg0Jj5HI0FDipE20sCupDWPJ+cX0NzQo8K8SI8xYtntdGBXnbozA1wlbkGqoEBrYP94wwgnnAiNGVKq7zqx9jMkNcWMTMteokiM8ASNSN9QgThRfjb7xBSeGWUIw0iaIzScqX87MsSVSnlgnPmKarmWiwsjsoD/5+0nOrz2MyriRBOB54PDhEEdwTwhOKSSYM1SQxCW1OwO8RhJhLXJsWxCcZcjWCWdRt116u79ZbXZKOIpgQo4BTXggivQBHegBdoAgyfwAl7Bm/VsvVsf1ufcumYVPSdgAdbXLwUCncY=</latexit><latexit sha1_base64="tF8tGj5mvXcm4O3fnT+dbcXR1co=">AAACFHicbVDLSgMxFM34rPU16rKbYBEqSJkpgi4LunBZwT6gM5RMmmlDk8yQZIRh6MKf8Bfc6t6duHXv1i8x087Cth5Icjj3XO7NCWJGlXacb2ttfWNza7u0U97d2z84tI+OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5u83n0kUtFIPOg0Jj5HI0FDipE20sCupDWPJ+cX0NzQo8K8SI8xYtntdGBXnbozA1wlbkGqoEBrYP94wwgnnAiNGVKq7zqx9jMkNcWMTMteokiM8ASNSN9QgThRfjb7xBSeGWUIw0iaIzScqX87MsSVSnlgnPmKarmWiwsjsoD/5+0nOrz2MyriRBOB54PDhEEdwTwhOKSSYM1SQxCW1OwO8RhJhLXJsWxCcZcjWCWdRt116u79ZbXZKOIpgQo4BTXggivQBHegBdoAgyfwAl7Bm/VsvVsf1ufcumYVPSdgAdbXLwUCncY=</latexit><latexit sha1_base64="tF8tGj5mvXcm4O3fnT+dbcXR1co=">AAACFHicbVDLSgMxFM34rPU16rKbYBEqSJkpgi4LunBZwT6gM5RMmmlDk8yQZIRh6MKf8Bfc6t6duHXv1i8x087Cth5Icjj3XO7NCWJGlXacb2ttfWNza7u0U97d2z84tI+OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5u83n0kUtFIPOg0Jj5HI0FDipE20sCupDWPJ+cX0NzQo8K8SI8xYtntdGBXnbozA1wlbkGqoEBrYP94wwgnnAiNGVKq7zqx9jMkNcWMTMteokiM8ASNSN9QgThRfjb7xBSeGWUIw0iaIzScqX87MsSVSnlgnPmKarmWiwsjsoD/5+0nOrz2MyriRBOB54PDhEEdwTwhOKSSYM1SQxCW1OwO8RhJhLXJsWxCcZcjWCWdRt116u79ZbXZKOIpgQo4BTXggivQBHegBdoAgyfwAl7Bm/VsvVsf1ufcumYVPSdgAdbXLwUCncY=</latexit><latexit sha1_base64="tF8tGj5mvXcm4O3fnT+dbcXR1co=">AAACFHicbVDLSgMxFM34rPU16rKbYBEqSJkpgi4LunBZwT6gM5RMmmlDk8yQZIRh6MKf8Bfc6t6duHXv1i8x087Cth5Icjj3XO7NCWJGlXacb2ttfWNza7u0U97d2z84tI+OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5u83n0kUtFIPOg0Jj5HI0FDipE20sCupDWPJ+cX0NzQo8K8SI8xYtntdGBXnbozA1wlbkGqoEBrYP94wwgnnAiNGVKq7zqx9jMkNcWMTMteokiM8ASNSN9QgThRfjb7xBSeGWUIw0iaIzScqX87MsSVSnlgnPmKarmWiwsjsoD/5+0nOrz2MyriRBOB54PDhEEdwTwhOKSSYM1SQxCW1OwO8RhJhLXJsWxCcZcjWCWdRt116u79ZbXZKOIpgQo4BTXggivQBHegBdoAgyfwAl7Bm/VsvVsf1ufcumYVPSdgAdbXLwUCncY=</latexit>

a(y(µ), v;µ) = f(v;µ), for all v 2 Y, µ 2 D
<latexit sha1_base64="g5fLqRPSfk8FWFwxeyEQXtvQWOA="></latexit><latexit sha1_base64="g5fLqRPSfk8FWFwxeyEQXtvQWOA="></latexit><latexit sha1_base64="g5fLqRPSfk8FWFwxeyEQXtvQWOA="></latexit><latexit sha1_base64="g5fLqRPSfk8FWFwxeyEQXtvQWOA="></latexit>
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SNAPSHOTS

y(µi)

HIGH-DIMENSIONAL
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YN := span
�
y(µi) , i = 1, . . . , N

 
<latexit sha1_base64="LaLbhmIhY9bTjtBrLF41Z7N7r5A="></latexit><latexit sha1_base64="LaLbhmIhY9bTjtBrLF41Z7N7r5A="></latexit><latexit sha1_base64="LaLbhmIhY9bTjtBrLF41Z7N7r5A="></latexit><latexit sha1_base64="LaLbhmIhY9bTjtBrLF41Z7N7r5A="></latexit>
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FE SPACE

SNAPSHOTS

y(µi)

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

a(y(µ), v;µ) = f(v;µ), for all v 2 Y.
<latexit sha1_base64="KN/9p8pGILl1LP1VE/DnwZwU8mE="></latexit>
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FE SPACE

SNAPSHOTS

y(µi) yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

a(yN (µ), v;µ) = f(v;µ), for all v 2 YN .
<latexit sha1_base64="J5poj1TJX4MfjN2vTZ6Larc0oEY="></latexit><latexit sha1_base64="J5poj1TJX4MfjN2vTZ6Larc0oEY="></latexit><latexit sha1_base64="J5poj1TJX4MfjN2vTZ6Larc0oEY="></latexit><latexit sha1_base64="J5poj1TJX4MfjN2vTZ6Larc0oEY="></latexit>
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FE SPACE

SNAPSHOTS

y(µi)

�N(µ)
(2) ERROR BOUND

yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

ky(µ)� yN (µ)kY  �N (µ).
<latexit sha1_base64="NblrKPp3hYMTAl0MowFPltCLa5c="></latexit><latexit sha1_base64="NblrKPp3hYMTAl0MowFPltCLa5c="></latexit><latexit sha1_base64="NblrKPp3hYMTAl0MowFPltCLa5c="></latexit><latexit sha1_base64="NblrKPp3hYMTAl0MowFPltCLa5c="></latexit>
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FE SPACE

SNAPSHOTS

y(µi)

�N(µ)
(2) ERROR BOUND

yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPOSITION

µ - INDEPENDENT 
BILINEAR FORMS
µ

a(w, v;µ) =
QP

q=1
✓q(µ)| {z } aq(w, v)| {z }, 8w, v 2 Y

<latexit sha1_base64="y6+CqhDNZF188vLneEP3h9DgruQ="></latexit>
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FE SPACE

SNAPSHOTS

y(µi)

�N(µ)
(2) ERROR BOUND

yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPOSITION
(4) GREEDY ALGORITHM

µN+1 = argmax
µ2D

�N (µ)

kyN (µ)kY
<latexit sha1_base64="XYKd1fCUzjx7/PKAXoO9TLgvUgc="></latexit><latexit sha1_base64="XYKd1fCUzjx7/PKAXoO9TLgvUgc="></latexit><latexit sha1_base64="XYKd1fCUzjx7/PKAXoO9TLgvUgc="></latexit><latexit sha1_base64="XYKd1fCUzjx7/PKAXoO9TLgvUgc="></latexit>
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FE SPACE

SNAPSHOTS

y(µi)

�N(µ)
(2) ERROR BOUND

yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPOSITION
(4) GREEDY ALGORITHM
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The reduced basis method seeks to provide, for any  

accurate 
reliable 
efficient surrogates                                       cost 

                                                                                    small  

to solutions of parametrized PDEs 

           for the many-query, real-time, 
                            and slim-computing contexts. 

Original papers: [Prud'homme, et al., 2002], [Maday, et al., 2002], …  
Books: [Hesthaven, Rozza & Stamm, 2015], [Quarteroni, Manzoni & Negri, 2015] 
Other MOR Methods: [Schilders, Van der Vorst, Rommes, 2008] [Benner, Ohlberger, Cohen & Willcox, 2017] 

 …

(1)  APPROXIMATION 
(2)  ERR ESTIMATION 
(3)  OFFLINE / ONLINE 
(4)  GREEDY ALGORITHMN

<latexit sha1_base64="8sOx36AvGX6/Na0vbd/tQTfIPkg=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsAq7sdBCMGBjJQmYCyQhzE7OJmNmL8zMCmFJaWVjoYitT2HrK9j5DPoQTi6FJv4w8PH/5zDnHDcSXGnb/rRSC4tLyyvp1cza+sbmVnZ7p6rCWDKssFCEsu5ShYIHWNFcC6xHEqnvCqy5/YtRXrtFqXgYXOtBhC2fdgPucUa1scpX7WzOzttjkXlwppA7f/+6238rf5fa2Y9mJ2Sxj4FmgirVcOxItxIqNWcCh5lmrDCirE+72DAYUB9VKxkPOiSHxukQL5TmBZqM3d8dCfWVGviuqfSp7qnZbGT+lzVi7Z22Eh5EscaATT7yYkF0SEZbkw6XyLQYGKBMcjMrYT0qKdPmNhlzBGd25XmoFvLOcb5QtnPFM5goDXtwAEfgwAkU4RJKUAEGCPfwCE/WjfVgPVsvk9KUNe3ZhT+yXn8Atq+RTw==</latexit>

µ 2 D
<latexit sha1_base64="bJElPNbnwzZppjI11+qdN0KwBCA="></latexit>
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(Q•, N•)
<latexit sha1_base64="Jv+tq0RtERkbR6ty8PH/JcghPPc="></latexit>

yN (µ) ⇡ y(µ)
<latexit sha1_base64="Kgu/i8d1hPdK5O+LbNb8TZVE5Aw="></latexit><latexit sha1_base64="Kgu/i8d1hPdK5O+LbNb8TZVE5Aw="></latexit><latexit sha1_base64="Kgu/i8d1hPdK5O+LbNb8TZVE5Aw="></latexit><latexit sha1_base64="Kgu/i8d1hPdK5O+LbNb8TZVE5Aw="></latexit>

ky(µ)� yN (µ)kY � �N (µ)
<latexit sha1_base64="GJ5gNyYrRKOTDMmstJK9ZBT313w="></latexit><latexit sha1_base64="GJ5gNyYrRKOTDMmstJK9ZBT313w="></latexit><latexit sha1_base64="GJ5gNyYrRKOTDMmstJK9ZBT313w="></latexit><latexit sha1_base64="GJ5gNyYrRKOTDMmstJK9ZBT313w="></latexit>
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Simplest Case

Strong Form 

Find    such that 

    PDE                                                                                              

     BC                                                                                                                
Upper Rhine Graben (Germany)

Courtesy of Prof. Scheck-Wenderoth, GFZ Postdam.

y
<latexit sha1_base64="pZDo8SSz7PNqEx8hK2HrjFeErc0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbabt2swm7GyGE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMviAXXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1lGiGLZYJCLVDahGwSW2DDcCu7FCGgYCO8H0bu53nlBpHskHk8boh3Qs+YgzaqzUTAelsltxFyDrxMtJGXI0BqWv/jBiSYjSMEG17nlubPyMKsOZwFmxn2iMKZvSMfYslTRE7WeLQ2fk0ipDMoqULWnIQv09kdFQ6zQMbGdIzUSvenPxP6+XmNGtn3EZJwYlWy4aJYKYiMy/JkOukBmRWkKZ4vZWwiZUUWZsNkUbgrf68jppVyvedaXarJXrtTyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwB5NWM8w==</latexit>

�r2y = f in ⌦ ⇢ R3
<latexit sha1_base64="xJi+XV7V7ZoZ0LiPrh4mr8VNHZU="></latexit>

y = 0 on �N
<latexit sha1_base64="tgK1TwOa6VdoZP5kEoUtPsbUaCc=">AAACG3icbVDLSgMxFM34tr6qLt1Ei+CqzFRBQQTBha6kglWhU4Y7aarBJDMmd8QyzH+48VfcuFDEleDCvzF9LHwdSDg5515u7olTKSz6/qc3Mjo2PjE5NV2amZ2bXygvLp3ZJDOMN1giE3MRg+VSaN5AgZJfpIaDiiU/j68Pev75LTdWJPoUuylvKbjUoiMYoJOicq0b7oa7e73LD28yaIfI7zBPdNF/URoeglJAozwPV4soPy6KqFzxq34f9C8JhqRChqhH5fewnbBMcY1MgrXNwE+xlYNBwSQvSmFmeQrsGi5501ENittW3t+toOtOadNOYtzRSPvq944clLVdFbtKBXhlf3s98T+vmWFnp5ULnWbINRsM6mSSYkJ7QdG2MJyh7DoCzAj3V8quwABDF2fJhRD8XvkvOatVg81q7WSrsr81jGOKrJA1skECsk32yRGpkwZh5J48kmfy4j14T96r9zYoHfGGPcvkB7yPL0OUoOs=</latexit>

where

Let the parameter µ := {1, . . . ,P } 2 D ⇢ RP
<latexit sha1_base64="556ttFo9ZBOWZIHnWKEILQ9wnUY="></latexit><latexit sha1_base64="556ttFo9ZBOWZIHnWKEILQ9wnUY="></latexit><latexit sha1_base64="556ttFo9ZBOWZIHnWKEILQ9wnUY="></latexit><latexit sha1_base64="556ttFo9ZBOWZIHnWKEILQ9wnUY="></latexit>

 =

(
0 := 1 in ⌦o

i in ⌦i, i = 1, . . . , P
<latexit sha1_base64="9/9aTnLjv8odHvN3cvxP/vcHTkk="></latexit><latexit sha1_base64="9/9aTnLjv8odHvN3cvxP/vcHTkk="></latexit><latexit sha1_base64="9/9aTnLjv8odHvN3cvxP/vcHTkk="></latexit><latexit sha1_base64="9/9aTnLjv8odHvN3cvxP/vcHTkk="></latexit>

Source: Physical Geology (Ch. 14) by S. Earle 
(Licence: CC-BY-4.0)
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Simplest Case

Weak Form 

For            , find                          such that 

and compute                                  . 

y ⌘ y(µ) 2 Y
<latexit sha1_base64="rx/YV8ry2lglrdtCUVGc0kuTVeU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiS1oMuCG5cV7EOaUCbTaTt0ZhJnJoUQunPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv994TRIwq7Tjf1srq2vrGZmGruL2zu7dvHxy2VBhLTJo4ZKHsBEgRRgVpaqoZ6USSIB4w0g7G15nfnhCpaCjudBIRn6OhoAOKkTZSzz5JoEceYjqBSdnj8blHBfQ40iOMWHo/7dklp+LMAJeJm5MSyNHo2V9eP8QxJ0JjhpTquk6k/RRJTTEj06IXKxIhPEZD0jVUIE6Un87+mMIzo/ThIJSmhIYz9fdEirhSCQ9MZ3aiWvQy8T+vG+vBlZ9SEcWaCDxfNIgZ1CHMQoF9KgnWLDEEYUnNrRCPkERYm+iKJgR38eVl0qpW3ItK9bZWqtfyOArgGJyCMnDBJaiDG9AATYDBI3gGr+DNerJerHfrY966YuUzR+APrM8fU3iY7g==</latexit>

s(µ) =

Z

⌦
y(µ) d⌦

<latexit sha1_base64="dxM6v3OCYLMQofkw7lQ+D4X4VhE=">AAACE3icbZDLSsNAFIYnXmu9RV26GSxCdVGSWlAQoeDGnRXsBZoQJtNJO3QmCTMTIYS+gxtfxY0LRdy6cefbOE2z0NYfBn6+cw5zzu/HjEplWd/G0vLK6tp6aaO8ubW9s2vu7XdklAhM2jhikej5SBJGQ9JWVDHSiwVB3Gek64+vp/XuAxGSRuG9SmPicjQMaUAxUhp55qkDZdXhycmVQ0MFvcy55WSIJjDNKXQu4QDOmGdWrJqVCy4auzAVUKjlmV/OIMIJJ6HCDEnZt61YuRkSimJGJmUnkSRGeIyGpK9tiDiRbpbfNIHHmgxgEAn99GI5/T2RIS5lyn3dyZEayfnaFP5X6ycquHAzGsaJIiGefRQkDKoITgOCAyoIVizVBmFB9a4Qj5BAWOkYyzoEe/7kRdOp1+yzWv2uUWk2ijhK4BAcgSqwwTloghvQAm2AwSN4Bq/gzXgyXox342PWumQUMwfgj4zPH8gmnCs=</latexit>

µ 2 D
<latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit>

PX

i=0

Z

⌦i

iry ·rv d⌦ =

Z

⌦
v d⌦, 8 v 2 Y,

<latexit sha1_base64="B92EJjgnERZeWk6w9oHn8eYA6wk="></latexit><latexit sha1_base64="B92EJjgnERZeWk6w9oHn8eYA6wk="></latexit><latexit sha1_base64="B92EJjgnERZeWk6w9oHn8eYA6wk="></latexit><latexit sha1_base64="B92EJjgnERZeWk6w9oHn8eYA6wk="></latexit>
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Abstract Form 

For            , find                          such that 

and compute                                  where 
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Simplest Case

Weak Form 

For            , find                          such that 

and compute                                  . 

y ⌘ y(µ) 2 Y
<latexit sha1_base64="rx/YV8ry2lglrdtCUVGc0kuTVeU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiS1oMuCG5cV7EOaUCbTaTt0ZhJnJoUQunPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv994TRIwq7Tjf1srq2vrGZmGruL2zu7dvHxy2VBhLTJo4ZKHsBEgRRgVpaqoZ6USSIB4w0g7G15nfnhCpaCjudBIRn6OhoAOKkTZSzz5JoEceYjqBSdnj8blHBfQ40iOMWHo/7dklp+LMAJeJm5MSyNHo2V9eP8QxJ0JjhpTquk6k/RRJTTEj06IXKxIhPEZD0jVUIE6Un87+mMIzo/ThIJSmhIYz9fdEirhSCQ9MZ3aiWvQy8T+vG+vBlZ9SEcWaCDxfNIgZ1CHMQoF9KgnWLDEEYUnNrRCPkERYm+iKJgR38eVl0qpW3ItK9bZWqtfyOArgGJyCMnDBJaiDG9AATYDBI3gGr+DNerJerHfrY966YuUzR+APrM8fU3iY7g==</latexit>

s(µ) =

Z

⌦
y(µ) d⌦

<latexit sha1_base64="dxM6v3OCYLMQofkw7lQ+D4X4VhE=">AAACE3icbZDLSsNAFIYnXmu9RV26GSxCdVGSWlAQoeDGnRXsBZoQJtNJO3QmCTMTIYS+gxtfxY0LRdy6cefbOE2z0NYfBn6+cw5zzu/HjEplWd/G0vLK6tp6aaO8ubW9s2vu7XdklAhM2jhikej5SBJGQ9JWVDHSiwVB3Gek64+vp/XuAxGSRuG9SmPicjQMaUAxUhp55qkDZdXhycmVQ0MFvcy55WSIJjDNKXQu4QDOmGdWrJqVCy4auzAVUKjlmV/OIMIJJ6HCDEnZt61YuRkSimJGJmUnkSRGeIyGpK9tiDiRbpbfNIHHmgxgEAn99GI5/T2RIS5lyn3dyZEayfnaFP5X6ycquHAzGsaJIiGefRQkDKoITgOCAyoIVizVBmFB9a4Qj5BAWOkYyzoEe/7kRdOp1+yzWv2uUWk2ijhK4BAcgSqwwTloghvQAm2AwSN4Bq/gzXgyXox342PWumQUMwfgj4zPH8gmnCs=</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y,
<latexit sha1_base64="fFGkn6nOXypGzG6bKhApEcuUDWs="></latexit>

µ 2 D
<latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit>

PX

i=0

Z

⌦i

iry ·rv d⌦ =

Z

⌦
v d⌦, 8 v 2 Y,

<latexit sha1_base64="B92EJjgnERZeWk6w9oHn8eYA6wk="></latexit><latexit sha1_base64="B92EJjgnERZeWk6w9oHn8eYA6wk="></latexit><latexit sha1_base64="B92EJjgnERZeWk6w9oHn8eYA6wk="></latexit><latexit sha1_base64="B92EJjgnERZeWk6w9oHn8eYA6wk="></latexit>

µ 2 D
<latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit>

y ⌘ y(µ) 2 Y
<latexit sha1_base64="/RvDNuPZg8wBDyv0A8xQXDxlXZc=">AAACCnicbVBNS8NAEN3Ur1q/oh69rDZCvZSkCHosePFYwbZKE8pmu2mXbjZxd1MIoWcv/hUvHhTx6i/w5r9x0+agrQ8GHu/NMDPPjxmVyra/jdLK6tr6RnmzsrW9s7tn7h90ZJQITNo4YpG485EkjHLSVlQxchcLgkKfka4/vsr97oQISSN+q9KYeCEachpQjJSW+uaxZaUueUjoBKY1N0zOXMqhGyI1wohl91PL6ptVu27PAJeJU5AqKNDqm1/uIMJJSLjCDEnZc+xYeRkSimJGphU3kSRGeIyGpKcpRyGRXjZ7ZQpPtTKAQSR0cQVn6u+JDIVSpqGvO/Mj5aKXi/95vUQFl15GeZwowvF8UZAwqCKY5wIHVBCsWKoJwoLqWyEeIYGw0ulVdAjO4svLpNOoO3bduWlUm+dFHGVwBE5ADTjgAjTBNWiBNsDgETyDV/BmPBkvxrvxMW8tGcXMIfgD4/MHhh+Zdg==</latexit><latexit sha1_base64="/RvDNuPZg8wBDyv0A8xQXDxlXZc=">AAACCnicbVBNS8NAEN3Ur1q/oh69rDZCvZSkCHosePFYwbZKE8pmu2mXbjZxd1MIoWcv/hUvHhTx6i/w5r9x0+agrQ8GHu/NMDPPjxmVyra/jdLK6tr6RnmzsrW9s7tn7h90ZJQITNo4YpG485EkjHLSVlQxchcLgkKfka4/vsr97oQISSN+q9KYeCEachpQjJSW+uaxZaUueUjoBKY1N0zOXMqhGyI1wohl91PL6ptVu27PAJeJU5AqKNDqm1/uIMJJSLjCDEnZc+xYeRkSimJGphU3kSRGeIyGpKcpRyGRXjZ7ZQpPtTKAQSR0cQVn6u+JDIVSpqGvO/Mj5aKXi/95vUQFl15GeZwowvF8UZAwqCKY5wIHVBCsWKoJwoLqWyEeIYGw0ulVdAjO4svLpNOoO3bduWlUm+dFHGVwBE5ADTjgAjTBNWiBNsDgETyDV/BmPBkvxrvxMW8tGcXMIfgD4/MHhh+Zdg==</latexit><latexit sha1_base64="/RvDNuPZg8wBDyv0A8xQXDxlXZc=">AAACCnicbVBNS8NAEN3Ur1q/oh69rDZCvZSkCHosePFYwbZKE8pmu2mXbjZxd1MIoWcv/hUvHhTx6i/w5r9x0+agrQ8GHu/NMDPPjxmVyra/jdLK6tr6RnmzsrW9s7tn7h90ZJQITNo4YpG485EkjHLSVlQxchcLgkKfka4/vsr97oQISSN+q9KYeCEachpQjJSW+uaxZaUueUjoBKY1N0zOXMqhGyI1wohl91PL6ptVu27PAJeJU5AqKNDqm1/uIMJJSLjCDEnZc+xYeRkSimJGphU3kSRGeIyGpKcpRyGRXjZ7ZQpPtTKAQSR0cQVn6u+JDIVSpqGvO/Mj5aKXi/95vUQFl15GeZwowvF8UZAwqCKY5wIHVBCsWKoJwoLqWyEeIYGw0ulVdAjO4svLpNOoO3bduWlUm+dFHGVwBE5ADTjgAjTBNWiBNsDgETyDV/BmPBkvxrvxMW8tGcXMIfgD4/MHhh+Zdg==</latexit><latexit sha1_base64="/RvDNuPZg8wBDyv0A8xQXDxlXZc=">AAACCnicbVBNS8NAEN3Ur1q/oh69rDZCvZSkCHosePFYwbZKE8pmu2mXbjZxd1MIoWcv/hUvHhTx6i/w5r9x0+agrQ8GHu/NMDPPjxmVyra/jdLK6tr6RnmzsrW9s7tn7h90ZJQITNo4YpG485EkjHLSVlQxchcLgkKfka4/vsr97oQISSN+q9KYeCEachpQjJSW+uaxZaUueUjoBKY1N0zOXMqhGyI1wohl91PL6ptVu27PAJeJU5AqKNDqm1/uIMJJSLjCDEnZc+xYeRkSimJGphU3kSRGeIyGpKcpRyGRXjZ7ZQpPtTKAQSR0cQVn6u+JDIVSpqGvO/Mj5aKXi/95vUQFl15GeZwowvF8UZAwqCKY5wIHVBCsWKoJwoLqWyEeIYGw0ulVdAjO4svLpNOoO3bduWlUm+dFHGVwBE5ADTjgAjTBNWiBNsDgETyDV/BmPBkvxrvxMW8tGcXMIfgD4/MHhh+Zdg==</latexit>

s(µ) = `(y(µ);µ)
<latexit sha1_base64="/A3FF+wWKI6/qUCeNQIcrBh6WW4=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZmRgkIRCm5cVrAP6Awlk2ba0CQzJBlhKN248VfcuFDErf/gzr8xM52Fth5IODnnXm7uCWJGlXacb2tldW19Y7O0Vd7e2d3btw8OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5vM7z4QqWgk7nUaE5+jkaAhxUgbaWCfqKrHk3Ovce01PMJYNc3fDZjdA7vi1JwccJm4BamAAq2B/eUNI5xwIjRmSKm+68TanyKpKWZkVvYSRWKEJ2hE+oYKxInyp/kWM3hmlCEMI2mO0DBXf3dMEVcq5YGp5EiP1aKXif95/USHV/6UijjRROD5oDBhUEcwiwQOqSRYs9QQhCU1f4V4jCTC2gRXNiG4iysvk85FzXVq7l290qwXcZTAMTgFVeCCS9AEt6AF2gCDR/AMXsGb9WS9WO/Wx7x0xSp6jsAfWJ8/oCyWrQ==</latexit><latexit sha1_base64="/A3FF+wWKI6/qUCeNQIcrBh6WW4=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZmRgkIRCm5cVrAP6Awlk2ba0CQzJBlhKN248VfcuFDErf/gzr8xM52Fth5IODnnXm7uCWJGlXacb2tldW19Y7O0Vd7e2d3btw8OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5vM7z4QqWgk7nUaE5+jkaAhxUgbaWCfqKrHk3Ovce01PMJYNc3fDZjdA7vi1JwccJm4BamAAq2B/eUNI5xwIjRmSKm+68TanyKpKWZkVvYSRWKEJ2hE+oYKxInyp/kWM3hmlCEMI2mO0DBXf3dMEVcq5YGp5EiP1aKXif95/USHV/6UijjRROD5oDBhUEcwiwQOqSRYs9QQhCU1f4V4jCTC2gRXNiG4iysvk85FzXVq7l290qwXcZTAMTgFVeCCS9AEt6AF2gCDR/AMXsGb9WS9WO/Wx7x0xSp6jsAfWJ8/oCyWrQ==</latexit><latexit sha1_base64="/A3FF+wWKI6/qUCeNQIcrBh6WW4=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZmRgkIRCm5cVrAP6Awlk2ba0CQzJBlhKN248VfcuFDErf/gzr8xM52Fth5IODnnXm7uCWJGlXacb2tldW19Y7O0Vd7e2d3btw8OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5vM7z4QqWgk7nUaE5+jkaAhxUgbaWCfqKrHk3Ovce01PMJYNc3fDZjdA7vi1JwccJm4BamAAq2B/eUNI5xwIjRmSKm+68TanyKpKWZkVvYSRWKEJ2hE+oYKxInyp/kWM3hmlCEMI2mO0DBXf3dMEVcq5YGp5EiP1aKXif95/USHV/6UijjRROD5oDBhUEcwiwQOqSRYs9QQhCU1f4V4jCTC2gRXNiG4iysvk85FzXVq7l290qwXcZTAMTgFVeCCS9AEt6AF2gCDR/AMXsGb9WS9WO/Wx7x0xSp6jsAfWJ8/oCyWrQ==</latexit><latexit sha1_base64="/A3FF+wWKI6/qUCeNQIcrBh6WW4=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZmRgkIRCm5cVrAP6Awlk2ba0CQzJBlhKN248VfcuFDErf/gzr8xM52Fth5IODnnXm7uCWJGlXacb2tldW19Y7O0Vd7e2d3btw8OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5vM7z4QqWgk7nUaE5+jkaAhxUgbaWCfqKrHk3Ovce01PMJYNc3fDZjdA7vi1JwccJm4BamAAq2B/eUNI5xwIjRmSKm+68TanyKpKWZkVvYSRWKEJ2hE+oYKxInyp/kWM3hmlCEMI2mO0DBXf3dMEVcq5YGp5EiP1aKXif95/USHV/6UijjRROD5oDBhUEcwiwQOqSRYs9QQhCU1f4V4jCTC2gRXNiG4iysvk85FzXVq7l290qwXcZTAMTgFVeCCS9AEt6AF2gCDR/AMXsGb9WS9WO/Wx7x0xSp6jsAfWJ8/oCyWrQ==</latexit>

` = f.
<latexit sha1_base64="BPx8mdcJzzTFPRlqQmfMxPWMmQ0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQS9CwYvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjf3O0+oNI/lo5km6Ed0JHnIGTVW6vRRiNuwOihX3Kq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOyMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9OhlwhM2JqCWWK21sJG1NFmbEJlWwI3urL66Rdq3pX1dpDvdKo53EU4QzO4RI8uIYG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w+7wI8g</latexit>
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Abstract Form 

For            , find                          such that 

and compute                                  where 
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Simplest Case

Weak Form 

For            , find                          such that 

and compute                                  . 

y ⌘ y(µ) 2 Y
<latexit sha1_base64="rx/YV8ry2lglrdtCUVGc0kuTVeU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiS1oMuCG5cV7EOaUCbTaTt0ZhJnJoUQunPjr7hxoYhbf8Gdf+OkzUJbD1w4nHMv994TRIwq7Tjf1srq2vrGZmGruL2zu7dvHxy2VBhLTJo4ZKHsBEgRRgVpaqoZ6USSIB4w0g7G15nfnhCpaCjudBIRn6OhoAOKkTZSzz5JoEceYjqBSdnj8blHBfQ40iOMWHo/7dklp+LMAJeJm5MSyNHo2V9eP8QxJ0JjhpTquk6k/RRJTTEj06IXKxIhPEZD0jVUIE6Un87+mMIzo/ThIJSmhIYz9fdEirhSCQ9MZ3aiWvQy8T+vG+vBlZ9SEcWaCDxfNIgZ1CHMQoF9KgnWLDEEYUnNrRCPkERYm+iKJgR38eVl0qpW3ItK9bZWqtfyOArgGJyCMnDBJaiDG9AATYDBI3gGr+DNerJerHfrY966YuUzR+APrM8fU3iY7g==</latexit>

s(µ) =

Z

⌦
y(µ) d⌦

<latexit sha1_base64="dxM6v3OCYLMQofkw7lQ+D4X4VhE=">AAACE3icbZDLSsNAFIYnXmu9RV26GSxCdVGSWlAQoeDGnRXsBZoQJtNJO3QmCTMTIYS+gxtfxY0LRdy6cefbOE2z0NYfBn6+cw5zzu/HjEplWd/G0vLK6tp6aaO8ubW9s2vu7XdklAhM2jhikej5SBJGQ9JWVDHSiwVB3Gek64+vp/XuAxGSRuG9SmPicjQMaUAxUhp55qkDZdXhycmVQ0MFvcy55WSIJjDNKXQu4QDOmGdWrJqVCy4auzAVUKjlmV/OIMIJJ6HCDEnZt61YuRkSimJGJmUnkSRGeIyGpK9tiDiRbpbfNIHHmgxgEAn99GI5/T2RIS5lyn3dyZEayfnaFP5X6ycquHAzGsaJIiGefRQkDKoITgOCAyoIVizVBmFB9a4Qj5BAWOkYyzoEe/7kRdOp1+yzWv2uUWk2ijhK4BAcgSqwwTloghvQAm2AwSN4Bq/gzXgyXox342PWumQUMwfgj4zPH8gmnCs=</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y,
<latexit sha1_base64="fFGkn6nOXypGzG6bKhApEcuUDWs="></latexit>

µ 2 D
<latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit>

PX

i=0

Z

⌦i

iry ·rv d⌦ =

Z

⌦
v d⌦, 8 v 2 Y,

<latexit sha1_base64="B92EJjgnERZeWk6w9oHn8eYA6wk="></latexit><latexit sha1_base64="B92EJjgnERZeWk6w9oHn8eYA6wk="></latexit><latexit sha1_base64="B92EJjgnERZeWk6w9oHn8eYA6wk="></latexit><latexit sha1_base64="B92EJjgnERZeWk6w9oHn8eYA6wk="></latexit>

µ 2 D
<latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit>

y ⌘ y(µ) 2 Y
<latexit sha1_base64="/RvDNuPZg8wBDyv0A8xQXDxlXZc=">AAACCnicbVBNS8NAEN3Ur1q/oh69rDZCvZSkCHosePFYwbZKE8pmu2mXbjZxd1MIoWcv/hUvHhTx6i/w5r9x0+agrQ8GHu/NMDPPjxmVyra/jdLK6tr6RnmzsrW9s7tn7h90ZJQITNo4YpG485EkjHLSVlQxchcLgkKfka4/vsr97oQISSN+q9KYeCEachpQjJSW+uaxZaUueUjoBKY1N0zOXMqhGyI1wohl91PL6ptVu27PAJeJU5AqKNDqm1/uIMJJSLjCDEnZc+xYeRkSimJGphU3kSRGeIyGpKcpRyGRXjZ7ZQpPtTKAQSR0cQVn6u+JDIVSpqGvO/Mj5aKXi/95vUQFl15GeZwowvF8UZAwqCKY5wIHVBCsWKoJwoLqWyEeIYGw0ulVdAjO4svLpNOoO3bduWlUm+dFHGVwBE5ADTjgAjTBNWiBNsDgETyDV/BmPBkvxrvxMW8tGcXMIfgD4/MHhh+Zdg==</latexit><latexit sha1_base64="/RvDNuPZg8wBDyv0A8xQXDxlXZc=">AAACCnicbVBNS8NAEN3Ur1q/oh69rDZCvZSkCHosePFYwbZKE8pmu2mXbjZxd1MIoWcv/hUvHhTx6i/w5r9x0+agrQ8GHu/NMDPPjxmVyra/jdLK6tr6RnmzsrW9s7tn7h90ZJQITNo4YpG485EkjHLSVlQxchcLgkKfka4/vsr97oQISSN+q9KYeCEachpQjJSW+uaxZaUueUjoBKY1N0zOXMqhGyI1wohl91PL6ptVu27PAJeJU5AqKNDqm1/uIMJJSLjCDEnZc+xYeRkSimJGphU3kSRGeIyGpKcpRyGRXjZ7ZQpPtTKAQSR0cQVn6u+JDIVSpqGvO/Mj5aKXi/95vUQFl15GeZwowvF8UZAwqCKY5wIHVBCsWKoJwoLqWyEeIYGw0ulVdAjO4svLpNOoO3bduWlUm+dFHGVwBE5ADTjgAjTBNWiBNsDgETyDV/BmPBkvxrvxMW8tGcXMIfgD4/MHhh+Zdg==</latexit><latexit sha1_base64="/RvDNuPZg8wBDyv0A8xQXDxlXZc=">AAACCnicbVBNS8NAEN3Ur1q/oh69rDZCvZSkCHosePFYwbZKE8pmu2mXbjZxd1MIoWcv/hUvHhTx6i/w5r9x0+agrQ8GHu/NMDPPjxmVyra/jdLK6tr6RnmzsrW9s7tn7h90ZJQITNo4YpG485EkjHLSVlQxchcLgkKfka4/vsr97oQISSN+q9KYeCEachpQjJSW+uaxZaUueUjoBKY1N0zOXMqhGyI1wohl91PL6ptVu27PAJeJU5AqKNDqm1/uIMJJSLjCDEnZc+xYeRkSimJGphU3kSRGeIyGpKcpRyGRXjZ7ZQpPtTKAQSR0cQVn6u+JDIVSpqGvO/Mj5aKXi/95vUQFl15GeZwowvF8UZAwqCKY5wIHVBCsWKoJwoLqWyEeIYGw0ulVdAjO4svLpNOoO3bduWlUm+dFHGVwBE5ADTjgAjTBNWiBNsDgETyDV/BmPBkvxrvxMW8tGcXMIfgD4/MHhh+Zdg==</latexit><latexit sha1_base64="/RvDNuPZg8wBDyv0A8xQXDxlXZc=">AAACCnicbVBNS8NAEN3Ur1q/oh69rDZCvZSkCHosePFYwbZKE8pmu2mXbjZxd1MIoWcv/hUvHhTx6i/w5r9x0+agrQ8GHu/NMDPPjxmVyra/jdLK6tr6RnmzsrW9s7tn7h90ZJQITNo4YpG485EkjHLSVlQxchcLgkKfka4/vsr97oQISSN+q9KYeCEachpQjJSW+uaxZaUueUjoBKY1N0zOXMqhGyI1wohl91PL6ptVu27PAJeJU5AqKNDqm1/uIMJJSLjCDEnZc+xYeRkSimJGphU3kSRGeIyGpKcpRyGRXjZ7ZQpPtTKAQSR0cQVn6u+JDIVSpqGvO/Mj5aKXi/95vUQFl15GeZwowvF8UZAwqCKY5wIHVBCsWKoJwoLqWyEeIYGw0ulVdAjO4svLpNOoO3bduWlUm+dFHGVwBE5ADTjgAjTBNWiBNsDgETyDV/BmPBkvxrvxMW8tGcXMIfgD4/MHhh+Zdg==</latexit>

s(µ) = `(y(µ);µ)
<latexit sha1_base64="/A3FF+wWKI6/qUCeNQIcrBh6WW4=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZmRgkIRCm5cVrAP6Awlk2ba0CQzJBlhKN248VfcuFDErf/gzr8xM52Fth5IODnnXm7uCWJGlXacb2tldW19Y7O0Vd7e2d3btw8OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5vM7z4QqWgk7nUaE5+jkaAhxUgbaWCfqKrHk3Ovce01PMJYNc3fDZjdA7vi1JwccJm4BamAAq2B/eUNI5xwIjRmSKm+68TanyKpKWZkVvYSRWKEJ2hE+oYKxInyp/kWM3hmlCEMI2mO0DBXf3dMEVcq5YGp5EiP1aKXif95/USHV/6UijjRROD5oDBhUEcwiwQOqSRYs9QQhCU1f4V4jCTC2gRXNiG4iysvk85FzXVq7l290qwXcZTAMTgFVeCCS9AEt6AF2gCDR/AMXsGb9WS9WO/Wx7x0xSp6jsAfWJ8/oCyWrQ==</latexit><latexit sha1_base64="/A3FF+wWKI6/qUCeNQIcrBh6WW4=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZmRgkIRCm5cVrAP6Awlk2ba0CQzJBlhKN248VfcuFDErf/gzr8xM52Fth5IODnnXm7uCWJGlXacb2tldW19Y7O0Vd7e2d3btw8OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5vM7z4QqWgk7nUaE5+jkaAhxUgbaWCfqKrHk3Ovce01PMJYNc3fDZjdA7vi1JwccJm4BamAAq2B/eUNI5xwIjRmSKm+68TanyKpKWZkVvYSRWKEJ2hE+oYKxInyp/kWM3hmlCEMI2mO0DBXf3dMEVcq5YGp5EiP1aKXif95/USHV/6UijjRROD5oDBhUEcwiwQOqSRYs9QQhCU1f4V4jCTC2gRXNiG4iysvk85FzXVq7l290qwXcZTAMTgFVeCCS9AEt6AF2gCDR/AMXsGb9WS9WO/Wx7x0xSp6jsAfWJ8/oCyWrQ==</latexit><latexit sha1_base64="/A3FF+wWKI6/qUCeNQIcrBh6WW4=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZmRgkIRCm5cVrAP6Awlk2ba0CQzJBlhKN248VfcuFDErf/gzr8xM52Fth5IODnnXm7uCWJGlXacb2tldW19Y7O0Vd7e2d3btw8OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5vM7z4QqWgk7nUaE5+jkaAhxUgbaWCfqKrHk3Ovce01PMJYNc3fDZjdA7vi1JwccJm4BamAAq2B/eUNI5xwIjRmSKm+68TanyKpKWZkVvYSRWKEJ2hE+oYKxInyp/kWM3hmlCEMI2mO0DBXf3dMEVcq5YGp5EiP1aKXif95/USHV/6UijjRROD5oDBhUEcwiwQOqSRYs9QQhCU1f4V4jCTC2gRXNiG4iysvk85FzXVq7l290qwXcZTAMTgFVeCCS9AEt6AF2gCDR/AMXsGb9WS9WO/Wx7x0xSp6jsAfWJ8/oCyWrQ==</latexit><latexit sha1_base64="/A3FF+wWKI6/qUCeNQIcrBh6WW4=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZmRgkIRCm5cVrAP6Awlk2ba0CQzJBlhKN248VfcuFDErf/gzr8xM52Fth5IODnnXm7uCWJGlXacb2tldW19Y7O0Vd7e2d3btw8OOypKJCZtHLFI9gKkCKOCtDXVjPRiSRAPGOkGk5vM7z4QqWgk7nUaE5+jkaAhxUgbaWCfqKrHk3Ovce01PMJYNc3fDZjdA7vi1JwccJm4BamAAq2B/eUNI5xwIjRmSKm+68TanyKpKWZkVvYSRWKEJ2hE+oYKxInyp/kWM3hmlCEMI2mO0DBXf3dMEVcq5YGp5EiP1aKXif95/USHV/6UijjRROD5oDBhUEcwiwQOqSRYs9QQhCU1f4V4jCTC2gRXNiG4iysvk85FzXVq7l290qwXcZTAMTgFVeCCS9AEt6AF2gCDR/AMXsGb9WS9WO/Wx7x0xSp6jsAfWJ8/oCyWrQ==</latexit>

` = f.
<latexit sha1_base64="BPx8mdcJzzTFPRlqQmfMxPWMmQ0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQS9CwYvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjf3O0+oNI/lo5km6Ed0JHnIGTVW6vRRiNuwOihX3Kq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOyMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9OhlwhM2JqCWWK21sJG1NFmbEJlWwI3urL66Rdq3pX1dpDvdKo53EU4QzO4RI8uIYG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w+7wI8g</latexit>

Simplest Case: 
•    is coercive 
• compliant,  
• linear 
• time-independent.

a
<latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit>

` = f
<latexit sha1_base64="rgLaRhqCX9GMyymS0KtYZCh9+8A=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQS9CwYvHCrYW2lA220m7drMJuxuhhP4HLx4U8er/8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+GbmPzyh0jyW92aSoB/RoeQhZ9RYqd1DIa7DfrniVt05yCrxclKBHM1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzaKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPIzLpPUoGSLRWEqiInJ7HUy4AqZERNLKFPc3krYiCrKjA2oZEPwll9eJe1a1buo1u7qlUY9j6MIJ3AK5+DBJTTgFprQAgaP8Ayv8ObEzovz7nwsWgtOPnMMf+B8/gBO3o7o</latexit>
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Simplest Case

General Form Matrix Form

Find                  s.t.y(µ) 2 Y
<latexit sha1_base64="6xuSn3/tL8NC3M5hWCaFFWFn7F4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikztaDLghuXFexDOkPJpJk2NMkMSUYYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQliRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN7vceiVQ0Evc6jYnP0VjQkGKkjTS0T9Kax5MLjwrocaQnGLHsYTa0q07dmQOuErcgVVCgPbS/vFGEE06ExgwpNXCdWPsZkppiRmYVL1EkRniKxmRgqECcKD+bx5/Bc6OMYBhJ84SGc/X3Roa4UikPzGQeUS17ufifN0h0eO1nVMSJJgIvDoUJgzqCeRdwRCXBmqWGICypyQrxBEmEtWmsYkpwl7+8SrqNuntZb9w1q61mUUcZnIIzUAMuuAItcAvaoAMwyMAzeAVv1pP1Yr1bH4vRklXsHIM/sD5/AMdplVU=</latexit>

a(y(µ), v;µ) = f(v;µ)
<latexit sha1_base64="UICn4IN2u9SkYJ0RbTpRAjfv4oA=">AAACBXicbVBNS8MwGE7n15xfVY96KA6hgox2DhSGMPDicYL7gLWMNEu3sCQtSTooYxcv/hUvHhTx6n/w5r8x3XrQ6QMhT57nfXnzPkFMiVSO82UUVlbX1jeKm6Wt7Z3dPXP/oC2jRCDcQhGNRDeAElPCcUsRRXE3FhiygOJOML7J/M4EC0kifq/SGPsMDjkJCYJKS33zGNqp7bHk7HxSzy6vfu3VQ3vx6Jtlp+LMYf0lbk7KIEezb356gwglDHOFKJSy5zqx8qdQKIIonpW8ROIYojEc4p6mHDIs/el8i5l1qpWBFUZCH66sufqzYwqZlCkLdCWDaiSXvUz8z+slKrzyp4THicIcLQaFCbVUZGWRWAMiMFI01QQiQfRfLTSCAiKlgyvpENzllf+SdrXiXlSqd7Vyo5bHUQRH4ATYwAWXoAFuQRO0AAIP4Am8gFfj0Xg23oz3RWnByHsOwS8YH9+DM5af</latexit>

8 v 2 Y.
<latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit>

Find                        s.t.y(µ) 2 IRN
<latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit>

A(µ)y(µ) = f(µ),
<latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit>

where A 2 IRN⇥N , f 2 IRN .
<latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit>
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Simplest Case

General Form Matrix Form

Find                  s.t.y(µ) 2 Y
<latexit sha1_base64="6xuSn3/tL8NC3M5hWCaFFWFn7F4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikztaDLghuXFexDOkPJpJk2NMkMSUYYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQliRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN7vceiVQ0Evc6jYnP0VjQkGKkjTS0T9Kax5MLjwrocaQnGLHsYTa0q07dmQOuErcgVVCgPbS/vFGEE06ExgwpNXCdWPsZkppiRmYVL1EkRniKxmRgqECcKD+bx5/Bc6OMYBhJ84SGc/X3Roa4UikPzGQeUS17ufifN0h0eO1nVMSJJgIvDoUJgzqCeRdwRCXBmqWGICypyQrxBEmEtWmsYkpwl7+8SrqNuntZb9w1q61mUUcZnIIzUAMuuAItcAvaoAMwyMAzeAVv1pP1Yr1bH4vRklXsHIM/sD5/AMdplVU=</latexit>

a(y(µ), v;µ) = f(v;µ)
<latexit sha1_base64="UICn4IN2u9SkYJ0RbTpRAjfv4oA=">AAACBXicbVBNS8MwGE7n15xfVY96KA6hgox2DhSGMPDicYL7gLWMNEu3sCQtSTooYxcv/hUvHhTx6n/w5r8x3XrQ6QMhT57nfXnzPkFMiVSO82UUVlbX1jeKm6Wt7Z3dPXP/oC2jRCDcQhGNRDeAElPCcUsRRXE3FhiygOJOML7J/M4EC0kifq/SGPsMDjkJCYJKS33zGNqp7bHk7HxSzy6vfu3VQ3vx6Jtlp+LMYf0lbk7KIEezb356gwglDHOFKJSy5zqx8qdQKIIonpW8ROIYojEc4p6mHDIs/el8i5l1qpWBFUZCH66sufqzYwqZlCkLdCWDaiSXvUz8z+slKrzyp4THicIcLQaFCbVUZGWRWAMiMFI01QQiQfRfLTSCAiKlgyvpENzllf+SdrXiXlSqd7Vyo5bHUQRH4ATYwAWXoAFuQRO0AAIP4Am8gFfj0Xg23oz3RWnByHsOwS8YH9+DM5af</latexit>

Questions: 

How can we compute the approximation? 

How do we know the error is small? 

How do we know what value of      to take? 

How do we compute the approximations efficiently? 

How do we choose the sample points optimally?

N
<latexit sha1_base64="P2Ulr0FBfWkJkuuG1F2SMqUQ950=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqadeq3kW11rys1Gt5HEU4gVM4Bw+uoA630IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AaMPjMY=</latexit>

FE SPACE

SNAPSHOTS

y(µi) yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

8 v 2 Y.
<latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit>

Find                        s.t.y(µ) 2 IRN
<latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit>

A(µ)y(µ) = f(µ),
<latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit>

where A 2 IRN⇥N , f 2 IRN .
<latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit>
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Simplest Case

General Form Matrix Form

Find                  s.t.y(µ) 2 Y
<latexit sha1_base64="6xuSn3/tL8NC3M5hWCaFFWFn7F4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikztaDLghuXFexDOkPJpJk2NMkMSUYYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQliRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN7vceiVQ0Evc6jYnP0VjQkGKkjTS0T9Kax5MLjwrocaQnGLHsYTa0q07dmQOuErcgVVCgPbS/vFGEE06ExgwpNXCdWPsZkppiRmYVL1EkRniKxmRgqECcKD+bx5/Bc6OMYBhJ84SGc/X3Roa4UikPzGQeUS17ufifN0h0eO1nVMSJJgIvDoUJgzqCeRdwRCXBmqWGICypyQrxBEmEtWmsYkpwl7+8SrqNuntZb9w1q61mUUcZnIIzUAMuuAItcAvaoAMwyMAzeAVv1pP1Yr1bH4vRklXsHIM/sD5/AMdplVU=</latexit>

a(y(µ), v;µ) = f(v;µ)
<latexit sha1_base64="UICn4IN2u9SkYJ0RbTpRAjfv4oA=">AAACBXicbVBNS8MwGE7n15xfVY96KA6hgox2DhSGMPDicYL7gLWMNEu3sCQtSTooYxcv/hUvHhTx6n/w5r8x3XrQ6QMhT57nfXnzPkFMiVSO82UUVlbX1jeKm6Wt7Z3dPXP/oC2jRCDcQhGNRDeAElPCcUsRRXE3FhiygOJOML7J/M4EC0kifq/SGPsMDjkJCYJKS33zGNqp7bHk7HxSzy6vfu3VQ3vx6Jtlp+LMYf0lbk7KIEezb356gwglDHOFKJSy5zqx8qdQKIIonpW8ROIYojEc4p6mHDIs/el8i5l1qpWBFUZCH66sufqzYwqZlCkLdCWDaiSXvUz8z+slKrzyp4THicIcLQaFCbVUZGWRWAMiMFI01QQiQfRfLTSCAiKlgyvpENzllf+SdrXiXlSqd7Vyo5bHUQRH4ATYwAWXoAFuQRO0AAIP4Am8gFfj0Xg23oz3RWnByHsOwS8YH9+DM5af</latexit>

8 v 2 Y.
<latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit>

Find                        s.t.y(µ) 2 IRN
<latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit>

A(µ)y(µ) = f(µ),
<latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit>

where A 2 IRN⇥N , f 2 IRN .
<latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit>

Questions: 

How can we compute the approximation? 

How do we know the error is small? 

How do we know what value of      to take? 

How do we compute the approximations efficiently? 

How do we choose the sample points optimally?

N
<latexit sha1_base64="P2Ulr0FBfWkJkuuG1F2SMqUQ950=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqadeq3kW11rys1Gt5HEU4gVM4Bw+uoA630IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AaMPjMY=</latexit>

FE SPACE

SNAPSHOTS

y(µi) yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL
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Simplest Case

General Form Matrix Form

Find                  s.t.y(µ) 2 Y
<latexit sha1_base64="6xuSn3/tL8NC3M5hWCaFFWFn7F4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikztaDLghuXFexDOkPJpJk2NMkMSUYYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQliRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN7vceiVQ0Evc6jYnP0VjQkGKkjTS0T9Kax5MLjwrocaQnGLHsYTa0q07dmQOuErcgVVCgPbS/vFGEE06ExgwpNXCdWPsZkppiRmYVL1EkRniKxmRgqECcKD+bx5/Bc6OMYBhJ84SGc/X3Roa4UikPzGQeUS17ufifN0h0eO1nVMSJJgIvDoUJgzqCeRdwRCXBmqWGICypyQrxBEmEtWmsYkpwl7+8SrqNuntZb9w1q61mUUcZnIIzUAMuuAItcAvaoAMwyMAzeAVv1pP1Yr1bH4vRklXsHIM/sD5/AMdplVU=</latexit>

a(y(µ), v;µ) = f(v;µ)
<latexit sha1_base64="UICn4IN2u9SkYJ0RbTpRAjfv4oA=">AAACBXicbVBNS8MwGE7n15xfVY96KA6hgox2DhSGMPDicYL7gLWMNEu3sCQtSTooYxcv/hUvHhTx6n/w5r8x3XrQ6QMhT57nfXnzPkFMiVSO82UUVlbX1jeKm6Wt7Z3dPXP/oC2jRCDcQhGNRDeAElPCcUsRRXE3FhiygOJOML7J/M4EC0kifq/SGPsMDjkJCYJKS33zGNqp7bHk7HxSzy6vfu3VQ3vx6Jtlp+LMYf0lbk7KIEezb356gwglDHOFKJSy5zqx8qdQKIIonpW8ROIYojEc4p6mHDIs/el8i5l1qpWBFUZCH66sufqzYwqZlCkLdCWDaiSXvUz8z+slKrzyp4THicIcLQaFCbVUZGWRWAMiMFI01QQiQfRfLTSCAiKlgyvpENzllf+SdrXiXlSqd7Vyo5bHUQRH4ATYwAWXoAFuQRO0AAIP4Am8gFfj0Xg23oz3RWnByHsOwS8YH9+DM5af</latexit>

8 v 2 Y.
<latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit>

Find                        s.t.y(µ) 2 IRN
<latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit>

A(µ)y(µ) = f(µ),
<latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit>

where A 2 IRN⇥N , f 2 IRN .
<latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit>
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Simplest Case

General Form

Find                       s.t.

a(yN (µ), v;µ) = f(v;µ)
<latexit sha1_base64="/YBAYKk/+8ZnA0YuW7cfF9U6zvk=">AAACB3icbVDLSgMxFM3UV62vUZeCBIswgpSZWlAoQsGNK6lgH9AZhkyaaUMzD5JMYSjdufFX3LhQxK2/4M6/MdPOQlsPhJyccy8393gxo0Ka5rdWWFldW98obpa2tnd29/T9g7aIEo5JC0cs4l0PCcJoSFqSSka6MSco8BjpeKObzO+MCRc0Ch9kGhMnQIOQ+hQjqSRXP0ZG6t4ZdpCcnY/r2WXXr+26b8wfrl42K+YMcJlYOSmDHE1X/7L7EU4CEkrMkBA9y4ylM0FcUszItGQngsQIj9CA9BQNUUCEM5ntMYWnSulDP+LqhBLO1N8dExQIkQaeqgyQHIpFLxP/83qJ9K+cCQ3jRJIQzwf5CYMyglkosE85wZKliiDMqforxEPEEZYqupIKwVpceZm0qxXrolK9r5UbtTyOIjgCJ8AAFrgEDXALmqAFMHgEz+AVvGlP2ov2rn3MSwta3nMI/kD7/AHnMpdg</latexit>

Matrix Form

yN (µ) 2 YN
<latexit sha1_base64="xBxAiqqsjUavdLraAirJ38X/jv4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSC7osuHFVKtiHNCFMppN26GQSZiZCCAU3/oobF4q49Sfc+TdO2iy0euDC4Zx7ufceP2ZUKsv6Mkorq2vrG+XNytb2zu6euX/Qk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vcr9/j0Rkkb8VqUxcUM05jSgGCkteeZR6rVrTpicQYdy6IRITTBi8A56bc+sWnVrDviX2AWpggIdz/x0RhFOQsIVZkjKoW3Fys2QUBQzMqs4iSQxwlM0JkNNOQqJdLP5DzN4qpURDCKhiys4V39OZCiUMg193ZkfKZe9XPzPGyYquHQzyuNEEY4Xi4KEQRXBPBA4ooJgxVJNEBZU3wrxBAmElY6tokOwl1/+S3qNun1eb9w0q61mEUcZHIMTUAM2uAAtcA06oAsweABP4AW8Go/Gs/FmvC9aS0Yxcwh+wfj4Bsp7lkk=</latexit>

Find                        s.t.yN (µ) 2 IRN
<latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit>

8 v 2 YN .
<latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit>

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit>

where AN 2 IRN⇥N , fN 2 IRN .
<latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit>
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Simplest Case

Let 

General Form

Find                       s.t.

snapshots orthogonal basis

a(yN (µ), v;µ) = f(v;µ)
<latexit sha1_base64="/YBAYKk/+8ZnA0YuW7cfF9U6zvk=">AAACB3icbVDLSgMxFM3UV62vUZeCBIswgpSZWlAoQsGNK6lgH9AZhkyaaUMzD5JMYSjdufFX3LhQxK2/4M6/MdPOQlsPhJyccy8393gxo0Ka5rdWWFldW98obpa2tnd29/T9g7aIEo5JC0cs4l0PCcJoSFqSSka6MSco8BjpeKObzO+MCRc0Ch9kGhMnQIOQ+hQjqSRXP0ZG6t4ZdpCcnY/r2WXXr+26b8wfrl42K+YMcJlYOSmDHE1X/7L7EU4CEkrMkBA9y4ylM0FcUszItGQngsQIj9CA9BQNUUCEM5ntMYWnSulDP+LqhBLO1N8dExQIkQaeqgyQHIpFLxP/83qJ9K+cCQ3jRJIQzwf5CYMyglkosE85wZKliiDMqforxEPEEZYqupIKwVpceZm0qxXrolK9r5UbtTyOIjgCJ8AAFrgEDXALmqAFMHgEz+AVvGlP2ov2rn3MSwta3nMI/kD7/AHnMpdg</latexit>

Matrix Form

yN (µ) 2 YN
<latexit sha1_base64="xBxAiqqsjUavdLraAirJ38X/jv4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSC7osuHFVKtiHNCFMppN26GQSZiZCCAU3/oobF4q49Sfc+TdO2iy0euDC4Zx7ufceP2ZUKsv6Mkorq2vrG+XNytb2zu6euX/Qk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vcr9/j0Rkkb8VqUxcUM05jSgGCkteeZR6rVrTpicQYdy6IRITTBi8A56bc+sWnVrDviX2AWpggIdz/x0RhFOQsIVZkjKoW3Fys2QUBQzMqs4iSQxwlM0JkNNOQqJdLP5DzN4qpURDCKhiys4V39OZCiUMg193ZkfKZe9XPzPGyYquHQzyuNEEY4Xi4KEQRXBPBA4ooJgxVJNEBZU3wrxBAmElY6tokOwl1/+S3qNun1eb9w0q61mEUcZHIMTUAM2uAAtcA06oAsweABP4AW8Go/Gs/FmvC9aS0Yxcwh+wfj4Bsp7lkk=</latexit>

Find                        s.t.yN (µ) 2 IRN
<latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit>

yN (µ) =
NX

i=1

(yN )i 'i

<latexit sha1_base64="g0vnZ2mk7lsSXxVvc8sLCgUpiCY="></latexit><latexit sha1_base64="g0vnZ2mk7lsSXxVvc8sLCgUpiCY="></latexit><latexit sha1_base64="g0vnZ2mk7lsSXxVvc8sLCgUpiCY="></latexit><latexit sha1_base64="g0vnZ2mk7lsSXxVvc8sLCgUpiCY="></latexit>

yN (µ) 2 YN , YN := span{ y(µ1), . . . , y(µN )| {z } } = span{ '1, . . . ,'N| {z } }
<latexit sha1_base64="BfyAJPgrbbeq71Y20flIOI/szag="></latexit><latexit sha1_base64="BfyAJPgrbbeq71Y20flIOI/szag="></latexit><latexit sha1_base64="BfyAJPgrbbeq71Y20flIOI/szag="></latexit><latexit sha1_base64="BfyAJPgrbbeq71Y20flIOI/szag="></latexit>

8 v 2 YN .
<latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit>

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit>

where AN 2 IRN⇥N , fN 2 IRN .
<latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit>
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Simplest Case

General Form Matrix Form

Find                  s.t.y(µ) 2 Y
<latexit sha1_base64="6xuSn3/tL8NC3M5hWCaFFWFn7F4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikztaDLghuXFexDOkPJpJk2NMkMSUYYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQliRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN7vceiVQ0Evc6jYnP0VjQkGKkjTS0T9Kax5MLjwrocaQnGLHsYTa0q07dmQOuErcgVVCgPbS/vFGEE06ExgwpNXCdWPsZkppiRmYVL1EkRniKxmRgqECcKD+bx5/Bc6OMYBhJ84SGc/X3Roa4UikPzGQeUS17ufifN0h0eO1nVMSJJgIvDoUJgzqCeRdwRCXBmqWGICypyQrxBEmEtWmsYkpwl7+8SrqNuntZb9w1q61mUUcZnIIzUAMuuAItcAvaoAMwyMAzeAVv1pP1Yr1bH4vRklXsHIM/sD5/AMdplVU=</latexit>

a(y(µ), v;µ) = f(v;µ)
<latexit sha1_base64="UICn4IN2u9SkYJ0RbTpRAjfv4oA=">AAACBXicbVBNS8MwGE7n15xfVY96KA6hgox2DhSGMPDicYL7gLWMNEu3sCQtSTooYxcv/hUvHhTx6n/w5r8x3XrQ6QMhT57nfXnzPkFMiVSO82UUVlbX1jeKm6Wt7Z3dPXP/oC2jRCDcQhGNRDeAElPCcUsRRXE3FhiygOJOML7J/M4EC0kifq/SGPsMDjkJCYJKS33zGNqp7bHk7HxSzy6vfu3VQ3vx6Jtlp+LMYf0lbk7KIEezb356gwglDHOFKJSy5zqx8qdQKIIonpW8ROIYojEc4p6mHDIs/el8i5l1qpWBFUZCH66sufqzYwqZlCkLdCWDaiSXvUz8z+slKrzyp4THicIcLQaFCbVUZGWRWAMiMFI01QQiQfRfLTSCAiKlgyvpENzllf+SdrXiXlSqd7Vyo5bHUQRH4ATYwAWXoAFuQRO0AAIP4Am8gFfj0Xg23oz3RWnByHsOwS8YH9+DM5af</latexit>

8 v 2 Y.
<latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit><latexit sha1_base64="sJaZ5CXchCnjWcec9KCwpl9M6iI=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6RfzVGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOQfmBA=</latexit>

Find                        s.t.y(µ) 2 IRN
<latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit><latexit sha1_base64="axhWsr3JKLByCfMLegQjaKaLNu4=">AAACFnicbVDLSgMxFM3UV62vUZduokWoC8uMFHRZcKMbqWIf0NSSSdM2NMkMSUYow3yFG3/FjQtF3Io7/8ZM24VWL4QczrmXe+4JIs608bwvJ7ewuLS8kl8trK1vbG652zsNHcaK0DoJeahaAdaUM0nrhhlOW5GiWAScNoPReaY376nSLJS3ZhzRjsADyfqMYGOprnuMgpD39FjYLxmnJSTiI4iYhEgJeIn2b+4SJLAZEszhVdp1i17ZmxT8C/wZKIJZ1bruJ+qFJBZUGsKx1m3fi0wnwcowwmlaQLGmESYjPKBtCyUWVHeSyVkpPLRMD/ZDZZ80cML+nEiw0Jlz25lZ1PNaRv6ntWPTP+skTEaxoZJMF/VjDk0Is4xgjylKDB9bgIli1iskQ6wwMTbJgg3Bnz/5L2iclH2v7F9XitXKLI482AMHoAR8cAqq4ALUQB0Q8ACewAt4dR6dZ+fNeZ+25pzZzC74Vc7HN2uHntI=</latexit>

A(µ)y(µ) = f(µ),
<latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit><latexit sha1_base64="UaaLkQAwlL7NOM4gZEYLc0y1Pnc=">AAACMnicbZDLSsNAFIYn9VbrLerSzWARKkhJpKBQhIob3VWwF2hCmUwm7dDJhZmJEEKfyY1PIrjQhSJufQgnTRa19cAwP98/hznndyJGhTSMN620srq2vlHerGxt7+zu6fsHXRHGHJMODlnI+w4ShNGAdCSVjPQjTpDvMNJzJjeZ33skXNAweJBJRGwfjQLqUYykQkP9znJC5orEV1dq+UiOMWLwelqz/PgUzptJzqzmldWc517Oz4Z61agbs4LLwixEFRTVHuovlhvi2CeBxAwJMTCNSNop4pJiRqYVKxYkQniCRmSgZIB8Iux0tvIUnijiQi/k6gQSzuh8R4p8kQ2oXmZLiUUvg/95g1h6l3ZKgyiWJMD5R17MoAxhlh90KSdYskQJhDlVs0I8RhxhqVKuqBDMxZWXRfe8bhp1875RbTWKOMrgCByDGjDBBWiBW9AGHYDBE3gFH+BTe9betS/tO39a0oqeQ/CntJ9fuOWq8g==</latexit>

where A 2 IRN⇥N , f 2 IRN .
<latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit><latexit sha1_base64="6cYPabi8cCV97ljMxzWXpCSwNNk="></latexit>
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Simplest Case

Problem: Find                         s.t.y(µ) 2 IRN
<latexit sha1_base64="cNnc/SdVdWuGDqZ+KQUsYjNyvuc=">AAACFXicbVDLSgMxFM3UV62vUZduokWoIGWmFnRZcKMbqWIf0Kklk8m0oUlmSDJCGfoTbvwVNy4UcSu482/MtF1o9ULI4Zx7ueceP2ZUacf5snILi0vLK/nVwtr6xuaWvb3TVFEiMWngiEWy7SNFGBWkoalmpB1LgrjPSMsfnmd6655IRSNxq0cx6XLUFzSkGGlD9exjz49YoEbcfOloXPJ4cuRRAT3J4aW3f3OXehzpAUYMXo17dtEpO5OCf4E7A0Uwq3rP/vSCCCecCI0ZUqrjOrHupkhqihkZF7xEkRjhIeqTjoECcaK66eSqMTw0TADDSJonNJywPydSxFVm3HRmFtW8lpH/aZ1Eh2fdlIo40UTg6aIwYVBHMIsIBlQSrNnIAIQlNV4hHiCJsDZBFkwI7vzJf0GzUnZPypXrarFWncWRB3vgAJSAC05BDVyAOmgADB7AE3gBr9aj9Wy9We/T1pw1m9kFv8r6+AYMSZ6s</latexit>

vTA(µ)y(µ) = vTf(µ), 8 v 2 IRN .
<latexit sha1_base64="D6JxaYs9Fk9ADM7hiLCY+93Sn+I="></latexit>
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Simplest Case

Let                                                   ,  and  yN (µ) 2 span{ 'i, . . . ,'N }
<latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit><latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit><latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit><latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit>

WN = [ 'i, . . . ,'N ]
<latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit><latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit><latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit><latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit>

coefficients    snapshots/ 
basis functions

approximation 
      to

yN (µ)| {z } =
NX

i=1

(yN )i(µ)| {z } 'i|{z} = WNyN

<latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit><latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit><latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit><latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit>

y(µ)
<latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit><latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit><latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit><latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit>

Problem: Find                         s.t.y(µ) 2 IRN
<latexit sha1_base64="cNnc/SdVdWuGDqZ+KQUsYjNyvuc=">AAACFXicbVDLSgMxFM3UV62vUZduokWoIGWmFnRZcKMbqWIf0Kklk8m0oUlmSDJCGfoTbvwVNy4UcSu482/MtF1o9ULI4Zx7ueceP2ZUacf5snILi0vLK/nVwtr6xuaWvb3TVFEiMWngiEWy7SNFGBWkoalmpB1LgrjPSMsfnmd6655IRSNxq0cx6XLUFzSkGGlD9exjz49YoEbcfOloXPJ4cuRRAT3J4aW3f3OXehzpAUYMXo17dtEpO5OCf4E7A0Uwq3rP/vSCCCecCI0ZUqrjOrHupkhqihkZF7xEkRjhIeqTjoECcaK66eSqMTw0TADDSJonNJywPydSxFVm3HRmFtW8lpH/aZ1Eh2fdlIo40UTg6aIwYVBHMIsIBlQSrNnIAIQlNV4hHiCJsDZBFkwI7vzJf0GzUnZPypXrarFWncWRB3vgAJSAC05BDVyAOmgADB7AE3gBr9aj9Wy9We/T1pw1m9kFv8r6+AYMSZ6s</latexit>

vTA(µ)y(µ) = vTf(µ), 8 v 2 IRN .
<latexit sha1_base64="D6JxaYs9Fk9ADM7hiLCY+93Sn+I="></latexit>
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Simplest Case

Let                                                   ,  and  

Similarly, let  

yN (µ) 2 span{ 'i, . . . ,'N }
<latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit><latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit><latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit><latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit>

WN = [ 'i, . . . ,'N ]
<latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit><latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit><latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit><latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit>

coefficients    snapshots/ 
basis functions

approximation 
      to

yN (µ)| {z } =
NX

i=1

(yN )i(µ)| {z } 'i|{z} = WNyN

<latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit><latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit><latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit><latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit>

y(µ)
<latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit><latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit><latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit><latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit>

vN = WN vN .
<latexit sha1_base64="CQQ4q4foR7u/b2Nw8zRAyL77Btc=">AAACN3icbVDLSgMxFM34rPU16tJNsAgupMxIQaEIBTeuSgX7gM4wZNK0Dc08SO4Uy9C/cuNvuNONC0Xc+gdm2i768ELI4Zx7uPcePxZcgWW9GWvrG5tb27md/O7e/sGheXTcUFEiKavTSESy5RPFBA9ZHTgI1oolI4EvWNMf3GV6c8ik4lH4CKOYuQHphbzLKQFNeWbV8SPRUaNAf+lw7KXVsVO+dcrztBMQ6FMicHOqXy6IwJ5AOydS0TMLVtGaFF4F9gwU0KxqnvnqdCKaBCwEKohSbduKwU2JBE4FG+edRLGY0AHpsbaGIQmYctPJ3WN8rpkO7kZSvxDwhJ13pCRQ2Zq6MztBLWsZ+Z/WTqB746Y8jBNgIZ0O6iYCQ4SzEHGHS0ZBjDQgVHK9K6Z9IgkFHXVeh2Avn7wKGldF2yraD6VCpTSLI4dO0Rm6QDa6RhV0j2qojih6Ru/oE30ZL8aH8W38TFvXjJnnBC2U8fsHI4avDA==</latexit><latexit sha1_base64="CQQ4q4foR7u/b2Nw8zRAyL77Btc=">AAACN3icbVDLSgMxFM34rPU16tJNsAgupMxIQaEIBTeuSgX7gM4wZNK0Dc08SO4Uy9C/cuNvuNONC0Xc+gdm2i768ELI4Zx7uPcePxZcgWW9GWvrG5tb27md/O7e/sGheXTcUFEiKavTSESy5RPFBA9ZHTgI1oolI4EvWNMf3GV6c8ik4lH4CKOYuQHphbzLKQFNeWbV8SPRUaNAf+lw7KXVsVO+dcrztBMQ6FMicHOqXy6IwJ5AOydS0TMLVtGaFF4F9gwU0KxqnvnqdCKaBCwEKohSbduKwU2JBE4FG+edRLGY0AHpsbaGIQmYctPJ3WN8rpkO7kZSvxDwhJ13pCRQ2Zq6MztBLWsZ+Z/WTqB746Y8jBNgIZ0O6iYCQ4SzEHGHS0ZBjDQgVHK9K6Z9IgkFHXVeh2Avn7wKGldF2yraD6VCpTSLI4dO0Rm6QDa6RhV0j2qojih6Ru/oE30ZL8aH8W38TFvXjJnnBC2U8fsHI4avDA==</latexit><latexit sha1_base64="CQQ4q4foR7u/b2Nw8zRAyL77Btc=">AAACN3icbVDLSgMxFM34rPU16tJNsAgupMxIQaEIBTeuSgX7gM4wZNK0Dc08SO4Uy9C/cuNvuNONC0Xc+gdm2i768ELI4Zx7uPcePxZcgWW9GWvrG5tb27md/O7e/sGheXTcUFEiKavTSESy5RPFBA9ZHTgI1oolI4EvWNMf3GV6c8ik4lH4CKOYuQHphbzLKQFNeWbV8SPRUaNAf+lw7KXVsVO+dcrztBMQ6FMicHOqXy6IwJ5AOydS0TMLVtGaFF4F9gwU0KxqnvnqdCKaBCwEKohSbduKwU2JBE4FG+edRLGY0AHpsbaGIQmYctPJ3WN8rpkO7kZSvxDwhJ13pCRQ2Zq6MztBLWsZ+Z/WTqB746Y8jBNgIZ0O6iYCQ4SzEHGHS0ZBjDQgVHK9K6Z9IgkFHXVeh2Avn7wKGldF2yraD6VCpTSLI4dO0Rm6QDa6RhV0j2qojih6Ru/oE30ZL8aH8W38TFvXjJnnBC2U8fsHI4avDA==</latexit><latexit sha1_base64="CQQ4q4foR7u/b2Nw8zRAyL77Btc=">AAACN3icbVDLSgMxFM34rPU16tJNsAgupMxIQaEIBTeuSgX7gM4wZNK0Dc08SO4Uy9C/cuNvuNONC0Xc+gdm2i768ELI4Zx7uPcePxZcgWW9GWvrG5tb27md/O7e/sGheXTcUFEiKavTSESy5RPFBA9ZHTgI1oolI4EvWNMf3GV6c8ik4lH4CKOYuQHphbzLKQFNeWbV8SPRUaNAf+lw7KXVsVO+dcrztBMQ6FMicHOqXy6IwJ5AOydS0TMLVtGaFF4F9gwU0KxqnvnqdCKaBCwEKohSbduKwU2JBE4FG+edRLGY0AHpsbaGIQmYctPJ3WN8rpkO7kZSvxDwhJ13pCRQ2Zq6MztBLWsZ+Z/WTqB746Y8jBNgIZ0O6iYCQ4SzEHGHS0ZBjDQgVHK9K6Z9IgkFHXVeh2Avn7wKGldF2yraD6VCpTSLI4dO0Rm6QDa6RhV0j2qojih6Ru/oE30ZL8aH8W38TFvXjJnnBC2U8fsHI4avDA==</latexit>

Problem: Find                         s.t.y(µ) 2 IRN
<latexit sha1_base64="cNnc/SdVdWuGDqZ+KQUsYjNyvuc=">AAACFXicbVDLSgMxFM3UV62vUZduokWoIGWmFnRZcKMbqWIf0Kklk8m0oUlmSDJCGfoTbvwVNy4UcSu482/MtF1o9ULI4Zx7ueceP2ZUacf5snILi0vLK/nVwtr6xuaWvb3TVFEiMWngiEWy7SNFGBWkoalmpB1LgrjPSMsfnmd6655IRSNxq0cx6XLUFzSkGGlD9exjz49YoEbcfOloXPJ4cuRRAT3J4aW3f3OXehzpAUYMXo17dtEpO5OCf4E7A0Uwq3rP/vSCCCecCI0ZUqrjOrHupkhqihkZF7xEkRjhIeqTjoECcaK66eSqMTw0TADDSJonNJywPydSxFVm3HRmFtW8lpH/aZ1Eh2fdlIo40UTg6aIwYVBHMIsIBlQSrNnIAIQlNV4hHiCJsDZBFkwI7vzJf0GzUnZPypXrarFWncWRB3vgAJSAC05BDVyAOmgADB7AE3gBr9aj9Wy9We/T1pw1m9kFv8r6+AYMSZ6s</latexit>

vTA(µ)y(µ) = vTf(µ), 8 v 2 IRN .
<latexit sha1_base64="D6JxaYs9Fk9ADM7hiLCY+93Sn+I="></latexit>
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Simplest Case

Let                                                   ,  and  

Similarly, let  

Find                                     such that  

yN (µ) 2 span{ 'i, . . . ,'N }
<latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit><latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit><latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit><latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit>

WN = [ 'i, . . . ,'N ]
<latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit><latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit><latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit><latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit>

coefficients    snapshots/ 
basis functions

approximation 
      to

yN (µ) 2 colsp WN
<latexit sha1_base64="wrmJ/KFByCCrpfmAf0/uLoL8Mdc="></latexit><latexit sha1_base64="wrmJ/KFByCCrpfmAf0/uLoL8Mdc="></latexit><latexit sha1_base64="wrmJ/KFByCCrpfmAf0/uLoL8Mdc="></latexit><latexit sha1_base64="wrmJ/KFByCCrpfmAf0/uLoL8Mdc="></latexit>

vT
N A(µ)yN (µ) = vT

N f(µ), 8 vN 2 colsp WN
<latexit sha1_base64="B1F22IZBE84AJMiP044ooFfPERA="></latexit><latexit sha1_base64="B1F22IZBE84AJMiP044ooFfPERA="></latexit><latexit sha1_base64="B1F22IZBE84AJMiP044ooFfPERA="></latexit><latexit sha1_base64="B1F22IZBE84AJMiP044ooFfPERA="></latexit>

yN (µ)| {z } =
NX

i=1

(yN )i(µ)| {z } 'i|{z} = WNyN

<latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit><latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit><latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit><latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit>

y(µ)
<latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit><latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit><latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit><latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit>

vN = WN vN .
<latexit sha1_base64="CQQ4q4foR7u/b2Nw8zRAyL77Btc=">AAACN3icbVDLSgMxFM34rPU16tJNsAgupMxIQaEIBTeuSgX7gM4wZNK0Dc08SO4Uy9C/cuNvuNONC0Xc+gdm2i768ELI4Zx7uPcePxZcgWW9GWvrG5tb27md/O7e/sGheXTcUFEiKavTSESy5RPFBA9ZHTgI1oolI4EvWNMf3GV6c8ik4lH4CKOYuQHphbzLKQFNeWbV8SPRUaNAf+lw7KXVsVO+dcrztBMQ6FMicHOqXy6IwJ5AOydS0TMLVtGaFF4F9gwU0KxqnvnqdCKaBCwEKohSbduKwU2JBE4FG+edRLGY0AHpsbaGIQmYctPJ3WN8rpkO7kZSvxDwhJ13pCRQ2Zq6MztBLWsZ+Z/WTqB746Y8jBNgIZ0O6iYCQ4SzEHGHS0ZBjDQgVHK9K6Z9IgkFHXVeh2Avn7wKGldF2yraD6VCpTSLI4dO0Rm6QDa6RhV0j2qojih6Ru/oE30ZL8aH8W38TFvXjJnnBC2U8fsHI4avDA==</latexit><latexit sha1_base64="CQQ4q4foR7u/b2Nw8zRAyL77Btc=">AAACN3icbVDLSgMxFM34rPU16tJNsAgupMxIQaEIBTeuSgX7gM4wZNK0Dc08SO4Uy9C/cuNvuNONC0Xc+gdm2i768ELI4Zx7uPcePxZcgWW9GWvrG5tb27md/O7e/sGheXTcUFEiKavTSESy5RPFBA9ZHTgI1oolI4EvWNMf3GV6c8ik4lH4CKOYuQHphbzLKQFNeWbV8SPRUaNAf+lw7KXVsVO+dcrztBMQ6FMicHOqXy6IwJ5AOydS0TMLVtGaFF4F9gwU0KxqnvnqdCKaBCwEKohSbduKwU2JBE4FG+edRLGY0AHpsbaGIQmYctPJ3WN8rpkO7kZSvxDwhJ13pCRQ2Zq6MztBLWsZ+Z/WTqB746Y8jBNgIZ0O6iYCQ4SzEHGHS0ZBjDQgVHK9K6Z9IgkFHXVeh2Avn7wKGldF2yraD6VCpTSLI4dO0Rm6QDa6RhV0j2qojih6Ru/oE30ZL8aH8W38TFvXjJnnBC2U8fsHI4avDA==</latexit><latexit sha1_base64="CQQ4q4foR7u/b2Nw8zRAyL77Btc=">AAACN3icbVDLSgMxFM34rPU16tJNsAgupMxIQaEIBTeuSgX7gM4wZNK0Dc08SO4Uy9C/cuNvuNONC0Xc+gdm2i768ELI4Zx7uPcePxZcgWW9GWvrG5tb27md/O7e/sGheXTcUFEiKavTSESy5RPFBA9ZHTgI1oolI4EvWNMf3GV6c8ik4lH4CKOYuQHphbzLKQFNeWbV8SPRUaNAf+lw7KXVsVO+dcrztBMQ6FMicHOqXy6IwJ5AOydS0TMLVtGaFF4F9gwU0KxqnvnqdCKaBCwEKohSbduKwU2JBE4FG+edRLGY0AHpsbaGIQmYctPJ3WN8rpkO7kZSvxDwhJ13pCRQ2Zq6MztBLWsZ+Z/WTqB746Y8jBNgIZ0O6iYCQ4SzEHGHS0ZBjDQgVHK9K6Z9IgkFHXVeh2Avn7wKGldF2yraD6VCpTSLI4dO0Rm6QDa6RhV0j2qojih6Ru/oE30ZL8aH8W38TFvXjJnnBC2U8fsHI4avDA==</latexit><latexit sha1_base64="CQQ4q4foR7u/b2Nw8zRAyL77Btc=">AAACN3icbVDLSgMxFM34rPU16tJNsAgupMxIQaEIBTeuSgX7gM4wZNK0Dc08SO4Uy9C/cuNvuNONC0Xc+gdm2i768ELI4Zx7uPcePxZcgWW9GWvrG5tb27md/O7e/sGheXTcUFEiKavTSESy5RPFBA9ZHTgI1oolI4EvWNMf3GV6c8ik4lH4CKOYuQHphbzLKQFNeWbV8SPRUaNAf+lw7KXVsVO+dcrztBMQ6FMicHOqXy6IwJ5AOydS0TMLVtGaFF4F9gwU0KxqnvnqdCKaBCwEKohSbduKwU2JBE4FG+edRLGY0AHpsbaGIQmYctPJ3WN8rpkO7kZSvxDwhJ13pCRQ2Zq6MztBLWsZ+Z/WTqB746Y8jBNgIZ0O6iYCQ4SzEHGHS0ZBjDQgVHK9K6Z9IgkFHXVeh2Avn7wKGldF2yraD6VCpTSLI4dO0Rm6QDa6RhV0j2qojih6Ru/oE30ZL8aH8W38TFvXjJnnBC2U8fsHI4avDA==</latexit>

Problem: Find                         s.t.y(µ) 2 IRN
<latexit sha1_base64="cNnc/SdVdWuGDqZ+KQUsYjNyvuc=">AAACFXicbVDLSgMxFM3UV62vUZduokWoIGWmFnRZcKMbqWIf0Kklk8m0oUlmSDJCGfoTbvwVNy4UcSu482/MtF1o9ULI4Zx7ueceP2ZUacf5snILi0vLK/nVwtr6xuaWvb3TVFEiMWngiEWy7SNFGBWkoalmpB1LgrjPSMsfnmd6655IRSNxq0cx6XLUFzSkGGlD9exjz49YoEbcfOloXPJ4cuRRAT3J4aW3f3OXehzpAUYMXo17dtEpO5OCf4E7A0Uwq3rP/vSCCCecCI0ZUqrjOrHupkhqihkZF7xEkRjhIeqTjoECcaK66eSqMTw0TADDSJonNJywPydSxFVm3HRmFtW8lpH/aZ1Eh2fdlIo40UTg6aIwYVBHMIsIBlQSrNnIAIQlNV4hHiCJsDZBFkwI7vzJf0GzUnZPypXrarFWncWRB3vgAJSAC05BDVyAOmgADB7AE3gBr9aj9Wy9We/T1pw1m9kFv8r6+AYMSZ6s</latexit>

vTA(µ)y(µ) = vTf(µ), 8 v 2 IRN .
<latexit sha1_base64="D6JxaYs9Fk9ADM7hiLCY+93Sn+I="></latexit>
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Simplest Case

Let                                                   ,  and  

Similarly, let  

Find                                     such that  

yN (µ) 2 span{ 'i, . . . ,'N }
<latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit><latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit><latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit><latexit sha1_base64="+NJFVNfRua5RoOAIsqlyHEZV8dg="></latexit>

WN = [ 'i, . . . ,'N ]
<latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit><latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit><latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit><latexit sha1_base64="HTW0Phj/F7PTLtquCCINxjOMvkU="></latexit>

coefficients    snapshots/ 
basis functions

approximation 
      to

yN (µ) 2 colsp WN
<latexit sha1_base64="wrmJ/KFByCCrpfmAf0/uLoL8Mdc="></latexit><latexit sha1_base64="wrmJ/KFByCCrpfmAf0/uLoL8Mdc="></latexit><latexit sha1_base64="wrmJ/KFByCCrpfmAf0/uLoL8Mdc="></latexit><latexit sha1_base64="wrmJ/KFByCCrpfmAf0/uLoL8Mdc="></latexit>

vT
N A(µ)yN (µ) = vT

N f(µ), 8 vN 2 colsp WN
<latexit sha1_base64="B1F22IZBE84AJMiP044ooFfPERA="></latexit><latexit sha1_base64="B1F22IZBE84AJMiP044ooFfPERA="></latexit><latexit sha1_base64="B1F22IZBE84AJMiP044ooFfPERA="></latexit><latexit sha1_base64="B1F22IZBE84AJMiP044ooFfPERA="></latexit>

yN (µ)| {z } =
NX

i=1

(yN )i(µ)| {z } 'i|{z} = WNyN

<latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit><latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit><latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit><latexit sha1_base64="NszQcT00F4fNBxuMjCttVWeasn0="></latexit>

y(µ)
<latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit><latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit><latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit><latexit sha1_base64="jc6FXetD+dP7H4Q8pfYhlskClS8=">AAAB/HicbVBLSwMxGMz6rPW12qOXYBGqh7Irgh4LXjxWsA/oLiWbTdvQPJYkKyxL/StePCji1R/izX9jtt2Dtg6EDDPfRyYTJYxq43nfztr6xubWdmWnuru3f3DoHh13tUwVJh0smVT9CGnCqCAdQw0j/UQRxCNGetH0tvB7j0RpKsWDyRIScjQWdEQxMlYaurUgkizWGbdXns0aAU/Ph27da3pzwFXil6QOSrSH7lcQS5xyIgxmSOuB7yUmzJEyFDMyqwapJgnCUzQmA0sF4kSH+Tz8DJ5ZJYYjqewRBs7V3xs54rrIZyc5MhO97BXif94gNaObMKciSQ0RePHQKGXQSFg0AWOqCDYsswRhRW1WiCdIIWxsX1Vbgr/85VXSvWz6XtO/v6q3Lso6KuAEnIIG8ME1aIE70AYdgEEGnsEreHOenBfn3flYjK455U4N/IHz+QP81JTk</latexit>

vN = WN vN .
<latexit sha1_base64="CQQ4q4foR7u/b2Nw8zRAyL77Btc=">AAACN3icbVDLSgMxFM34rPU16tJNsAgupMxIQaEIBTeuSgX7gM4wZNK0Dc08SO4Uy9C/cuNvuNONC0Xc+gdm2i768ELI4Zx7uPcePxZcgWW9GWvrG5tb27md/O7e/sGheXTcUFEiKavTSESy5RPFBA9ZHTgI1oolI4EvWNMf3GV6c8ik4lH4CKOYuQHphbzLKQFNeWbV8SPRUaNAf+lw7KXVsVO+dcrztBMQ6FMicHOqXy6IwJ5AOydS0TMLVtGaFF4F9gwU0KxqnvnqdCKaBCwEKohSbduKwU2JBE4FG+edRLGY0AHpsbaGIQmYctPJ3WN8rpkO7kZSvxDwhJ13pCRQ2Zq6MztBLWsZ+Z/WTqB746Y8jBNgIZ0O6iYCQ4SzEHGHS0ZBjDQgVHK9K6Z9IgkFHXVeh2Avn7wKGldF2yraD6VCpTSLI4dO0Rm6QDa6RhV0j2qojih6Ru/oE30ZL8aH8W38TFvXjJnnBC2U8fsHI4avDA==</latexit><latexit sha1_base64="CQQ4q4foR7u/b2Nw8zRAyL77Btc=">AAACN3icbVDLSgMxFM34rPU16tJNsAgupMxIQaEIBTeuSgX7gM4wZNK0Dc08SO4Uy9C/cuNvuNONC0Xc+gdm2i768ELI4Zx7uPcePxZcgWW9GWvrG5tb27md/O7e/sGheXTcUFEiKavTSESy5RPFBA9ZHTgI1oolI4EvWNMf3GV6c8ik4lH4CKOYuQHphbzLKQFNeWbV8SPRUaNAf+lw7KXVsVO+dcrztBMQ6FMicHOqXy6IwJ5AOydS0TMLVtGaFF4F9gwU0KxqnvnqdCKaBCwEKohSbduKwU2JBE4FG+edRLGY0AHpsbaGIQmYctPJ3WN8rpkO7kZSvxDwhJ13pCRQ2Zq6MztBLWsZ+Z/WTqB746Y8jBNgIZ0O6iYCQ4SzEHGHS0ZBjDQgVHK9K6Z9IgkFHXVeh2Avn7wKGldF2yraD6VCpTSLI4dO0Rm6QDa6RhV0j2qojih6Ru/oE30ZL8aH8W38TFvXjJnnBC2U8fsHI4avDA==</latexit><latexit sha1_base64="CQQ4q4foR7u/b2Nw8zRAyL77Btc=">AAACN3icbVDLSgMxFM34rPU16tJNsAgupMxIQaEIBTeuSgX7gM4wZNK0Dc08SO4Uy9C/cuNvuNONC0Xc+gdm2i768ELI4Zx7uPcePxZcgWW9GWvrG5tb27md/O7e/sGheXTcUFEiKavTSESy5RPFBA9ZHTgI1oolI4EvWNMf3GV6c8ik4lH4CKOYuQHphbzLKQFNeWbV8SPRUaNAf+lw7KXVsVO+dcrztBMQ6FMicHOqXy6IwJ5AOydS0TMLVtGaFF4F9gwU0KxqnvnqdCKaBCwEKohSbduKwU2JBE4FG+edRLGY0AHpsbaGIQmYctPJ3WN8rpkO7kZSvxDwhJ13pCRQ2Zq6MztBLWsZ+Z/WTqB746Y8jBNgIZ0O6iYCQ4SzEHGHS0ZBjDQgVHK9K6Z9IgkFHXVeh2Avn7wKGldF2yraD6VCpTSLI4dO0Rm6QDa6RhV0j2qojih6Ru/oE30ZL8aH8W38TFvXjJnnBC2U8fsHI4avDA==</latexit><latexit sha1_base64="CQQ4q4foR7u/b2Nw8zRAyL77Btc=">AAACN3icbVDLSgMxFM34rPU16tJNsAgupMxIQaEIBTeuSgX7gM4wZNK0Dc08SO4Uy9C/cuNvuNONC0Xc+gdm2i768ELI4Zx7uPcePxZcgWW9GWvrG5tb27md/O7e/sGheXTcUFEiKavTSESy5RPFBA9ZHTgI1oolI4EvWNMf3GV6c8ik4lH4CKOYuQHphbzLKQFNeWbV8SPRUaNAf+lw7KXVsVO+dcrztBMQ6FMicHOqXy6IwJ5AOydS0TMLVtGaFF4F9gwU0KxqnvnqdCKaBCwEKohSbduKwU2JBE4FG+edRLGY0AHpsbaGIQmYctPJ3WN8rpkO7kZSvxDwhJ13pCRQ2Zq6MztBLWsZ+Z/WTqB746Y8jBNgIZ0O6iYCQ4SzEHGHS0ZBjDQgVHK9K6Z9IgkFHXVeh2Avn7wKGldF2yraD6VCpTSLI4dO0Rm6QDa6RhV0j2qojih6Ru/oE30ZL8aH8W38TFvXjJnnBC2U8fsHI4avDA==</latexit>

) (WNvN )T A(µ)WN yN (µ) = (WNvN )Tf(µ), 8 vN 2 IRN
<latexit sha1_base64="kErlx/EaKnAsN8D/nT3GmLtN5o8="></latexit><latexit sha1_base64="kErlx/EaKnAsN8D/nT3GmLtN5o8="></latexit><latexit sha1_base64="kErlx/EaKnAsN8D/nT3GmLtN5o8="></latexit><latexit sha1_base64="kErlx/EaKnAsN8D/nT3GmLtN5o8="></latexit>

Problem: Find                         s.t.y(µ) 2 IRN
<latexit sha1_base64="cNnc/SdVdWuGDqZ+KQUsYjNyvuc=">AAACFXicbVDLSgMxFM3UV62vUZduokWoIGWmFnRZcKMbqWIf0Kklk8m0oUlmSDJCGfoTbvwVNy4UcSu482/MtF1o9ULI4Zx7ueceP2ZUacf5snILi0vLK/nVwtr6xuaWvb3TVFEiMWngiEWy7SNFGBWkoalmpB1LgrjPSMsfnmd6655IRSNxq0cx6XLUFzSkGGlD9exjz49YoEbcfOloXPJ4cuRRAT3J4aW3f3OXehzpAUYMXo17dtEpO5OCf4E7A0Uwq3rP/vSCCCecCI0ZUqrjOrHupkhqihkZF7xEkRjhIeqTjoECcaK66eSqMTw0TADDSJonNJywPydSxFVm3HRmFtW8lpH/aZ1Eh2fdlIo40UTg6aIwYVBHMIsIBlQSrNnIAIQlNV4hHiCJsDZBFkwI7vzJf0GzUnZPypXrarFWncWRB3vgAJSAC05BDVyAOmgADB7AE3gBr9aj9Wy9We/T1pw1m9kFv8r6+AYMSZ6s</latexit>

vTA(µ)y(µ) = vTf(µ), 8 v 2 IRN .
<latexit sha1_base64="D6JxaYs9Fk9ADM7hiLCY+93Sn+I="></latexit>
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Simplest Case

vT
N WT

N A(µ) WN| {z } yN (µ) = vT
N WT

N f(µ)| {z } 8 vN 2 IRN

<latexit sha1_base64="nav2ymxwPaDe8mUMPakhALonOc0="></latexit><latexit sha1_base64="nav2ymxwPaDe8mUMPakhALonOc0="></latexit><latexit sha1_base64="nav2ymxwPaDe8mUMPakhALonOc0="></latexit><latexit sha1_base64="nav2ymxwPaDe8mUMPakhALonOc0="></latexit>

=: AN (µ)
<latexit sha1_base64="B7Oup54z0ssE+a+4dvR/npxKL4g=">AAACEnicbVDLSgMxFM34tr6qLt0MFqHdlBkpKIKguHElFawKnTJk0js2NPMguSOWMN/gxl9x40IRt67c+Tdm2ln4OhA4nHNvcnKCVHCFjvNpTU3PzM7NLyxWlpZXVteq6xuXKskkgw5LRCKvA6pA8Bg6yFHAdSqBRoGAq2B4UvhXtyAVT+ILHKXQi+hNzEPOKBrJrzYODzyEOxzfpCX0c+1FFAdBqI9zX/v6LM/zuhdlDb9ac5rOGPZf4pakRkq0/eqH109YFkGMTFCluq6TYk9TiZwJyCtepiClbEhvoGtoTCNQPT0Okts7RunbYSLNidEeq983NI2UGkWBmSziqt9eIf7ndTMM93uax2mGELPJQ2EmbEzsoh+7zyUwFCNDKJPcZLXZgErK0LRYMSW4v7/8l1zuNl2n6Z63aketso4FskW2SZ24ZI8ckVPSJh3CyD15JM/kxXqwnqxX620yOmWVO5vkB6z3L612nqs=</latexit><latexit sha1_base64="B7Oup54z0ssE+a+4dvR/npxKL4g=">AAACEnicbVDLSgMxFM34tr6qLt0MFqHdlBkpKIKguHElFawKnTJk0js2NPMguSOWMN/gxl9x40IRt67c+Tdm2ln4OhA4nHNvcnKCVHCFjvNpTU3PzM7NLyxWlpZXVteq6xuXKskkgw5LRCKvA6pA8Bg6yFHAdSqBRoGAq2B4UvhXtyAVT+ILHKXQi+hNzEPOKBrJrzYODzyEOxzfpCX0c+1FFAdBqI9zX/v6LM/zuhdlDb9ac5rOGPZf4pakRkq0/eqH109YFkGMTFCluq6TYk9TiZwJyCtepiClbEhvoGtoTCNQPT0Okts7RunbYSLNidEeq983NI2UGkWBmSziqt9eIf7ndTMM93uax2mGELPJQ2EmbEzsoh+7zyUwFCNDKJPcZLXZgErK0LRYMSW4v7/8l1zuNl2n6Z63aketso4FskW2SZ24ZI8ckVPSJh3CyD15JM/kxXqwnqxX620yOmWVO5vkB6z3L612nqs=</latexit><latexit sha1_base64="B7Oup54z0ssE+a+4dvR/npxKL4g=">AAACEnicbVDLSgMxFM34tr6qLt0MFqHdlBkpKIKguHElFawKnTJk0js2NPMguSOWMN/gxl9x40IRt67c+Tdm2ln4OhA4nHNvcnKCVHCFjvNpTU3PzM7NLyxWlpZXVteq6xuXKskkgw5LRCKvA6pA8Bg6yFHAdSqBRoGAq2B4UvhXtyAVT+ILHKXQi+hNzEPOKBrJrzYODzyEOxzfpCX0c+1FFAdBqI9zX/v6LM/zuhdlDb9ac5rOGPZf4pakRkq0/eqH109YFkGMTFCluq6TYk9TiZwJyCtepiClbEhvoGtoTCNQPT0Okts7RunbYSLNidEeq983NI2UGkWBmSziqt9eIf7ndTMM93uax2mGELPJQ2EmbEzsoh+7zyUwFCNDKJPcZLXZgErK0LRYMSW4v7/8l1zuNl2n6Z63aketso4FskW2SZ24ZI8ckVPSJh3CyD15JM/kxXqwnqxX620yOmWVO5vkB6z3L612nqs=</latexit><latexit sha1_base64="B7Oup54z0ssE+a+4dvR/npxKL4g=">AAACEnicbVDLSgMxFM34tr6qLt0MFqHdlBkpKIKguHElFawKnTJk0js2NPMguSOWMN/gxl9x40IRt67c+Tdm2ln4OhA4nHNvcnKCVHCFjvNpTU3PzM7NLyxWlpZXVteq6xuXKskkgw5LRCKvA6pA8Bg6yFHAdSqBRoGAq2B4UvhXtyAVT+ILHKXQi+hNzEPOKBrJrzYODzyEOxzfpCX0c+1FFAdBqI9zX/v6LM/zuhdlDb9ac5rOGPZf4pakRkq0/eqH109YFkGMTFCluq6TYk9TiZwJyCtepiClbEhvoGtoTCNQPT0Okts7RunbYSLNidEeq983NI2UGkWBmSziqt9eIf7ndTMM93uax2mGELPJQ2EmbEzsoh+7zyUwFCNDKJPcZLXZgErK0LRYMSW4v7/8l1zuNl2n6Z63aketso4FskW2SZ24ZI8ckVPSJh3CyD15JM/kxXqwnqxX620yOmWVO5vkB6z3L612nqs=</latexit>

=: fN (µ)
<latexit sha1_base64="Ctu399Dy84aSxCHT07mlRrHYpTo=">AAACEnicbVDLSgMxFM34rPU16tLNYBHqpsyIoAiC4MaVVLCt0ClDJr2jwcyD5I5YwnyDG3/FjQtF3Lpy59+YabvQ1gOBwzn3JicnzARX6Lrf1szs3PzCYmWpuryyurZub2y2VZpLBi2WilReh1SB4Am0kKOA60wCjUMBnfDurPQ79yAVT5MrHGTQi+lNwiPOKBopsPdOjn2EBxzepCX0C+3HFG/DSEdFoAN9URRF3Y/zvcCuuQ13CGeaeGNSI2M0A/vL76csjyFBJqhSXc/NsKepRM4EFFU/V5BRdkdvoGtoQmNQPT0MUji7Ruk7USrNSdAZqr83NI2VGsShmSzjqkmvFP/zujlGRz3NkyxHSNjooSgXDqZO2Y/T5xIYioEhlElusjrslkrK0LRYNSV4k1+eJu39huc2vMuD2unBuI4K2SY7pE48ckhOyTlpkhZh5JE8k1fyZj1ZL9a79TEanbHGO1vkD6zPH+eQntA=</latexit><latexit sha1_base64="Ctu399Dy84aSxCHT07mlRrHYpTo=">AAACEnicbVDLSgMxFM34rPU16tLNYBHqpsyIoAiC4MaVVLCt0ClDJr2jwcyD5I5YwnyDG3/FjQtF3Lpy59+YabvQ1gOBwzn3JicnzARX6Lrf1szs3PzCYmWpuryyurZub2y2VZpLBi2WilReh1SB4Am0kKOA60wCjUMBnfDurPQ79yAVT5MrHGTQi+lNwiPOKBopsPdOjn2EBxzepCX0C+3HFG/DSEdFoAN9URRF3Y/zvcCuuQ13CGeaeGNSI2M0A/vL76csjyFBJqhSXc/NsKepRM4EFFU/V5BRdkdvoGtoQmNQPT0MUji7Ruk7USrNSdAZqr83NI2VGsShmSzjqkmvFP/zujlGRz3NkyxHSNjooSgXDqZO2Y/T5xIYioEhlElusjrslkrK0LRYNSV4k1+eJu39huc2vMuD2unBuI4K2SY7pE48ckhOyTlpkhZh5JE8k1fyZj1ZL9a79TEanbHGO1vkD6zPH+eQntA=</latexit><latexit sha1_base64="Ctu399Dy84aSxCHT07mlRrHYpTo=">AAACEnicbVDLSgMxFM34rPU16tLNYBHqpsyIoAiC4MaVVLCt0ClDJr2jwcyD5I5YwnyDG3/FjQtF3Lpy59+YabvQ1gOBwzn3JicnzARX6Lrf1szs3PzCYmWpuryyurZub2y2VZpLBi2WilReh1SB4Am0kKOA60wCjUMBnfDurPQ79yAVT5MrHGTQi+lNwiPOKBopsPdOjn2EBxzepCX0C+3HFG/DSEdFoAN9URRF3Y/zvcCuuQ13CGeaeGNSI2M0A/vL76csjyFBJqhSXc/NsKepRM4EFFU/V5BRdkdvoGtoQmNQPT0MUji7Ruk7USrNSdAZqr83NI2VGsShmSzjqkmvFP/zujlGRz3NkyxHSNjooSgXDqZO2Y/T5xIYioEhlElusjrslkrK0LRYNSV4k1+eJu39huc2vMuD2unBuI4K2SY7pE48ckhOyTlpkhZh5JE8k1fyZj1ZL9a79TEanbHGO1vkD6zPH+eQntA=</latexit><latexit sha1_base64="Ctu399Dy84aSxCHT07mlRrHYpTo=">AAACEnicbVDLSgMxFM34rPU16tLNYBHqpsyIoAiC4MaVVLCt0ClDJr2jwcyD5I5YwnyDG3/FjQtF3Lpy59+YabvQ1gOBwzn3JicnzARX6Lrf1szs3PzCYmWpuryyurZub2y2VZpLBi2WilReh1SB4Am0kKOA60wCjUMBnfDurPQ79yAVT5MrHGTQi+lNwiPOKBopsPdOjn2EBxzepCX0C+3HFG/DSEdFoAN9URRF3Y/zvcCuuQ13CGeaeGNSI2M0A/vL76csjyFBJqhSXc/NsKepRM4EFFU/V5BRdkdvoGtoQmNQPT0MUji7Ruk7USrNSdAZqr83NI2VGsShmSzjqkmvFP/zujlGRz3NkyxHSNjooSgXDqZO2Y/T5xIYioEhlElusjrslkrK0LRYNSV4k1+eJu39huc2vMuD2unBuI4K2SY7pE48ckhOyTlpkhZh5JE8k1fyZj1ZL9a79TEanbHGO1vkD6zPH+eQntA=</latexit>
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Simplest Case

vT
N WT

N A(µ) WN| {z } yN (µ) = vT
N WT

N f(µ)| {z } 8 vN 2 IRN

<latexit sha1_base64="nav2ymxwPaDe8mUMPakhALonOc0="></latexit><latexit sha1_base64="nav2ymxwPaDe8mUMPakhALonOc0="></latexit><latexit sha1_base64="nav2ymxwPaDe8mUMPakhALonOc0="></latexit><latexit sha1_base64="nav2ymxwPaDe8mUMPakhALonOc0="></latexit>

=: AN (µ)
<latexit sha1_base64="B7Oup54z0ssE+a+4dvR/npxKL4g=">AAACEnicbVDLSgMxFM34tr6qLt0MFqHdlBkpKIKguHElFawKnTJk0js2NPMguSOWMN/gxl9x40IRt67c+Tdm2ln4OhA4nHNvcnKCVHCFjvNpTU3PzM7NLyxWlpZXVteq6xuXKskkgw5LRCKvA6pA8Bg6yFHAdSqBRoGAq2B4UvhXtyAVT+ILHKXQi+hNzEPOKBrJrzYODzyEOxzfpCX0c+1FFAdBqI9zX/v6LM/zuhdlDb9ac5rOGPZf4pakRkq0/eqH109YFkGMTFCluq6TYk9TiZwJyCtepiClbEhvoGtoTCNQPT0Okts7RunbYSLNidEeq983NI2UGkWBmSziqt9eIf7ndTMM93uax2mGELPJQ2EmbEzsoh+7zyUwFCNDKJPcZLXZgErK0LRYMSW4v7/8l1zuNl2n6Z63aketso4FskW2SZ24ZI8ckVPSJh3CyD15JM/kxXqwnqxX620yOmWVO5vkB6z3L612nqs=</latexit><latexit sha1_base64="B7Oup54z0ssE+a+4dvR/npxKL4g=">AAACEnicbVDLSgMxFM34tr6qLt0MFqHdlBkpKIKguHElFawKnTJk0js2NPMguSOWMN/gxl9x40IRt67c+Tdm2ln4OhA4nHNvcnKCVHCFjvNpTU3PzM7NLyxWlpZXVteq6xuXKskkgw5LRCKvA6pA8Bg6yFHAdSqBRoGAq2B4UvhXtyAVT+ILHKXQi+hNzEPOKBrJrzYODzyEOxzfpCX0c+1FFAdBqI9zX/v6LM/zuhdlDb9ac5rOGPZf4pakRkq0/eqH109YFkGMTFCluq6TYk9TiZwJyCtepiClbEhvoGtoTCNQPT0Okts7RunbYSLNidEeq983NI2UGkWBmSziqt9eIf7ndTMM93uax2mGELPJQ2EmbEzsoh+7zyUwFCNDKJPcZLXZgErK0LRYMSW4v7/8l1zuNl2n6Z63aketso4FskW2SZ24ZI8ckVPSJh3CyD15JM/kxXqwnqxX620yOmWVO5vkB6z3L612nqs=</latexit><latexit sha1_base64="B7Oup54z0ssE+a+4dvR/npxKL4g=">AAACEnicbVDLSgMxFM34tr6qLt0MFqHdlBkpKIKguHElFawKnTJk0js2NPMguSOWMN/gxl9x40IRt67c+Tdm2ln4OhA4nHNvcnKCVHCFjvNpTU3PzM7NLyxWlpZXVteq6xuXKskkgw5LRCKvA6pA8Bg6yFHAdSqBRoGAq2B4UvhXtyAVT+ILHKXQi+hNzEPOKBrJrzYODzyEOxzfpCX0c+1FFAdBqI9zX/v6LM/zuhdlDb9ac5rOGPZf4pakRkq0/eqH109YFkGMTFCluq6TYk9TiZwJyCtepiClbEhvoGtoTCNQPT0Okts7RunbYSLNidEeq983NI2UGkWBmSziqt9eIf7ndTMM93uax2mGELPJQ2EmbEzsoh+7zyUwFCNDKJPcZLXZgErK0LRYMSW4v7/8l1zuNl2n6Z63aketso4FskW2SZ24ZI8ckVPSJh3CyD15JM/kxXqwnqxX620yOmWVO5vkB6z3L612nqs=</latexit><latexit sha1_base64="B7Oup54z0ssE+a+4dvR/npxKL4g=">AAACEnicbVDLSgMxFM34tr6qLt0MFqHdlBkpKIKguHElFawKnTJk0js2NPMguSOWMN/gxl9x40IRt67c+Tdm2ln4OhA4nHNvcnKCVHCFjvNpTU3PzM7NLyxWlpZXVteq6xuXKskkgw5LRCKvA6pA8Bg6yFHAdSqBRoGAq2B4UvhXtyAVT+ILHKXQi+hNzEPOKBrJrzYODzyEOxzfpCX0c+1FFAdBqI9zX/v6LM/zuhdlDb9ac5rOGPZf4pakRkq0/eqH109YFkGMTFCluq6TYk9TiZwJyCtepiClbEhvoGtoTCNQPT0Okts7RunbYSLNidEeq983NI2UGkWBmSziqt9eIf7ndTMM93uax2mGELPJQ2EmbEzsoh+7zyUwFCNDKJPcZLXZgErK0LRYMSW4v7/8l1zuNl2n6Z63aketso4FskW2SZ24ZI8ckVPSJh3CyD15JM/kxXqwnqxX620yOmWVO5vkB6z3L612nqs=</latexit>

=: fN (µ)
<latexit sha1_base64="Ctu399Dy84aSxCHT07mlRrHYpTo=">AAACEnicbVDLSgMxFM34rPU16tLNYBHqpsyIoAiC4MaVVLCt0ClDJr2jwcyD5I5YwnyDG3/FjQtF3Lpy59+YabvQ1gOBwzn3JicnzARX6Lrf1szs3PzCYmWpuryyurZub2y2VZpLBi2WilReh1SB4Am0kKOA60wCjUMBnfDurPQ79yAVT5MrHGTQi+lNwiPOKBopsPdOjn2EBxzepCX0C+3HFG/DSEdFoAN9URRF3Y/zvcCuuQ13CGeaeGNSI2M0A/vL76csjyFBJqhSXc/NsKepRM4EFFU/V5BRdkdvoGtoQmNQPT0MUji7Ruk7USrNSdAZqr83NI2VGsShmSzjqkmvFP/zujlGRz3NkyxHSNjooSgXDqZO2Y/T5xIYioEhlElusjrslkrK0LRYNSV4k1+eJu39huc2vMuD2unBuI4K2SY7pE48ckhOyTlpkhZh5JE8k1fyZj1ZL9a79TEanbHGO1vkD6zPH+eQntA=</latexit><latexit sha1_base64="Ctu399Dy84aSxCHT07mlRrHYpTo=">AAACEnicbVDLSgMxFM34rPU16tLNYBHqpsyIoAiC4MaVVLCt0ClDJr2jwcyD5I5YwnyDG3/FjQtF3Lpy59+YabvQ1gOBwzn3JicnzARX6Lrf1szs3PzCYmWpuryyurZub2y2VZpLBi2WilReh1SB4Am0kKOA60wCjUMBnfDurPQ79yAVT5MrHGTQi+lNwiPOKBopsPdOjn2EBxzepCX0C+3HFG/DSEdFoAN9URRF3Y/zvcCuuQ13CGeaeGNSI2M0A/vL76csjyFBJqhSXc/NsKepRM4EFFU/V5BRdkdvoGtoQmNQPT0MUji7Ruk7USrNSdAZqr83NI2VGsShmSzjqkmvFP/zujlGRz3NkyxHSNjooSgXDqZO2Y/T5xIYioEhlElusjrslkrK0LRYNSV4k1+eJu39huc2vMuD2unBuI4K2SY7pE48ckhOyTlpkhZh5JE8k1fyZj1ZL9a79TEanbHGO1vkD6zPH+eQntA=</latexit><latexit sha1_base64="Ctu399Dy84aSxCHT07mlRrHYpTo=">AAACEnicbVDLSgMxFM34rPU16tLNYBHqpsyIoAiC4MaVVLCt0ClDJr2jwcyD5I5YwnyDG3/FjQtF3Lpy59+YabvQ1gOBwzn3JicnzARX6Lrf1szs3PzCYmWpuryyurZub2y2VZpLBi2WilReh1SB4Am0kKOA60wCjUMBnfDurPQ79yAVT5MrHGTQi+lNwiPOKBopsPdOjn2EBxzepCX0C+3HFG/DSEdFoAN9URRF3Y/zvcCuuQ13CGeaeGNSI2M0A/vL76csjyFBJqhSXc/NsKepRM4EFFU/V5BRdkdvoGtoQmNQPT0MUji7Ruk7USrNSdAZqr83NI2VGsShmSzjqkmvFP/zujlGRz3NkyxHSNjooSgXDqZO2Y/T5xIYioEhlElusjrslkrK0LRYNSV4k1+eJu39huc2vMuD2unBuI4K2SY7pE48ckhOyTlpkhZh5JE8k1fyZj1ZL9a79TEanbHGO1vkD6zPH+eQntA=</latexit><latexit sha1_base64="Ctu399Dy84aSxCHT07mlRrHYpTo=">AAACEnicbVDLSgMxFM34rPU16tLNYBHqpsyIoAiC4MaVVLCt0ClDJr2jwcyD5I5YwnyDG3/FjQtF3Lpy59+YabvQ1gOBwzn3JicnzARX6Lrf1szs3PzCYmWpuryyurZub2y2VZpLBi2WilReh1SB4Am0kKOA60wCjUMBnfDurPQ79yAVT5MrHGTQi+lNwiPOKBopsPdOjn2EBxzepCX0C+3HFG/DSEdFoAN9URRF3Y/zvcCuuQ13CGeaeGNSI2M0A/vL76csjyFBJqhSXc/NsKepRM4EFFU/V5BRdkdvoGtoQmNQPT0MUji7Ruk7USrNSdAZqr83NI2VGsShmSzjqkmvFP/zujlGRz3NkyxHSNjooSgXDqZO2Y/T5xIYioEhlElusjrslkrK0LRYNSV4k1+eJu39huc2vMuD2unBuI4K2SY7pE48ckhOyTlpkhZh5JE8k1fyZj1ZL9a79TEanbHGO1vkD6zPH+eQntA=</latexit>

, vT
N AN (µ) yN (µ) = vT

N fN (µ), 8 vN 2 IRN
<latexit sha1_base64="OcIfFhz+xY/w+yPmWe1r3wNSdgQ="></latexit><latexit sha1_base64="OcIfFhz+xY/w+yPmWe1r3wNSdgQ="></latexit><latexit sha1_base64="OcIfFhz+xY/w+yPmWe1r3wNSdgQ="></latexit><latexit sha1_base64="OcIfFhz+xY/w+yPmWe1r3wNSdgQ="></latexit>
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Simplest Case

coefficients in expansion 
in terms of the basis

vT
N WT

N A(µ) WN| {z } yN (µ) = vT
N WT

N f(µ)| {z } 8 vN 2 IRN

<latexit sha1_base64="nav2ymxwPaDe8mUMPakhALonOc0="></latexit><latexit sha1_base64="nav2ymxwPaDe8mUMPakhALonOc0="></latexit><latexit sha1_base64="nav2ymxwPaDe8mUMPakhALonOc0="></latexit><latexit sha1_base64="nav2ymxwPaDe8mUMPakhALonOc0="></latexit>

=: AN (µ)
<latexit sha1_base64="B7Oup54z0ssE+a+4dvR/npxKL4g=">AAACEnicbVDLSgMxFM34tr6qLt0MFqHdlBkpKIKguHElFawKnTJk0js2NPMguSOWMN/gxl9x40IRt67c+Tdm2ln4OhA4nHNvcnKCVHCFjvNpTU3PzM7NLyxWlpZXVteq6xuXKskkgw5LRCKvA6pA8Bg6yFHAdSqBRoGAq2B4UvhXtyAVT+ILHKXQi+hNzEPOKBrJrzYODzyEOxzfpCX0c+1FFAdBqI9zX/v6LM/zuhdlDb9ac5rOGPZf4pakRkq0/eqH109YFkGMTFCluq6TYk9TiZwJyCtepiClbEhvoGtoTCNQPT0Okts7RunbYSLNidEeq983NI2UGkWBmSziqt9eIf7ndTMM93uax2mGELPJQ2EmbEzsoh+7zyUwFCNDKJPcZLXZgErK0LRYMSW4v7/8l1zuNl2n6Z63aketso4FskW2SZ24ZI8ckVPSJh3CyD15JM/kxXqwnqxX620yOmWVO5vkB6z3L612nqs=</latexit><latexit sha1_base64="B7Oup54z0ssE+a+4dvR/npxKL4g=">AAACEnicbVDLSgMxFM34tr6qLt0MFqHdlBkpKIKguHElFawKnTJk0js2NPMguSOWMN/gxl9x40IRt67c+Tdm2ln4OhA4nHNvcnKCVHCFjvNpTU3PzM7NLyxWlpZXVteq6xuXKskkgw5LRCKvA6pA8Bg6yFHAdSqBRoGAq2B4UvhXtyAVT+ILHKXQi+hNzEPOKBrJrzYODzyEOxzfpCX0c+1FFAdBqI9zX/v6LM/zuhdlDb9ac5rOGPZf4pakRkq0/eqH109YFkGMTFCluq6TYk9TiZwJyCtepiClbEhvoGtoTCNQPT0Okts7RunbYSLNidEeq983NI2UGkWBmSziqt9eIf7ndTMM93uax2mGELPJQ2EmbEzsoh+7zyUwFCNDKJPcZLXZgErK0LRYMSW4v7/8l1zuNl2n6Z63aketso4FskW2SZ24ZI8ckVPSJh3CyD15JM/kxXqwnqxX620yOmWVO5vkB6z3L612nqs=</latexit><latexit sha1_base64="B7Oup54z0ssE+a+4dvR/npxKL4g=">AAACEnicbVDLSgMxFM34tr6qLt0MFqHdlBkpKIKguHElFawKnTJk0js2NPMguSOWMN/gxl9x40IRt67c+Tdm2ln4OhA4nHNvcnKCVHCFjvNpTU3PzM7NLyxWlpZXVteq6xuXKskkgw5LRCKvA6pA8Bg6yFHAdSqBRoGAq2B4UvhXtyAVT+ILHKXQi+hNzEPOKBrJrzYODzyEOxzfpCX0c+1FFAdBqI9zX/v6LM/zuhdlDb9ac5rOGPZf4pakRkq0/eqH109YFkGMTFCluq6TYk9TiZwJyCtepiClbEhvoGtoTCNQPT0Okts7RunbYSLNidEeq983NI2UGkWBmSziqt9eIf7ndTMM93uax2mGELPJQ2EmbEzsoh+7zyUwFCNDKJPcZLXZgErK0LRYMSW4v7/8l1zuNl2n6Z63aketso4FskW2SZ24ZI8ckVPSJh3CyD15JM/kxXqwnqxX620yOmWVO5vkB6z3L612nqs=</latexit><latexit sha1_base64="B7Oup54z0ssE+a+4dvR/npxKL4g=">AAACEnicbVDLSgMxFM34tr6qLt0MFqHdlBkpKIKguHElFawKnTJk0js2NPMguSOWMN/gxl9x40IRt67c+Tdm2ln4OhA4nHNvcnKCVHCFjvNpTU3PzM7NLyxWlpZXVteq6xuXKskkgw5LRCKvA6pA8Bg6yFHAdSqBRoGAq2B4UvhXtyAVT+ILHKXQi+hNzEPOKBrJrzYODzyEOxzfpCX0c+1FFAdBqI9zX/v6LM/zuhdlDb9ac5rOGPZf4pakRkq0/eqH109YFkGMTFCluq6TYk9TiZwJyCtepiClbEhvoGtoTCNQPT0Okts7RunbYSLNidEeq983NI2UGkWBmSziqt9eIf7ndTMM93uax2mGELPJQ2EmbEzsoh+7zyUwFCNDKJPcZLXZgErK0LRYMSW4v7/8l1zuNl2n6Z63aketso4FskW2SZ24ZI8ckVPSJh3CyD15JM/kxXqwnqxX620yOmWVO5vkB6z3L612nqs=</latexit>

=: fN (µ)
<latexit sha1_base64="Ctu399Dy84aSxCHT07mlRrHYpTo=">AAACEnicbVDLSgMxFM34rPU16tLNYBHqpsyIoAiC4MaVVLCt0ClDJr2jwcyD5I5YwnyDG3/FjQtF3Lpy59+YabvQ1gOBwzn3JicnzARX6Lrf1szs3PzCYmWpuryyurZub2y2VZpLBi2WilReh1SB4Am0kKOA60wCjUMBnfDurPQ79yAVT5MrHGTQi+lNwiPOKBopsPdOjn2EBxzepCX0C+3HFG/DSEdFoAN9URRF3Y/zvcCuuQ13CGeaeGNSI2M0A/vL76csjyFBJqhSXc/NsKepRM4EFFU/V5BRdkdvoGtoQmNQPT0MUji7Ruk7USrNSdAZqr83NI2VGsShmSzjqkmvFP/zujlGRz3NkyxHSNjooSgXDqZO2Y/T5xIYioEhlElusjrslkrK0LRYNSV4k1+eJu39huc2vMuD2unBuI4K2SY7pE48ckhOyTlpkhZh5JE8k1fyZj1ZL9a79TEanbHGO1vkD6zPH+eQntA=</latexit><latexit sha1_base64="Ctu399Dy84aSxCHT07mlRrHYpTo=">AAACEnicbVDLSgMxFM34rPU16tLNYBHqpsyIoAiC4MaVVLCt0ClDJr2jwcyD5I5YwnyDG3/FjQtF3Lpy59+YabvQ1gOBwzn3JicnzARX6Lrf1szs3PzCYmWpuryyurZub2y2VZpLBi2WilReh1SB4Am0kKOA60wCjUMBnfDurPQ79yAVT5MrHGTQi+lNwiPOKBopsPdOjn2EBxzepCX0C+3HFG/DSEdFoAN9URRF3Y/zvcCuuQ13CGeaeGNSI2M0A/vL76csjyFBJqhSXc/NsKepRM4EFFU/V5BRdkdvoGtoQmNQPT0MUji7Ruk7USrNSdAZqr83NI2VGsShmSzjqkmvFP/zujlGRz3NkyxHSNjooSgXDqZO2Y/T5xIYioEhlElusjrslkrK0LRYNSV4k1+eJu39huc2vMuD2unBuI4K2SY7pE48ckhOyTlpkhZh5JE8k1fyZj1ZL9a79TEanbHGO1vkD6zPH+eQntA=</latexit><latexit sha1_base64="Ctu399Dy84aSxCHT07mlRrHYpTo=">AAACEnicbVDLSgMxFM34rPU16tLNYBHqpsyIoAiC4MaVVLCt0ClDJr2jwcyD5I5YwnyDG3/FjQtF3Lpy59+YabvQ1gOBwzn3JicnzARX6Lrf1szs3PzCYmWpuryyurZub2y2VZpLBi2WilReh1SB4Am0kKOA60wCjUMBnfDurPQ79yAVT5MrHGTQi+lNwiPOKBopsPdOjn2EBxzepCX0C+3HFG/DSEdFoAN9URRF3Y/zvcCuuQ13CGeaeGNSI2M0A/vL76csjyFBJqhSXc/NsKepRM4EFFU/V5BRdkdvoGtoQmNQPT0MUji7Ruk7USrNSdAZqr83NI2VGsShmSzjqkmvFP/zujlGRz3NkyxHSNjooSgXDqZO2Y/T5xIYioEhlElusjrslkrK0LRYNSV4k1+eJu39huc2vMuD2unBuI4K2SY7pE48ckhOyTlpkhZh5JE8k1fyZj1ZL9a79TEanbHGO1vkD6zPH+eQntA=</latexit><latexit sha1_base64="Ctu399Dy84aSxCHT07mlRrHYpTo=">AAACEnicbVDLSgMxFM34rPU16tLNYBHqpsyIoAiC4MaVVLCt0ClDJr2jwcyD5I5YwnyDG3/FjQtF3Lpy59+YabvQ1gOBwzn3JicnzARX6Lrf1szs3PzCYmWpuryyurZub2y2VZpLBi2WilReh1SB4Am0kKOA60wCjUMBnfDurPQ79yAVT5MrHGTQi+lNwiPOKBopsPdOjn2EBxzepCX0C+3HFG/DSEdFoAN9URRF3Y/zvcCuuQ13CGeaeGNSI2M0A/vL76csjyFBJqhSXc/NsKepRM4EFFU/V5BRdkdvoGtoQmNQPT0MUji7Ruk7USrNSdAZqr83NI2VGsShmSzjqkmvFP/zujlGRz3NkyxHSNjooSgXDqZO2Y/T5xIYioEhlElusjrslkrK0LRYNSV4k1+eJu39huc2vMuD2unBuI4K2SY7pE48ckhOyTlpkhZh5JE8k1fyZj1ZL9a79TEanbHGO1vkD6zPH+eQntA=</latexit>

, vT
N AN (µ) yN (µ) = vT

N fN (µ), 8 vN 2 IRN
<latexit sha1_base64="OcIfFhz+xY/w+yPmWe1r3wNSdgQ="></latexit><latexit sha1_base64="OcIfFhz+xY/w+yPmWe1r3wNSdgQ="></latexit><latexit sha1_base64="OcIfFhz+xY/w+yPmWe1r3wNSdgQ="></latexit><latexit sha1_base64="OcIfFhz+xY/w+yPmWe1r3wNSdgQ="></latexit>

, AN (µ) yN (µ) = fN (µ)
<latexit sha1_base64="0SyUCZvPkLDH4P2ZeXeBUtJTyAI="></latexit><latexit sha1_base64="0SyUCZvPkLDH4P2ZeXeBUtJTyAI="></latexit><latexit sha1_base64="0SyUCZvPkLDH4P2ZeXeBUtJTyAI="></latexit><latexit sha1_base64="0SyUCZvPkLDH4P2ZeXeBUtJTyAI="></latexit>
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Simplest Case

General Form

Find                       s.t.

a(yN (µ), v;µ) = f(v;µ)
<latexit sha1_base64="/YBAYKk/+8ZnA0YuW7cfF9U6zvk=">AAACB3icbVDLSgMxFM3UV62vUZeCBIswgpSZWlAoQsGNK6lgH9AZhkyaaUMzD5JMYSjdufFX3LhQxK2/4M6/MdPOQlsPhJyccy8393gxo0Ka5rdWWFldW98obpa2tnd29/T9g7aIEo5JC0cs4l0PCcJoSFqSSka6MSco8BjpeKObzO+MCRc0Ch9kGhMnQIOQ+hQjqSRXP0ZG6t4ZdpCcnY/r2WXXr+26b8wfrl42K+YMcJlYOSmDHE1X/7L7EU4CEkrMkBA9y4ylM0FcUszItGQngsQIj9CA9BQNUUCEM5ntMYWnSulDP+LqhBLO1N8dExQIkQaeqgyQHIpFLxP/83qJ9K+cCQ3jRJIQzwf5CYMyglkosE85wZKliiDMqforxEPEEZYqupIKwVpceZm0qxXrolK9r5UbtTyOIjgCJ8AAFrgEDXALmqAFMHgEz+AVvGlP2ov2rn3MSwta3nMI/kD7/AHnMpdg</latexit>

Matrix Form

yN (µ) 2 YN
<latexit sha1_base64="xBxAiqqsjUavdLraAirJ38X/jv4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSC7osuHFVKtiHNCFMppN26GQSZiZCCAU3/oobF4q49Sfc+TdO2iy0euDC4Zx7ufceP2ZUKsv6Mkorq2vrG+XNytb2zu6euX/Qk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vcr9/j0Rkkb8VqUxcUM05jSgGCkteeZR6rVrTpicQYdy6IRITTBi8A56bc+sWnVrDviX2AWpggIdz/x0RhFOQsIVZkjKoW3Fys2QUBQzMqs4iSQxwlM0JkNNOQqJdLP5DzN4qpURDCKhiys4V39OZCiUMg193ZkfKZe9XPzPGyYquHQzyuNEEY4Xi4KEQRXBPBA4ooJgxVJNEBZU3wrxBAmElY6tokOwl1/+S3qNun1eb9w0q61mEUcZHIMTUAM2uAAtcA06oAsweABP4AW8Go/Gs/FmvC9aS0Yxcwh+wfj4Bsp7lkk=</latexit>

Find                        s.t.

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit>

where AN 2 IRN⇥N , fN 2 IRN .
<latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit>

yN (µ) 2 IRN
<latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit>

Questions: 

How can we compute the approximation? 

How do we know the error is small? 

How do we know what value of      to take? 

How do we compute the approximations efficiently? 

How do we choose the sample points optimally?

N
<latexit sha1_base64="P2Ulr0FBfWkJkuuG1F2SMqUQ950=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqadeq3kW11rys1Gt5HEU4gVM4Bw+uoA630IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AaMPjMY=</latexit>

FE SPACE

SNAPSHOTS

y(µi) yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

8 v 2 YN .
<latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit>
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Simplest Case

Problem: Find                  s.t.y(µ) 2 Y
<latexit sha1_base64="6xuSn3/tL8NC3M5hWCaFFWFn7F4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikztaDLghuXFexDOkPJpJk2NMkMSUYYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQliRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN7vceiVQ0Evc6jYnP0VjQkGKkjTS0T9Kax5MLjwrocaQnGLHsYTa0q07dmQOuErcgVVCgPbS/vFGEE06ExgwpNXCdWPsZkppiRmYVL1EkRniKxmRgqECcKD+bx5/Bc6OMYBhJ84SGc/X3Roa4UikPzGQeUS17ufifN0h0eO1nVMSJJgIvDoUJgzqCeRdwRCXBmqWGICypyQrxBEmEtWmsYkpwl7+8SrqNuntZb9w1q61mUUcZnIIzUAMuuAItcAvaoAMwyMAzeAVv1pP1Yr1bH4vRklXsHIM/sD5/AMdplVU=</latexit>

(Lax-Milgram) Let       be a Hilbert space, and for all           , assume 

•                is continuous and coercive,  

•    is bounded, 

Y
<latexit sha1_base64="6x1k8wMf6GaQ5npgPZ9UaDSjN3M=">AAAB+HicbVBNS8NAFHzxs1Zrox69LDaCp5KIoMeCF48V7IekoWy2m3bpZhN2N0IN/SVePCji1Z/izZs/xU3bg7YOLAwz7/FmJ0w5U9p1v6y19Y3Nre3STnl3r7JftQ8O2yrJJKEtkvBEdkOsKGeCtjTTnHZTSXEcctoJx9eF33mgUrFE3OlJSoMYDwWLGMHaSH276ji9GOsRwTy/nzpO3665dXcGtEq8Bak1wK98A0Czb3/2BgnJYio04Vgp33NTHeRYakY4nZZ7maIpJmM8pL6hAsdUBfks+BSdGmWAokSaJzSaqb83chwrNYlDM1mEVMteIf7n+ZmOroKciTTTVJD5oSjjSCeoaAENmKRE84khmEhmsiIywhITbboqmxK85S+vkvZ53XPr3q1p4wLmKMExnMAZeHAJDbiBJrSAQAZP8AKv1qP1bL1Z7/PRNWuxcwR/YH38AJLuk84=</latexit><latexit sha1_base64="z7O2RlvyWkcyltYCapVpUUFLy68=">AAAB+HicbVBNS8NAFHypX7VaG/XoJdgInmoigh4LXjxWsB+SxrLZbtqlm03Y3Qg19Jd48aCIV3+KF/XfuGl70NaBhWHmPd7sBAmjUjnOt1FYWV1b3yhulra2yzsVc3evJeNUYNLEMYtFJ0CSMMpJU1HFSCcRBEUBI+1gdJn77XsiJI35jRonxI/QgNOQYqS01DMrtt2NkBpixLLbiW33zKpTc6awlok7J9U6eOWvk8+7Rs/86PZjnEaEK8yQlJ7rJMrPkFAUMzIpdVNJEoRHaEA8TTmKiPSzafCJdaSVvhXGQj+urKn6eyNDkZTjKNCTeUi56OXif56XqvDCzyhPUkU4nh0KU2ap2MpbsPpUEKzYWBOEBdVZLTxEAmGluyrpEtzFLy+T1mnNdWrutW7jDGYowgEcwjG4cA51uIIGNAFDCo/wDC/Gg/FkvBpvs9GCMd/Zhz8w3n8AY7WVKg==</latexit><latexit sha1_base64="z7O2RlvyWkcyltYCapVpUUFLy68=">AAAB+HicbVBNS8NAFHypX7VaG/XoJdgInmoigh4LXjxWsB+SxrLZbtqlm03Y3Qg19Jd48aCIV3+KF/XfuGl70NaBhWHmPd7sBAmjUjnOt1FYWV1b3yhulra2yzsVc3evJeNUYNLEMYtFJ0CSMMpJU1HFSCcRBEUBI+1gdJn77XsiJI35jRonxI/QgNOQYqS01DMrtt2NkBpixLLbiW33zKpTc6awlok7J9U6eOWvk8+7Rs/86PZjnEaEK8yQlJ7rJMrPkFAUMzIpdVNJEoRHaEA8TTmKiPSzafCJdaSVvhXGQj+urKn6eyNDkZTjKNCTeUi56OXif56XqvDCzyhPUkU4nh0KU2ap2MpbsPpUEKzYWBOEBdVZLTxEAmGluyrpEtzFLy+T1mnNdWrutW7jDGYowgEcwjG4cA51uIIGNAFDCo/wDC/Gg/FkvBpvs9GCMd/Zhz8w3n8AY7WVKg==</latexit><latexit sha1_base64="Luj0iNeHDQ6PHwOY0XMbnp5XvFM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gIrkoiBV0W3LisYB/ShjKZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpV332yptbG5t75R3K3v7B4dV++i4o+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gepP73UcqFYvFvZ4l1I/wWLCQEayNNLSrjjOIsJ4QzLOHueMM7ZpbdxdA68QrSA0KtIb212AUkzSiQhOOlep7bqL9DEvNCKfzyiBVNMFkise0b6jAEVV+tgg+R+dGGaEwluYJjRbq740MR0rNosBM5iHVqpeL/3n9VIfXfsZEkmoqyPJQmHKkY5S3gEZMUqL5zBBMJDNZEZlgiYk2XVVMCd7ql9dJ57LuuXXvzq01G0UdZTiFM7gAD66gCbfQgjYQSOEZXuHNerJerHfrYzlasoqdE/gD6/MHgk2SRg==</latexit>

µ 2 D
<latexit sha1_base64="DW6zbTAgFaIQaJ4MhPKubPo3Md4=">AAACAHicbVDLSsNAFL2pr1ofjbpw4WawFVyVRATdWdCFywr2AU0ok+m0HTqZhJmJUEI2/oobF4q49TPc+Qn+hZO2C209cOFwzr3ce08Qc6a043xZhZXVtfWN4mZpa3tnt2zv7bdUlEhCmyTikewEWFHOBG1qpjntxJLiMOC0HYyvc7/9QKVikbjXk5j6IR4KNmAEayP17MNq1QsT5DGBvBDrEcE8vcmq1Z5dcWrOFGiZuHNSqZe/rxAANHr2p9ePSBJSoQnHSnVdJ9Z+iqVmhNOs5CWKxpiM8ZB2DRU4pMpPpw9k6MQofTSIpCmh0VT9PZHiUKlJGJjO/Ei16OXif1430YNLP2UiTjQVZLZokHCkI5SngfpMUqL5xBBMJDO3IjLCEhNtMiuZENzFl5dJ66zmOjX3zqRxDjMU4QiO4RRcuIA63EIDmkAggyd4gVfr0Xq23qz3WWvBms8cwB9YHz/1qZbJ</latexit><latexit sha1_base64="yJtSwIx0XOBmqcnKAWq+S8iUQO4=">AAACAHicbVDLSsNAFJ3UV42PRl24cDPYCLopiQi6s6CCywr2AU0ok+mkHTqZhJmJUEI2/oobF4q41b9w5yf4F07aLrR64MLhnHu5954gYVQqx/k0SguLS8sr5VVzbX1js2JtbbdknApMmjhmsegESBJGOWkqqhjpJIKgKGCkHYwuCr99R4SkMb9V44T4ERpwGlKMlJZ61q5te1EKPcqhFyE1xIhll7lt96yqU3MmgH+JOyPVeuXr/Mh8v2r0rA+vH+M0IlxhhqTsuk6i/AwJRTEjuemlkiQIj9CAdDXlKCLSzyYP5PBAK30YxkIXV3Ci/pzIUCTlOAp0Z3GknPcK8T+vm6rwzM8oT1JFOJ4uClMGVQyLNGCfCoIVG2uCsKD6VoiHSCCsdGamDsGdf/kvaR3XXKfm3ug0TsAUZbAH9sEhcMEpqINr0ABNgEEOHsATeDbujUfjxXidtpaM2cwO+AXj7RtlAJfc</latexit><latexit sha1_base64="yJtSwIx0XOBmqcnKAWq+S8iUQO4=">AAACAHicbVDLSsNAFJ3UV42PRl24cDPYCLopiQi6s6CCywr2AU0ok+mkHTqZhJmJUEI2/oobF4q41b9w5yf4F07aLrR64MLhnHu5954gYVQqx/k0SguLS8sr5VVzbX1js2JtbbdknApMmjhmsegESBJGOWkqqhjpJIKgKGCkHYwuCr99R4SkMb9V44T4ERpwGlKMlJZ61q5te1EKPcqhFyE1xIhll7lt96yqU3MmgH+JOyPVeuXr/Mh8v2r0rA+vH+M0IlxhhqTsuk6i/AwJRTEjuemlkiQIj9CAdDXlKCLSzyYP5PBAK30YxkIXV3Ci/pzIUCTlOAp0Z3GknPcK8T+vm6rwzM8oT1JFOJ4uClMGVQyLNGCfCoIVG2uCsKD6VoiHSCCsdGamDsGdf/kvaR3XXKfm3ug0TsAUZbAH9sEhcMEpqINr0ABNgEEOHsATeDbujUfjxXidtpaM2cwO+AXj7RtlAJfc</latexit><latexit sha1_base64="JZDTXTPMIIfVsvzCUXlAvYAbbS8=">AAACAHicbVBNS8NAEJ34WetX1IMHL4uN4KkkIuixoAePFewHNKFstpt26WYTdjdCCb34V7x4UMSrP8Ob/8ZNm4O2Phh4vDfDzLww5Uxp1/22VlbX1jc2K1vV7Z3dvX374LCtkkwS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8U/idRyoVS8SDnqQ0iPFQsIgRrI3Ut48dx48z5DOB/BjrEcE8v506Tt+uuXV3BrRMvJLUoESzb3/5g4RkMRWacKxUz3NTHeRYakY4nVb9TNEUkzEe0p6hAsdUBfnsgSk6M8oARYk0JTSaqb8nchwrNYlD01kcqRa9QvzP62U6ug5yJtJMU0Hmi6KMI52gIg00YJISzSeGYCKZuRWREZaYaJNZ1YTgLb68TNoXdc+te/durXFZxlGBEziFc/DgChpwB01oAYEpPMMrvFlP1ov1bn3MW1escuYI/sD6/AHPZZUy</latexit>

f
<latexit sha1_base64="FsoL8rdQrMmcaNQpKkq0cxygF+I=">AAAB7HicbVDLSgNBEOz1GeMjUY9eBhPBU9gVQW8GvHiM4CaBZAmzk95kyOzsMjMrhCXf4MWDIl79IG9+gn/h5HHQxIKGoqqb7q4wFVwb1/1y1tY3Nre2CzvF3b39g1L58Kipk0wx9FkiEtUOqUbBJfqGG4HtVCGNQ4GtcHQ79VuPqDRP5IMZpxjEdCB5xBk1VvKr1aha7ZUrbs2dgawSb0Eq9dL3DQGARq/82e0nLItRGiao1h3PTU2QU2U4EzgpdjONKWUjOsCOpZLGqIN8duyEnFmlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqZW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO0IXjLL6+S5kXNc2vevU3jEuYowAmcwjl4cAV1uIMG+MCAwxO8wKsjnWfnzXmft645i5lj+APn4wdbpY8n</latexit><latexit sha1_base64="dw+E91qjyt85XmLdp/SQStrGtzA=">AAAB7HicbVDLSsNAFL2prxofrbp0M9gIuimJCLqzIILLCqYttKFMppN26GQSZiZCCf0GNy4UcetP+Bfu/AT/wuljoa0HLhzOuZd77wlTzpR23S+rsLK6tr5R3LS3tnd2S+W9/YZKMkmoTxKeyFaIFeVMUF8zzWkrlRTHIafNcHg98ZsPVCqWiHs9SmkQ475gESNYG8l3nMhxuuWKW3WnQMvEm5NKrfR9dWp/3NS75c9OLyFZTIUmHCvV9txUBzmWmhFOx3YnUzTFZIj7tG2owDFVQT49doyOjdJDUSJNCY2m6u+JHMdKjeLQdMZYD9SiNxH/89qZji6DnIk001SQ2aIo40gnaPI56jFJieYjQzCRzNyKyABLTLTJxzYheIsvL5PGWdVzq96dSeMcZijCIRzBCXhwATW4hTr4QIDBIzzDiyWsJ+vVepu1Fqz5zAH8gfX+A8rtkDo=</latexit><latexit sha1_base64="dw+E91qjyt85XmLdp/SQStrGtzA=">AAAB7HicbVDLSsNAFL2prxofrbp0M9gIuimJCLqzIILLCqYttKFMppN26GQSZiZCCf0GNy4UcetP+Bfu/AT/wuljoa0HLhzOuZd77wlTzpR23S+rsLK6tr5R3LS3tnd2S+W9/YZKMkmoTxKeyFaIFeVMUF8zzWkrlRTHIafNcHg98ZsPVCqWiHs9SmkQ475gESNYG8l3nMhxuuWKW3WnQMvEm5NKrfR9dWp/3NS75c9OLyFZTIUmHCvV9txUBzmWmhFOx3YnUzTFZIj7tG2owDFVQT49doyOjdJDUSJNCY2m6u+JHMdKjeLQdMZYD9SiNxH/89qZji6DnIk001SQ2aIo40gnaPI56jFJieYjQzCRzNyKyABLTLTJxzYheIsvL5PGWdVzq96dSeMcZijCIRzBCXhwATW4hTr4QIDBIzzDiyWsJ+vVepu1Fqz5zAH8gfX+A8rtkDo=</latexit><latexit sha1_base64="bfcOt4VGGG4S1fGqyLBWCEa9QZs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KIoMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSX69H9fqgWnMb7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1Moxug1yoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSvmp4bsN7cGvN6yKOMpzBOVyCBzfQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx81YY2Q</latexit>

a(·, ·;µ)
<latexit sha1_base64="gpP280vwwvW9fWjFIo8UTKK7o2k=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEClJmakGhm4IblxXsAzpDyWTSNjSTDElGKEPBX3HjQhG3foc7/8Z0OgttPXAvh3PuJTcniBlV2nG+rcLa+sbmVnG7tLO7t39gHx51lEgkJm0smJC9ACnCKCdtTTUjvVgSFAWMdIPJ7dzvPhKpqOAPehoTP0IjTocUI22kgX3iNSCqeDgU+jLrDS9KLgZ22ak6GeAqcXNSBjlaA/vLCwVOIsI1ZkipvuvE2k+R1BQzMit5iSIxwhM0In1DOYqI8tPs/Bk8N0oIh0Ka4hpm6u+NFEVKTaPATEZIj9WyNxf/8/qJHt74KeVxognHi4eGCYNawHkWMKSSYM2mhiAsqbkV4jGSCGuTWMmE4C5/eZV0alX3qlq7r5eb9TyOIjgFZ6ACXHANmuAOtEAbYJCCZ/AK3qwn68V6tz4WowUr3zkGf2B9/gCRL5SN</latexit>

kfkY0 := sup
v2Y

f(v)

kvkY
< 1.

<latexit sha1_base64="P2a3VJ+zAVQ2SmvUG7Jb2lU1dQk="></latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y.
<latexit sha1_base64="ahHSQpgTkvPWyWwCgpvlrH4WuiU="></latexit><latexit sha1_base64="ahHSQpgTkvPWyWwCgpvlrH4WuiU="></latexit><latexit sha1_base64="ahHSQpgTkvPWyWwCgpvlrH4WuiU="></latexit><latexit sha1_base64="ahHSQpgTkvPWyWwCgpvlrH4WuiU="></latexit>

�a(µ) := sup
v2Y

sup
w2Y

a(v, w;µ)

kvkYkwkY
< 1 ,

<latexit sha1_base64="ar/yzmsScFeryYhDij2A/0HV5pM="></latexit><latexit sha1_base64="ar/yzmsScFeryYhDij2A/0HV5pM="></latexit><latexit sha1_base64="ar/yzmsScFeryYhDij2A/0HV5pM="></latexit><latexit sha1_base64="ar/yzmsScFeryYhDij2A/0HV5pM="></latexit>

↵a(µ) := inf
v2Y

a(v, v;µ)

kvk2Y
> 0 ,

<latexit sha1_base64="cUfTN/NXgzOGifuVxDkbsrMMTtQ="></latexit><latexit sha1_base64="cUfTN/NXgzOGifuVxDkbsrMMTtQ="></latexit><latexit sha1_base64="cUfTN/NXgzOGifuVxDkbsrMMTtQ="></latexit><latexit sha1_base64="cUfTN/NXgzOGifuVxDkbsrMMTtQ="></latexit>
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Simplest Case

Problem: Find                  s.t.y(µ) 2 Y
<latexit sha1_base64="6xuSn3/tL8NC3M5hWCaFFWFn7F4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikztaDLghuXFexDOkPJpJk2NMkMSUYYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQliRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VJRKTDo5YJPsBUoRRQTqaakb6sSSIB4z0gulN7vceiVQ0Evc6jYnP0VjQkGKkjTS0T9Kax5MLjwrocaQnGLHsYTa0q07dmQOuErcgVVCgPbS/vFGEE06ExgwpNXCdWPsZkppiRmYVL1EkRniKxmRgqECcKD+bx5/Bc6OMYBhJ84SGc/X3Roa4UikPzGQeUS17ufifN0h0eO1nVMSJJgIvDoUJgzqCeRdwRCXBmqWGICypyQrxBEmEtWmsYkpwl7+8SrqNuntZb9w1q61mUUcZnIIzUAMuuAItcAvaoAMwyMAzeAVv1pP1Yr1bH4vRklXsHIM/sD5/AMdplVU=</latexit>

(Lax-Milgram) Let       be a Hilbert space, and for all           , assume 

•                is continuous and coercive,  

•    is bounded, 

Then there exists a unique solution          satisfying

Y
<latexit sha1_base64="6x1k8wMf6GaQ5npgPZ9UaDSjN3M=">AAAB+HicbVBNS8NAFHzxs1Zrox69LDaCp5KIoMeCF48V7IekoWy2m3bpZhN2N0IN/SVePCji1Z/izZs/xU3bg7YOLAwz7/FmJ0w5U9p1v6y19Y3Nre3STnl3r7JftQ8O2yrJJKEtkvBEdkOsKGeCtjTTnHZTSXEcctoJx9eF33mgUrFE3OlJSoMYDwWLGMHaSH276ji9GOsRwTy/nzpO3665dXcGtEq8Bak1wK98A0Czb3/2BgnJYio04Vgp33NTHeRYakY4nZZ7maIpJmM8pL6hAsdUBfks+BSdGmWAokSaJzSaqb83chwrNYlDM1mEVMteIf7n+ZmOroKciTTTVJD5oSjjSCeoaAENmKRE84khmEhmsiIywhITbboqmxK85S+vkvZ53XPr3q1p4wLmKMExnMAZeHAJDbiBJrSAQAZP8AKv1qP1bL1Z7/PRNWuxcwR/YH38AJLuk84=</latexit><latexit sha1_base64="z7O2RlvyWkcyltYCapVpUUFLy68=">AAAB+HicbVBNS8NAFHypX7VaG/XoJdgInmoigh4LXjxWsB+SxrLZbtqlm03Y3Qg19Jd48aCIV3+KF/XfuGl70NaBhWHmPd7sBAmjUjnOt1FYWV1b3yhulra2yzsVc3evJeNUYNLEMYtFJ0CSMMpJU1HFSCcRBEUBI+1gdJn77XsiJI35jRonxI/QgNOQYqS01DMrtt2NkBpixLLbiW33zKpTc6awlok7J9U6eOWvk8+7Rs/86PZjnEaEK8yQlJ7rJMrPkFAUMzIpdVNJEoRHaEA8TTmKiPSzafCJdaSVvhXGQj+urKn6eyNDkZTjKNCTeUi56OXif56XqvDCzyhPUkU4nh0KU2ap2MpbsPpUEKzYWBOEBdVZLTxEAmGluyrpEtzFLy+T1mnNdWrutW7jDGYowgEcwjG4cA51uIIGNAFDCo/wDC/Gg/FkvBpvs9GCMd/Zhz8w3n8AY7WVKg==</latexit><latexit sha1_base64="z7O2RlvyWkcyltYCapVpUUFLy68=">AAAB+HicbVBNS8NAFHypX7VaG/XoJdgInmoigh4LXjxWsB+SxrLZbtqlm03Y3Qg19Jd48aCIV3+KF/XfuGl70NaBhWHmPd7sBAmjUjnOt1FYWV1b3yhulra2yzsVc3evJeNUYNLEMYtFJ0CSMMpJU1HFSCcRBEUBI+1gdJn77XsiJI35jRonxI/QgNOQYqS01DMrtt2NkBpixLLbiW33zKpTc6awlok7J9U6eOWvk8+7Rs/86PZjnEaEK8yQlJ7rJMrPkFAUMzIpdVNJEoRHaEA8TTmKiPSzafCJdaSVvhXGQj+urKn6eyNDkZTjKNCTeUi56OXif56XqvDCzyhPUkU4nh0KU2ap2MpbsPpUEKzYWBOEBdVZLTxEAmGluyrpEtzFLy+T1mnNdWrutW7jDGYowgEcwjG4cA51uIIGNAFDCo/wDC/Gg/FkvBpvs9GCMd/Zhz8w3n8AY7WVKg==</latexit><latexit sha1_base64="Luj0iNeHDQ6PHwOY0XMbnp5XvFM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gIrkoiBV0W3LisYB/ShjKZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpV332yptbG5t75R3K3v7B4dV++i4o+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gepP73UcqFYvFvZ4l1I/wWLCQEayNNLSrjjOIsJ4QzLOHueMM7ZpbdxdA68QrSA0KtIb212AUkzSiQhOOlep7bqL9DEvNCKfzyiBVNMFkise0b6jAEVV+tgg+R+dGGaEwluYJjRbq740MR0rNosBM5iHVqpeL/3n9VIfXfsZEkmoqyPJQmHKkY5S3gEZMUqL5zBBMJDNZEZlgiYk2XVVMCd7ql9dJ57LuuXXvzq01G0UdZTiFM7gAD66gCbfQgjYQSOEZXuHNerJerHfrYzlasoqdE/gD6/MHgk2SRg==</latexit>

µ 2 D
<latexit sha1_base64="DW6zbTAgFaIQaJ4MhPKubPo3Md4=">AAACAHicbVDLSsNAFL2pr1ofjbpw4WawFVyVRATdWdCFywr2AU0ok+m0HTqZhJmJUEI2/oobF4q49TPc+Qn+hZO2C209cOFwzr3ce08Qc6a043xZhZXVtfWN4mZpa3tnt2zv7bdUlEhCmyTikewEWFHOBG1qpjntxJLiMOC0HYyvc7/9QKVikbjXk5j6IR4KNmAEayP17MNq1QsT5DGBvBDrEcE8vcmq1Z5dcWrOFGiZuHNSqZe/rxAANHr2p9ePSBJSoQnHSnVdJ9Z+iqVmhNOs5CWKxpiM8ZB2DRU4pMpPpw9k6MQofTSIpCmh0VT9PZHiUKlJGJjO/Ei16OXif1430YNLP2UiTjQVZLZokHCkI5SngfpMUqL5xBBMJDO3IjLCEhNtMiuZENzFl5dJ66zmOjX3zqRxDjMU4QiO4RRcuIA63EIDmkAggyd4gVfr0Xq23qz3WWvBms8cwB9YHz/1qZbJ</latexit><latexit sha1_base64="yJtSwIx0XOBmqcnKAWq+S8iUQO4=">AAACAHicbVDLSsNAFJ3UV42PRl24cDPYCLopiQi6s6CCywr2AU0ok+mkHTqZhJmJUEI2/oobF4q41b9w5yf4F07aLrR64MLhnHu5954gYVQqx/k0SguLS8sr5VVzbX1js2JtbbdknApMmjhmsegESBJGOWkqqhjpJIKgKGCkHYwuCr99R4SkMb9V44T4ERpwGlKMlJZ61q5te1EKPcqhFyE1xIhll7lt96yqU3MmgH+JOyPVeuXr/Mh8v2r0rA+vH+M0IlxhhqTsuk6i/AwJRTEjuemlkiQIj9CAdDXlKCLSzyYP5PBAK30YxkIXV3Ci/pzIUCTlOAp0Z3GknPcK8T+vm6rwzM8oT1JFOJ4uClMGVQyLNGCfCoIVG2uCsKD6VoiHSCCsdGamDsGdf/kvaR3XXKfm3ug0TsAUZbAH9sEhcMEpqINr0ABNgEEOHsATeDbujUfjxXidtpaM2cwO+AXj7RtlAJfc</latexit><latexit sha1_base64="yJtSwIx0XOBmqcnKAWq+S8iUQO4=">AAACAHicbVDLSsNAFJ3UV42PRl24cDPYCLopiQi6s6CCywr2AU0ok+mkHTqZhJmJUEI2/oobF4q41b9w5yf4F07aLrR64MLhnHu5954gYVQqx/k0SguLS8sr5VVzbX1js2JtbbdknApMmjhmsegESBJGOWkqqhjpJIKgKGCkHYwuCr99R4SkMb9V44T4ERpwGlKMlJZ61q5te1EKPcqhFyE1xIhll7lt96yqU3MmgH+JOyPVeuXr/Mh8v2r0rA+vH+M0IlxhhqTsuk6i/AwJRTEjuemlkiQIj9CAdDXlKCLSzyYP5PBAK30YxkIXV3Ci/pzIUCTlOAp0Z3GknPcK8T+vm6rwzM8oT1JFOJ4uClMGVQyLNGCfCoIVG2uCsKD6VoiHSCCsdGamDsGdf/kvaR3XXKfm3ug0TsAUZbAH9sEhcMEpqINr0ABNgEEOHsATeDbujUfjxXidtpaM2cwO+AXj7RtlAJfc</latexit><latexit sha1_base64="JZDTXTPMIIfVsvzCUXlAvYAbbS8=">AAACAHicbVBNS8NAEJ34WetX1IMHL4uN4KkkIuixoAePFewHNKFstpt26WYTdjdCCb34V7x4UMSrP8Ob/8ZNm4O2Phh4vDfDzLww5Uxp1/22VlbX1jc2K1vV7Z3dvX374LCtkkwS2iIJT2Q3xIpyJmhLM81pN5UUxyGnnXB8U/idRyoVS8SDnqQ0iPFQsIgRrI3Ut48dx48z5DOB/BjrEcE8v506Tt+uuXV3BrRMvJLUoESzb3/5g4RkMRWacKxUz3NTHeRYakY4nVb9TNEUkzEe0p6hAsdUBfnsgSk6M8oARYk0JTSaqb8nchwrNYlD01kcqRa9QvzP62U6ug5yJtJMU0Hmi6KMI52gIg00YJISzSeGYCKZuRWREZaYaJNZ1YTgLb68TNoXdc+te/durXFZxlGBEziFc/DgChpwB01oAYEpPMMrvFlP1ov1bn3MW1escuYI/sD6/AHPZZUy</latexit>

f
<latexit sha1_base64="FsoL8rdQrMmcaNQpKkq0cxygF+I=">AAAB7HicbVDLSgNBEOz1GeMjUY9eBhPBU9gVQW8GvHiM4CaBZAmzk95kyOzsMjMrhCXf4MWDIl79IG9+gn/h5HHQxIKGoqqb7q4wFVwb1/1y1tY3Nre2CzvF3b39g1L58Kipk0wx9FkiEtUOqUbBJfqGG4HtVCGNQ4GtcHQ79VuPqDRP5IMZpxjEdCB5xBk1VvKr1aha7ZUrbs2dgawSb0Eq9dL3DQGARq/82e0nLItRGiao1h3PTU2QU2U4EzgpdjONKWUjOsCOpZLGqIN8duyEnFmlT6JE2ZKGzNTfEzmNtR7Hoe2MqRnqZW8q/ud1MhNdBzmXaWZQsvmiKBPEJGT6OelzhcyIsSWUKW5vJWxIFWXG5lO0IXjLL6+S5kXNc2vevU3jEuYowAmcwjl4cAV1uIMG+MCAwxO8wKsjnWfnzXmft645i5lj+APn4wdbpY8n</latexit><latexit sha1_base64="dw+E91qjyt85XmLdp/SQStrGtzA=">AAAB7HicbVDLSsNAFL2prxofrbp0M9gIuimJCLqzIILLCqYttKFMppN26GQSZiZCCf0GNy4UcetP+Bfu/AT/wuljoa0HLhzOuZd77wlTzpR23S+rsLK6tr5R3LS3tnd2S+W9/YZKMkmoTxKeyFaIFeVMUF8zzWkrlRTHIafNcHg98ZsPVCqWiHs9SmkQ475gESNYG8l3nMhxuuWKW3WnQMvEm5NKrfR9dWp/3NS75c9OLyFZTIUmHCvV9txUBzmWmhFOx3YnUzTFZIj7tG2owDFVQT49doyOjdJDUSJNCY2m6u+JHMdKjeLQdMZYD9SiNxH/89qZji6DnIk001SQ2aIo40gnaPI56jFJieYjQzCRzNyKyABLTLTJxzYheIsvL5PGWdVzq96dSeMcZijCIRzBCXhwATW4hTr4QIDBIzzDiyWsJ+vVepu1Fqz5zAH8gfX+A8rtkDo=</latexit><latexit sha1_base64="dw+E91qjyt85XmLdp/SQStrGtzA=">AAAB7HicbVDLSsNAFL2prxofrbp0M9gIuimJCLqzIILLCqYttKFMppN26GQSZiZCCf0GNy4UcetP+Bfu/AT/wuljoa0HLhzOuZd77wlTzpR23S+rsLK6tr5R3LS3tnd2S+W9/YZKMkmoTxKeyFaIFeVMUF8zzWkrlRTHIafNcHg98ZsPVCqWiHs9SmkQ475gESNYG8l3nMhxuuWKW3WnQMvEm5NKrfR9dWp/3NS75c9OLyFZTIUmHCvV9txUBzmWmhFOx3YnUzTFZIj7tG2owDFVQT49doyOjdJDUSJNCY2m6u+JHMdKjeLQdMZYD9SiNxH/89qZji6DnIk001SQ2aIo40gnaPI56jFJieYjQzCRzNyKyABLTLTJxzYheIsvL5PGWdVzq96dSeMcZijCIRzBCXhwATW4hTr4QIDBIzzDiyWsJ+vVepu1Fqz5zAH8gfX+A8rtkDo=</latexit><latexit sha1_base64="bfcOt4VGGG4S1fGqyLBWCEa9QZs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KIoMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSX69H9fqgWnMb7gJknXgFqUGB1qD61R8mLIu5QiapMT3PTTHIqUbBJJ9V+pnhKWUTOuI9SxWNuQnyxbEzcmGVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1Moxug1yoNEOu2HJRlEmCCZl/ToZCc4ZyagllWthbCRtTTRnafCo2BG/15XXSvmp4bsN7cGvN6yKOMpzBOVyCBzfQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx81YY2Q</latexit>

y(µ)
<latexit sha1_base64="sVsgKaP4qoHFtSqWjqfiEZ12uYE=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEUwMJkucncwmQ2Zml5lZYVnyF148KOLVv/Hm3zh5HDSxoKGo6qa7K0w408bzvp3Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1Q6xppxJ2jTMcNpOFMUi5PQ+HF1P/PsnqjSL5Z3JEhoIPJAsYgQbKz24blbtivTMdXvlilfzpkDLxJ+TSv0oih4BoNErf3X7MUkFlYZwrHXH9xIT5FgZRjgdl7qppgkmIzygHUslFlQH+fTiMTq1Sh9FsbIlDZqqvydyLLTORGg7BTZDvehNxP+8TmqiqyBnMkkNlWS2KEo5MjGavI/6TFFieGYJJorZWxEZYoWJsSGVbAj+4svLpHVe872af2vTuIAZinAMJ1AFHy6hDjfQgCYQkPAMr/DmaOfFeXc+Zq0FZz5zCH/gfP4AeF6Q5A==</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="15tSshqv4ScV8bg+gKzSXNwCWX8=">AAAB8XicbVDLSgNBEOyNrxhf8XHzMpgV4iXsiqDHgBePEcwDkyXMTmaTITOzy8ysEJb8hRcPinj1b7z5N042OWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz267qTaE+mF6/bLFa/m5UCrxF+QSv0kytHol796g5ikgkpDONa663uJCTKsDCOcTku9VNMEkzEe0q6lEguqgyy/eIrOrTJAUaxsSYNy9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyWZL4pSjkyMZu+jAVOUGD6xBBPF7K2IjLDCxNiQSjYEf/nlVdK6rPlezb+3aVzBHEU4hTOogg/XUIc7aEATCEh4hld4c7Tz4rw7H/PWgrOYOYY/cD5/ABlYkhw=</latexit><latexit sha1_base64="rewEvtmBuo+ulQd4aozd3rbl7hQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LDZCvZREBD0WvHisYFuxDWWz3bRLdzdhdyOE0H/hxYMiXv033vw3btsctPXBwOO9GWbmhQln2njet1NaW9/Y3CpvV3Z29/YPqodHHR2nitA2iXmsHkKsKWeStg0znD4kimIRctoNJzczv/tElWaxvDdZQgOBR5JFjGBjpUfXzep9kZ677qBa8xreHGiV+AWpQYHWoPrVH8YkFVQawrHWPd9LTJBjZRjhdFrpp5ommEzwiPYslVhQHeTzi6fozCpDFMXKljRorv6eyLHQOhOh7RTYjPWyNxP/83qpia6DnMkkNVSSxaIo5cjEaPY+GjJFieGZJZgoZm9FZIwVJsaGVLEh+Msvr5LORcP3Gv6dV2teFnGU4QROoQ4+XEETbqEFbSAg4Rle4c3Rzovz7nwsWktOMXMMf+B8/gBx0o9k</latexit>

ky(µ)kY  kfkY0

↵a(µ)
.

<latexit sha1_base64="Ds8UxkVIo+Wfrc70B/6P2UdGaos="></latexit>

a(·, ·;µ)
<latexit sha1_base64="gpP280vwwvW9fWjFIo8UTKK7o2k=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEClJmakGhm4IblxXsAzpDyWTSNjSTDElGKEPBX3HjQhG3foc7/8Z0OgttPXAvh3PuJTcniBlV2nG+rcLa+sbmVnG7tLO7t39gHx51lEgkJm0smJC9ACnCKCdtTTUjvVgSFAWMdIPJ7dzvPhKpqOAPehoTP0IjTocUI22kgX3iNSCqeDgU+jLrDS9KLgZ22ak6GeAqcXNSBjlaA/vLCwVOIsI1ZkipvuvE2k+R1BQzMit5iSIxwhM0In1DOYqI8tPs/Bk8N0oIh0Ka4hpm6u+NFEVKTaPATEZIj9WyNxf/8/qJHt74KeVxognHi4eGCYNawHkWMKSSYM2mhiAsqbkV4jGSCGuTWMmE4C5/eZV0alX3qlq7r5eb9TyOIjgFZ6ACXHANmuAOtEAbYJCCZ/AK3qwn68V6tz4WowUr3zkGf2B9/gCRL5SN</latexit>

kfkY0 := sup
v2Y

f(v)

kvkY
< 1.

<latexit sha1_base64="P2a3VJ+zAVQ2SmvUG7Jb2lU1dQk="></latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y.
<latexit sha1_base64="ahHSQpgTkvPWyWwCgpvlrH4WuiU="></latexit><latexit sha1_base64="ahHSQpgTkvPWyWwCgpvlrH4WuiU="></latexit><latexit sha1_base64="ahHSQpgTkvPWyWwCgpvlrH4WuiU="></latexit><latexit sha1_base64="ahHSQpgTkvPWyWwCgpvlrH4WuiU="></latexit>

�a(µ) := sup
v2Y

sup
w2Y

a(v, w;µ)

kvkYkwkY
< 1 ,

<latexit sha1_base64="ar/yzmsScFeryYhDij2A/0HV5pM="></latexit><latexit sha1_base64="ar/yzmsScFeryYhDij2A/0HV5pM="></latexit><latexit sha1_base64="ar/yzmsScFeryYhDij2A/0HV5pM="></latexit><latexit sha1_base64="ar/yzmsScFeryYhDij2A/0HV5pM="></latexit>

↵a(µ) := inf
v2Y

a(v, v;µ)

kvk2Y
> 0 ,

<latexit sha1_base64="cUfTN/NXgzOGifuVxDkbsrMMTtQ="></latexit><latexit sha1_base64="cUfTN/NXgzOGifuVxDkbsrMMTtQ="></latexit><latexit sha1_base64="cUfTN/NXgzOGifuVxDkbsrMMTtQ="></latexit><latexit sha1_base64="cUfTN/NXgzOGifuVxDkbsrMMTtQ="></latexit>
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Simplest Case 

Consider the following 

FE problema(y(µ), v;µ) = f(v;µ), 8 v 2 Y,
<latexit sha1_base64="hB0ReNf/DAT8oAS+WslP50h8hGk="></latexit>

RB approximationa(yN (µ), v;µ) = f(v;µ), 8 v 2 YN .
<latexit sha1_base64="PecC5eZ3GH+LF07AIiOO9+UVPkw="></latexit>
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Simplest Case

Consider the following 

Define the error                                              and the residual

FE problema(y(µ), v;µ) = f(v;µ), 8 v 2 Y,
<latexit sha1_base64="hB0ReNf/DAT8oAS+WslP50h8hGk="></latexit>

RB approximationa(yN (µ), v;µ) = f(v;µ), 8 v 2 YN .
<latexit sha1_base64="PecC5eZ3GH+LF07AIiOO9+UVPkw="></latexit>

eN (µ) := y(µ)� yN (µ)
<latexit sha1_base64="SHijciTAtbZAUGnl34pyrln173Q=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIdWFJpKBYhIIbV1LBXqAJYTKdtkNnJmFmIoTQtRtfxY0LRdz6BO58G6dpEK3+MPDxn3M4c/4gokQq2/40CguLS8srxdXS2vrG5pa5vdOWYSwQbqGQhqIbQIkp4biliKK4GwkMWUBxJxhfTuudOywkCfmtSiLsMTjkZEAQVNryzX3sp9eTisviI7d+fuHWk4yPk2/bN8t21c5k/QUnhzLI1fTND7cfophhrhCFUvYcO1JeCoUiiOJJyY0ljiAawyHuaeSQYeml2SkT61A7fWsQCv24sjL350QKmZQJC3Qng2ok52tT879aL1aDMy8lPIoV5mi2aBBTS4XWNBerTwRGiiYaIBJE/9VCIyggUjq9kg7BmT/5L7RPqo5ddW5q5UYtj6MI9sABqAAHnIIGuAJN0AII3INH8AxejAfjyXg13matBSOf2QW/ZLx/AdeimQc=</latexit><latexit sha1_base64="SHijciTAtbZAUGnl34pyrln173Q=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIdWFJpKBYhIIbV1LBXqAJYTKdtkNnJmFmIoTQtRtfxY0LRdz6BO58G6dpEK3+MPDxn3M4c/4gokQq2/40CguLS8srxdXS2vrG5pa5vdOWYSwQbqGQhqIbQIkp4biliKK4GwkMWUBxJxhfTuudOywkCfmtSiLsMTjkZEAQVNryzX3sp9eTisviI7d+fuHWk4yPk2/bN8t21c5k/QUnhzLI1fTND7cfophhrhCFUvYcO1JeCoUiiOJJyY0ljiAawyHuaeSQYeml2SkT61A7fWsQCv24sjL350QKmZQJC3Qng2ok52tT879aL1aDMy8lPIoV5mi2aBBTS4XWNBerTwRGiiYaIBJE/9VCIyggUjq9kg7BmT/5L7RPqo5ddW5q5UYtj6MI9sABqAAHnIIGuAJN0AII3INH8AxejAfjyXg13matBSOf2QW/ZLx/AdeimQc=</latexit><latexit sha1_base64="SHijciTAtbZAUGnl34pyrln173Q=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIdWFJpKBYhIIbV1LBXqAJYTKdtkNnJmFmIoTQtRtfxY0LRdz6BO58G6dpEK3+MPDxn3M4c/4gokQq2/40CguLS8srxdXS2vrG5pa5vdOWYSwQbqGQhqIbQIkp4biliKK4GwkMWUBxJxhfTuudOywkCfmtSiLsMTjkZEAQVNryzX3sp9eTisviI7d+fuHWk4yPk2/bN8t21c5k/QUnhzLI1fTND7cfophhrhCFUvYcO1JeCoUiiOJJyY0ljiAawyHuaeSQYeml2SkT61A7fWsQCv24sjL350QKmZQJC3Qng2ok52tT879aL1aDMy8lPIoV5mi2aBBTS4XWNBerTwRGiiYaIBJE/9VCIyggUjq9kg7BmT/5L7RPqo5ddW5q5UYtj6MI9sABqAAHnIIGuAJN0AII3INH8AxejAfjyXg13matBSOf2QW/ZLx/AdeimQc=</latexit><latexit sha1_base64="SHijciTAtbZAUGnl34pyrln173Q=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIdWFJpKBYhIIbV1LBXqAJYTKdtkNnJmFmIoTQtRtfxY0LRdz6BO58G6dpEK3+MPDxn3M4c/4gokQq2/40CguLS8srxdXS2vrG5pa5vdOWYSwQbqGQhqIbQIkp4biliKK4GwkMWUBxJxhfTuudOywkCfmtSiLsMTjkZEAQVNryzX3sp9eTisviI7d+fuHWk4yPk2/bN8t21c5k/QUnhzLI1fTND7cfophhrhCFUvYcO1JeCoUiiOJJyY0ljiAawyHuaeSQYeml2SkT61A7fWsQCv24sjL350QKmZQJC3Qng2ok52tT879aL1aDMy8lPIoV5mi2aBBTS4XWNBerTwRGiiYaIBJE/9VCIyggUjq9kg7BmT/5L7RPqo5ddW5q5UYtj6MI9sABqAAHnIIGuAJN0AII3INH8AxejAfjyXg13matBSOf2QW/ZLx/AdeimQc=</latexit>

= a(y(µ), v;µ)� a(yN (µ), v;µ)
<latexit sha1_base64="UjXSrSMQnI7CfcVsv3ce0h1Dglc=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsoGVGCgpFKLhxJRXsAzrDkEkzbWjmQZIpDEM/wY2/4saFIm5duvNvzLSzqK0HQk7OuZebe9yIUSEN40crrKyurW8UN0tb2zu7e/r+QVuEMcekhUMW8q6LBGE0IC1JJSPdiBPku4x03NFt5nfGhAsaBo8yiYjto0FAPYqRVJKjn95YdYgqScXy47PzcT27LtTbSe8n85qjl42qMQVcJmZOyiBH09G/rX6IY58EEjMkRM80ImmniEuKGZmUrFiQCOERGpCeogHyibDT6UITeKKUPvRCrk4g4VSd70iRL0Tiu6rSR3IoFr1M/M/rxdK7tlMaRLEkAZ4N8mIGZQizdGCfcoIlSxRBmFP1V4iHiCMsVYYlFYK5uPIyaV9WTaNqPtTKjVoeRxEcgWNQASa4Ag1wB5qgBTB4Ai/gDbxrz9qr9qF9zkoLWt5zCP5A+/oF5Zmakw==</latexit><latexit sha1_base64="UjXSrSMQnI7CfcVsv3ce0h1Dglc=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsoGVGCgpFKLhxJRXsAzrDkEkzbWjmQZIpDEM/wY2/4saFIm5duvNvzLSzqK0HQk7OuZebe9yIUSEN40crrKyurW8UN0tb2zu7e/r+QVuEMcekhUMW8q6LBGE0IC1JJSPdiBPku4x03NFt5nfGhAsaBo8yiYjto0FAPYqRVJKjn95YdYgqScXy47PzcT27LtTbSe8n85qjl42qMQVcJmZOyiBH09G/rX6IY58EEjMkRM80ImmniEuKGZmUrFiQCOERGpCeogHyibDT6UITeKKUPvRCrk4g4VSd70iRL0Tiu6rSR3IoFr1M/M/rxdK7tlMaRLEkAZ4N8mIGZQizdGCfcoIlSxRBmFP1V4iHiCMsVYYlFYK5uPIyaV9WTaNqPtTKjVoeRxEcgWNQASa4Ag1wB5qgBTB4Ai/gDbxrz9qr9qF9zkoLWt5zCP5A+/oF5Zmakw==</latexit><latexit sha1_base64="UjXSrSMQnI7CfcVsv3ce0h1Dglc=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsoGVGCgpFKLhxJRXsAzrDkEkzbWjmQZIpDEM/wY2/4saFIm5duvNvzLSzqK0HQk7OuZebe9yIUSEN40crrKyurW8UN0tb2zu7e/r+QVuEMcekhUMW8q6LBGE0IC1JJSPdiBPku4x03NFt5nfGhAsaBo8yiYjto0FAPYqRVJKjn95YdYgqScXy47PzcT27LtTbSe8n85qjl42qMQVcJmZOyiBH09G/rX6IY58EEjMkRM80ImmniEuKGZmUrFiQCOERGpCeogHyibDT6UITeKKUPvRCrk4g4VSd70iRL0Tiu6rSR3IoFr1M/M/rxdK7tlMaRLEkAZ4N8mIGZQizdGCfcoIlSxRBmFP1V4iHiCMsVYYlFYK5uPIyaV9WTaNqPtTKjVoeRxEcgWNQASa4Ag1wB5qgBTB4Ai/gDbxrz9qr9qF9zkoLWt5zCP5A+/oF5Zmakw==</latexit><latexit sha1_base64="UjXSrSMQnI7CfcVsv3ce0h1Dglc=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsoGVGCgpFKLhxJRXsAzrDkEkzbWjmQZIpDEM/wY2/4saFIm5duvNvzLSzqK0HQk7OuZebe9yIUSEN40crrKyurW8UN0tb2zu7e/r+QVuEMcekhUMW8q6LBGE0IC1JJSPdiBPku4x03NFt5nfGhAsaBo8yiYjto0FAPYqRVJKjn95YdYgqScXy47PzcT27LtTbSe8n85qjl42qMQVcJmZOyiBH09G/rX6IY58EEjMkRM80ImmniEuKGZmUrFiQCOERGpCeogHyibDT6UITeKKUPvRCrk4g4VSd70iRL0Tiu6rSR3IoFr1M/M/rxdK7tlMaRLEkAZ4N8mIGZQizdGCfcoIlSxRBmFP1V4iHiCMsVYYlFYK5uPIyaV9WTaNqPtTKjVoeRxEcgWNQASa4Ag1wB5qgBTB4Ai/gDbxrz9qr9qF9zkoLWt5zCP5A+/oF5Zmakw==</latexit>

= a(y(µ)� yN (µ), v;µ)
<latexit sha1_base64="9I+OniWfVi+m8ckGokXSnVRqZJM=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVNCSSEGhCAU3rqSCvUATwmQ6qUMnF2YmhRC6c+OruHGhiFtfwZ1v4yTNQlsPDPPx/+cwc343YlRIw/jWSkvLK6tr5fXKxubW9o6+u9cVYcwx6eCQhbzvIkEYDUhHUslIP+IE+S4jPXd8nfm9CeGChsG9TCJi+2gUUI9iJJXk6IdXVhOiWlKz/PjkLHHS22mOp5Nmdjl61agbecFFMAuogqLajv5lDUMc+ySQmCEhBqYRSTtFXFLMyLRixYJECI/RiAwUBsgnwk7zPabwWClD6IVcnUDCXP09kSJfiMR3VaeP5IOY9zLxP28QS+/STmkQxZIEePaQFzMoQ5iFAoeUEyxZogBhTtVfIX5AHGGpoquoEMz5lRehe143jbp516i2GkUcZXAAjkANmOACtMANaIMOwOARPINX8KY9aS/au/Yxay1pxcw++FPa5w/5qJds</latexit><latexit sha1_base64="9I+OniWfVi+m8ckGokXSnVRqZJM=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVNCSSEGhCAU3rqSCvUATwmQ6qUMnF2YmhRC6c+OruHGhiFtfwZ1v4yTNQlsPDPPx/+cwc343YlRIw/jWSkvLK6tr5fXKxubW9o6+u9cVYcwx6eCQhbzvIkEYDUhHUslIP+IE+S4jPXd8nfm9CeGChsG9TCJi+2gUUI9iJJXk6IdXVhOiWlKz/PjkLHHS22mOp5Nmdjl61agbecFFMAuogqLajv5lDUMc+ySQmCEhBqYRSTtFXFLMyLRixYJECI/RiAwUBsgnwk7zPabwWClD6IVcnUDCXP09kSJfiMR3VaeP5IOY9zLxP28QS+/STmkQxZIEePaQFzMoQ5iFAoeUEyxZogBhTtVfIX5AHGGpoquoEMz5lRehe143jbp516i2GkUcZXAAjkANmOACtMANaIMOwOARPINX8KY9aS/au/Yxay1pxcw++FPa5w/5qJds</latexit><latexit sha1_base64="9I+OniWfVi+m8ckGokXSnVRqZJM=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVNCSSEGhCAU3rqSCvUATwmQ6qUMnF2YmhRC6c+OruHGhiFtfwZ1v4yTNQlsPDPPx/+cwc343YlRIw/jWSkvLK6tr5fXKxubW9o6+u9cVYcwx6eCQhbzvIkEYDUhHUslIP+IE+S4jPXd8nfm9CeGChsG9TCJi+2gUUI9iJJXk6IdXVhOiWlKz/PjkLHHS22mOp5Nmdjl61agbecFFMAuogqLajv5lDUMc+ySQmCEhBqYRSTtFXFLMyLRixYJECI/RiAwUBsgnwk7zPabwWClD6IVcnUDCXP09kSJfiMR3VaeP5IOY9zLxP28QS+/STmkQxZIEePaQFzMoQ5iFAoeUEyxZogBhTtVfIX5AHGGpoquoEMz5lRehe143jbp516i2GkUcZXAAjkANmOACtMANaIMOwOARPINX8KY9aS/au/Yxay1pxcw++FPa5w/5qJds</latexit><latexit sha1_base64="9I+OniWfVi+m8ckGokXSnVRqZJM=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVNCSSEGhCAU3rqSCvUATwmQ6qUMnF2YmhRC6c+OruHGhiFtfwZ1v4yTNQlsPDPPx/+cwc343YlRIw/jWSkvLK6tr5fXKxubW9o6+u9cVYcwx6eCQhbzvIkEYDUhHUslIP+IE+S4jPXd8nfm9CeGChsG9TCJi+2gUUI9iJJXk6IdXVhOiWlKz/PjkLHHS22mOp5Nmdjl61agbecFFMAuogqLajv5lDUMc+ySQmCEhBqYRSTtFXFLMyLRixYJECI/RiAwUBsgnwk7zPabwWClD6IVcnUDCXP09kSJfiMR3VaeP5IOY9zLxP28QS+/STmkQxZIEePaQFzMoQ5iFAoeUEyxZogBhTtVfIX5AHGGpoquoEMz5lRehe143jbp516i2GkUcZXAAjkANmOACtMANaIMOwOARPINX8KY9aS/au/Yxay1pxcw++FPa5w/5qJds</latexit>

r(v; yN (µ);µ) := f(v;µ)� a(yN (µ), v;µ)
<latexit sha1_base64="ZUHzaJLwgTGjrU/IJgxaFxkmehc=">AAACH3icbVDLSsNAFJ3UV62vqEs3wSJE0JJIUTEIBTeupIJ9QBPCZDpph04ezEwKIfRP3PgrblwoIu76N07agFo9MMOZc+7lzj1eTAkXhjFVSkvLK6tr5fXKxubW9o66u9fmUcIQbqGIRqzrQY4pCXFLEEFxN2YYBh7FHW90k/udMWacROGDSGPsBHAQEp8gKKTkqudMH1upm91NdDtIjq38sq2ra9vypZG/TqH+7Z/MtYqrVo2aMYP2l5gFqYICTVf9tPsRSgIcCkQh5z3TiIWTQSYIonhSsROOY4hGcIB7koYwwNzJZvtNtCOp9DU/YvKEQpupPzsyGHCeBp6sDKAY8kUvF//zeonwL52MhHEicIjmg/yEaiLS8rC0PmEYCZpKAhEj8q8aGkIGkZCR5iGYiyv/Je2zmmnUzPt6tVEv4iiDA3AIdGCCC9AAt6AJWgCBR/AMXsGb8qS8KO/Kx7y0pBQ9++AXlOkX3rKgTw==</latexit><latexit sha1_base64="ZUHzaJLwgTGjrU/IJgxaFxkmehc=">AAACH3icbVDLSsNAFJ3UV62vqEs3wSJE0JJIUTEIBTeupIJ9QBPCZDpph04ezEwKIfRP3PgrblwoIu76N07agFo9MMOZc+7lzj1eTAkXhjFVSkvLK6tr5fXKxubW9o66u9fmUcIQbqGIRqzrQY4pCXFLEEFxN2YYBh7FHW90k/udMWacROGDSGPsBHAQEp8gKKTkqudMH1upm91NdDtIjq38sq2ra9vypZG/TqH+7Z/MtYqrVo2aMYP2l5gFqYICTVf9tPsRSgIcCkQh5z3TiIWTQSYIonhSsROOY4hGcIB7koYwwNzJZvtNtCOp9DU/YvKEQpupPzsyGHCeBp6sDKAY8kUvF//zeonwL52MhHEicIjmg/yEaiLS8rC0PmEYCZpKAhEj8q8aGkIGkZCR5iGYiyv/Je2zmmnUzPt6tVEv4iiDA3AIdGCCC9AAt6AJWgCBR/AMXsGb8qS8KO/Kx7y0pBQ9++AXlOkX3rKgTw==</latexit><latexit sha1_base64="ZUHzaJLwgTGjrU/IJgxaFxkmehc=">AAACH3icbVDLSsNAFJ3UV62vqEs3wSJE0JJIUTEIBTeupIJ9QBPCZDpph04ezEwKIfRP3PgrblwoIu76N07agFo9MMOZc+7lzj1eTAkXhjFVSkvLK6tr5fXKxubW9o66u9fmUcIQbqGIRqzrQY4pCXFLEEFxN2YYBh7FHW90k/udMWacROGDSGPsBHAQEp8gKKTkqudMH1upm91NdDtIjq38sq2ra9vypZG/TqH+7Z/MtYqrVo2aMYP2l5gFqYICTVf9tPsRSgIcCkQh5z3TiIWTQSYIonhSsROOY4hGcIB7koYwwNzJZvtNtCOp9DU/YvKEQpupPzsyGHCeBp6sDKAY8kUvF//zeonwL52MhHEicIjmg/yEaiLS8rC0PmEYCZpKAhEj8q8aGkIGkZCR5iGYiyv/Je2zmmnUzPt6tVEv4iiDA3AIdGCCC9AAt6AJWgCBR/AMXsGb8qS8KO/Kx7y0pBQ9++AXlOkX3rKgTw==</latexit><latexit sha1_base64="ZUHzaJLwgTGjrU/IJgxaFxkmehc=">AAACH3icbVDLSsNAFJ3UV62vqEs3wSJE0JJIUTEIBTeupIJ9QBPCZDpph04ezEwKIfRP3PgrblwoIu76N07agFo9MMOZc+7lzj1eTAkXhjFVSkvLK6tr5fXKxubW9o66u9fmUcIQbqGIRqzrQY4pCXFLEEFxN2YYBh7FHW90k/udMWacROGDSGPsBHAQEp8gKKTkqudMH1upm91NdDtIjq38sq2ra9vypZG/TqH+7Z/MtYqrVo2aMYP2l5gFqYICTVf9tPsRSgIcCkQh5z3TiIWTQSYIonhSsROOY4hGcIB7koYwwNzJZvtNtCOp9DU/YvKEQpupPzsyGHCeBp6sDKAY8kUvF//zeonwL52MhHEicIjmg/yEaiLS8rC0PmEYCZpKAhEj8q8aGkIGkZCR5iGYiyv/Je2zmmnUzPt6tVEv4iiDA3AIdGCCC9AAt6AJWgCBR/AMXsGb8qS8KO/Kx7y0pBQ9++AXlOkX3rKgTw==</latexit>

= a(eN (µ), v;µ),
<latexit sha1_base64="78jQ/+IPoDfsZspDEnm7bvxfv5g=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpKBQhIIbV1LBPqAJYTKdtEMnkzAzKZRQN/6KGxeKuPUv3Pk3TtMstPXA5R7OuZeZe/yYUaks69sorKyurW8UN0tb2zu7e+b+QVtGicCkhSMWia6PJGGUk5aiipFuLAgKfUY6/uhm5nfGREga8Qc1iYkbogGnAcVIackzj66dOkQV4qV304oTJmfn43rWPLNsVa0McJnYOSmDHE3P/HL6EU5CwhVmSMqebcXKTZFQFDMyLTmJJDHCIzQgPU05Col00+yCKTzVSh8GkdDFFczU3xspCqWchL6eDJEaykVvJv7n9RIVXLkp5XGiCMfzh4KEQRXBWRywTwXBik00QVhQ/VeIh0ggrHRoJR2CvXjyMmlfVG2rat/Xyo1aHkcRHIMTUAE2uAQNcAuaoAUweATP4BW8GU/Gi/FufMxHC0a+cwj+wPj8AbT2lRM=</latexit><latexit sha1_base64="78jQ/+IPoDfsZspDEnm7bvxfv5g=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpKBQhIIbV1LBPqAJYTKdtEMnkzAzKZRQN/6KGxeKuPUv3Pk3TtMstPXA5R7OuZeZe/yYUaks69sorKyurW8UN0tb2zu7e+b+QVtGicCkhSMWia6PJGGUk5aiipFuLAgKfUY6/uhm5nfGREga8Qc1iYkbogGnAcVIackzj66dOkQV4qV304oTJmfn43rWPLNsVa0McJnYOSmDHE3P/HL6EU5CwhVmSMqebcXKTZFQFDMyLTmJJDHCIzQgPU05Col00+yCKTzVSh8GkdDFFczU3xspCqWchL6eDJEaykVvJv7n9RIVXLkp5XGiCMfzh4KEQRXBWRywTwXBik00QVhQ/VeIh0ggrHRoJR2CvXjyMmlfVG2rat/Xyo1aHkcRHIMTUAE2uAQNcAuaoAUweATP4BW8GU/Gi/FufMxHC0a+cwj+wPj8AbT2lRM=</latexit><latexit sha1_base64="78jQ/+IPoDfsZspDEnm7bvxfv5g=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpKBQhIIbV1LBPqAJYTKdtEMnkzAzKZRQN/6KGxeKuPUv3Pk3TtMstPXA5R7OuZeZe/yYUaks69sorKyurW8UN0tb2zu7e+b+QVtGicCkhSMWia6PJGGUk5aiipFuLAgKfUY6/uhm5nfGREga8Qc1iYkbogGnAcVIackzj66dOkQV4qV304oTJmfn43rWPLNsVa0McJnYOSmDHE3P/HL6EU5CwhVmSMqebcXKTZFQFDMyLTmJJDHCIzQgPU05Col00+yCKTzVSh8GkdDFFczU3xspCqWchL6eDJEaykVvJv7n9RIVXLkp5XGiCMfzh4KEQRXBWRywTwXBik00QVhQ/VeIh0ggrHRoJR2CvXjyMmlfVG2rat/Xyo1aHkcRHIMTUAE2uAQNcAuaoAUweATP4BW8GU/Gi/FufMxHC0a+cwj+wPj8AbT2lRM=</latexit><latexit sha1_base64="78jQ/+IPoDfsZspDEnm7bvxfv5g=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJpKBQhIIbV1LBPqAJYTKdtEMnkzAzKZRQN/6KGxeKuPUv3Pk3TtMstPXA5R7OuZeZe/yYUaks69sorKyurW8UN0tb2zu7e+b+QVtGicCkhSMWia6PJGGUk5aiipFuLAgKfUY6/uhm5nfGREga8Qc1iYkbogGnAcVIackzj66dOkQV4qV304oTJmfn43rWPLNsVa0McJnYOSmDHE3P/HL6EU5CwhVmSMqebcXKTZFQFDMyLTmJJDHCIzQgPU05Col00+yCKTzVSh8GkdDFFczU3xspCqWchL6eDJEaykVvJv7n9RIVXLkp5XGiCMfzh4KEQRXBWRywTwXBik00QVhQ/VeIh0ggrHRoJR2CvXjyMmlfVG2rat/Xyo1aHkcRHIMTUAE2uAQNcAuaoAUweATP4BW8GU/Gi/FufMxHC0a+cwj+wPj8AbT2lRM=</latexit>

8 v 2 Y.
<latexit sha1_base64="nTLmJTtQA0y6Og4hIskDhrpnRYQ=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6Rf4XGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOPJmBA=</latexit><latexit sha1_base64="nTLmJTtQA0y6Og4hIskDhrpnRYQ=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6Rf4XGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOPJmBA=</latexit><latexit sha1_base64="nTLmJTtQA0y6Og4hIskDhrpnRYQ=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6Rf4XGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOPJmBA=</latexit><latexit sha1_base64="nTLmJTtQA0y6Og4hIskDhrpnRYQ=">AAACBnicbVBNS8NAFHypX7V+RT2KsFgETyGRgoKXghePFWyrNKFsttt26WYTdjeFEnry4l/x4kERr/4Gb/4bN20O2jqwMMy8x86bMOFMadf9tkorq2vrG+XNytb2zu6evX/QUnEqCW2SmMfyPsSKciZoUzPN6X0iKY5CTtvh6Dr322MqFYvFnZ4kNIjwQLA+I1gbqWsf+/1YYs6Rf4XGyGcC+RHWQ4J59jB1unbVddwZ0DLxClKFAo2u/eX3YpJGVGjCsVIdz010kGGpGeF0WvFTRRNMRnhAO4YKHFEVZLMzpujUKD1k8pgnNJqpvzcyHCk1iUIzmWdUi14u/ud1Ut2/DDImklRTQeYf9VOOdIzyTlCPSUo0nxiCiWQmKyJDLDHRprmKKcFbPHmZtM4dz3W821q1XivqKMMRnMAZeHABdbiBBjSBwCM8wyu8WU/Wi/VufcxHS1axcwh/YH3+AOPJmBA=</latexit>
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Simplest Case

From the error-residual equation 

a(eN (µ), v;µ) = r(v; yN (µ), µ)
<latexit sha1_base64="Ihr1lD63LZ6375xbBTyuWk4jPNw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WIKCWRgkIQCm5cSQX7gCaEyXTaDp08mJkUQuhHuPFX3LhQxK0Ld/6NkzagVg/M3MM59zJzjx8zKqRpfmqlpeWV1bXyemVjc2t7R9/da4so4Zi0cMQi3vWRIIyGpCWpZKQbc4ICn5GOP77K/c6EcEGj8E6mMXEDNAzpgGIkleTpJ8ggXnYzNZwgOT6d2Hlx7EvH5sbETr+d/PL0qlkzZ4B/iVWQKijQ9PQPpx/hJCChxAwJ0bPMWLoZ4pJiRqYVJxEkRniMhqSnaIgCItxsttQUHimlDwcRVyeUcKb+nMhQIEQa+KozQHIkFr1c/M/rJXJw4WY0jBNJQjx/aJAwKCOYJwT7lBMsWaoIwpyqv0I8QhxhqXKsqBCsxZX/kvZZzTJr1m292qgXcZTBATgEBrDAOWiAa9AELYDBPXgEz+BFe9CetFftbd5a0oqZffAL2vsXr0Scpw==</latexit><latexit sha1_base64="Ihr1lD63LZ6375xbBTyuWk4jPNw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WIKCWRgkIQCm5cSQX7gCaEyXTaDp08mJkUQuhHuPFX3LhQxK0Ld/6NkzagVg/M3MM59zJzjx8zKqRpfmqlpeWV1bXyemVjc2t7R9/da4so4Zi0cMQi3vWRIIyGpCWpZKQbc4ICn5GOP77K/c6EcEGj8E6mMXEDNAzpgGIkleTpJ8ggXnYzNZwgOT6d2Hlx7EvH5sbETr+d/PL0qlkzZ4B/iVWQKijQ9PQPpx/hJCChxAwJ0bPMWLoZ4pJiRqYVJxEkRniMhqSnaIgCItxsttQUHimlDwcRVyeUcKb+nMhQIEQa+KozQHIkFr1c/M/rJXJw4WY0jBNJQjx/aJAwKCOYJwT7lBMsWaoIwpyqv0I8QhxhqXKsqBCsxZX/kvZZzTJr1m292qgXcZTBATgEBrDAOWiAa9AELYDBPXgEz+BFe9CetFftbd5a0oqZffAL2vsXr0Scpw==</latexit><latexit sha1_base64="Ihr1lD63LZ6375xbBTyuWk4jPNw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WIKCWRgkIQCm5cSQX7gCaEyXTaDp08mJkUQuhHuPFX3LhQxK0Ld/6NkzagVg/M3MM59zJzjx8zKqRpfmqlpeWV1bXyemVjc2t7R9/da4so4Zi0cMQi3vWRIIyGpCWpZKQbc4ICn5GOP77K/c6EcEGj8E6mMXEDNAzpgGIkleTpJ8ggXnYzNZwgOT6d2Hlx7EvH5sbETr+d/PL0qlkzZ4B/iVWQKijQ9PQPpx/hJCChxAwJ0bPMWLoZ4pJiRqYVJxEkRniMhqSnaIgCItxsttQUHimlDwcRVyeUcKb+nMhQIEQa+KozQHIkFr1c/M/rJXJw4WY0jBNJQjx/aJAwKCOYJwT7lBMsWaoIwpyqv0I8QhxhqXKsqBCsxZX/kvZZzTJr1m292qgXcZTBATgEBrDAOWiAa9AELYDBPXgEz+BFe9CetFftbd5a0oqZffAL2vsXr0Scpw==</latexit><latexit sha1_base64="Ihr1lD63LZ6375xbBTyuWk4jPNw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WIKCWRgkIQCm5cSQX7gCaEyXTaDp08mJkUQuhHuPFX3LhQxK0Ld/6NkzagVg/M3MM59zJzjx8zKqRpfmqlpeWV1bXyemVjc2t7R9/da4so4Zi0cMQi3vWRIIyGpCWpZKQbc4ICn5GOP77K/c6EcEGj8E6mMXEDNAzpgGIkleTpJ8ggXnYzNZwgOT6d2Hlx7EvH5sbETr+d/PL0qlkzZ4B/iVWQKijQ9PQPpx/hJCChxAwJ0bPMWLoZ4pJiRqYVJxEkRniMhqSnaIgCItxsttQUHimlDwcRVyeUcKb+nMhQIEQa+KozQHIkFr1c/M/rJXJw4WY0jBNJQjx/aJAwKCOYJwT7lBMsWaoIwpyqv0I8QhxhqXKsqBCsxZX/kvZZzTJr1m292qgXcZTBATgEBrDAOWiAa9AELYDBPXgEz+BFe9CetFftbd5a0oqZffAL2vsXr0Scpw==</latexit>
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Simplest Case 

From the error-residual equation 

and the Lax-Milgram Theorem, we have that 

a(eN (µ), v;µ) = r(v; yN (µ), µ)
<latexit sha1_base64="Ihr1lD63LZ6375xbBTyuWk4jPNw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WIKCWRgkIQCm5cSQX7gCaEyXTaDp08mJkUQuhHuPFX3LhQxK0Ld/6NkzagVg/M3MM59zJzjx8zKqRpfmqlpeWV1bXyemVjc2t7R9/da4so4Zi0cMQi3vWRIIyGpCWpZKQbc4ICn5GOP77K/c6EcEGj8E6mMXEDNAzpgGIkleTpJ8ggXnYzNZwgOT6d2Hlx7EvH5sbETr+d/PL0qlkzZ4B/iVWQKijQ9PQPpx/hJCChxAwJ0bPMWLoZ4pJiRqYVJxEkRniMhqSnaIgCItxsttQUHimlDwcRVyeUcKb+nMhQIEQa+KozQHIkFr1c/M/rJXJw4WY0jBNJQjx/aJAwKCOYJwT7lBMsWaoIwpyqv0I8QhxhqXKsqBCsxZX/kvZZzTJr1m292qgXcZTBATgEBrDAOWiAa9AELYDBPXgEz+BFe9CetFftbd5a0oqZffAL2vsXr0Scpw==</latexit><latexit sha1_base64="Ihr1lD63LZ6375xbBTyuWk4jPNw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WIKCWRgkIQCm5cSQX7gCaEyXTaDp08mJkUQuhHuPFX3LhQxK0Ld/6NkzagVg/M3MM59zJzjx8zKqRpfmqlpeWV1bXyemVjc2t7R9/da4so4Zi0cMQi3vWRIIyGpCWpZKQbc4ICn5GOP77K/c6EcEGj8E6mMXEDNAzpgGIkleTpJ8ggXnYzNZwgOT6d2Hlx7EvH5sbETr+d/PL0qlkzZ4B/iVWQKijQ9PQPpx/hJCChxAwJ0bPMWLoZ4pJiRqYVJxEkRniMhqSnaIgCItxsttQUHimlDwcRVyeUcKb+nMhQIEQa+KozQHIkFr1c/M/rJXJw4WY0jBNJQjx/aJAwKCOYJwT7lBMsWaoIwpyqv0I8QhxhqXKsqBCsxZX/kvZZzTJr1m292qgXcZTBATgEBrDAOWiAa9AELYDBPXgEz+BFe9CetFftbd5a0oqZffAL2vsXr0Scpw==</latexit><latexit sha1_base64="Ihr1lD63LZ6375xbBTyuWk4jPNw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WIKCWRgkIQCm5cSQX7gCaEyXTaDp08mJkUQuhHuPFX3LhQxK0Ld/6NkzagVg/M3MM59zJzjx8zKqRpfmqlpeWV1bXyemVjc2t7R9/da4so4Zi0cMQi3vWRIIyGpCWpZKQbc4ICn5GOP77K/c6EcEGj8E6mMXEDNAzpgGIkleTpJ8ggXnYzNZwgOT6d2Hlx7EvH5sbETr+d/PL0qlkzZ4B/iVWQKijQ9PQPpx/hJCChxAwJ0bPMWLoZ4pJiRqYVJxEkRniMhqSnaIgCItxsttQUHimlDwcRVyeUcKb+nMhQIEQa+KozQHIkFr1c/M/rJXJw4WY0jBNJQjx/aJAwKCOYJwT7lBMsWaoIwpyqv0I8QhxhqXKsqBCsxZX/kvZZzTJr1m292qgXcZTBATgEBrDAOWiAa9AELYDBPXgEz+BFe9CetFftbd5a0oqZffAL2vsXr0Scpw==</latexit><latexit sha1_base64="Ihr1lD63LZ6375xbBTyuWk4jPNw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WIKCWRgkIQCm5cSQX7gCaEyXTaDp08mJkUQuhHuPFX3LhQxK0Ld/6NkzagVg/M3MM59zJzjx8zKqRpfmqlpeWV1bXyemVjc2t7R9/da4so4Zi0cMQi3vWRIIyGpCWpZKQbc4ICn5GOP77K/c6EcEGj8E6mMXEDNAzpgGIkleTpJ8ggXnYzNZwgOT6d2Hlx7EvH5sbETr+d/PL0qlkzZ4B/iVWQKijQ9PQPpx/hJCChxAwJ0bPMWLoZ4pJiRqYVJxEkRniMhqSnaIgCItxsttQUHimlDwcRVyeUcKb+nMhQIEQa+KozQHIkFr1c/M/rJXJw4WY0jBNJQjx/aJAwKCOYJwT7lBMsWaoIwpyqv0I8QhxhqXKsqBCsxZX/kvZZzTJr1m292qgXcZTBATgEBrDAOWiAa9AELYDBPXgEz+BFe9CetFftbd5a0oqZffAL2vsXr0Scpw==</latexit>

keN (µ)kY  kr(·; yN (µ), µ)kY0

↵a(µ)
.

<latexit sha1_base64="e0nR2E8O1rOb0agu+eaeKYs32Dw="></latexit>
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Simplest Case 

From the error-residual equation 

and the Lax-Milgram Theorem, we have that 

Assume we have a computable lower bound                                                 

Then

a(eN (µ), v;µ) = r(v; yN (µ), µ)
<latexit sha1_base64="Ihr1lD63LZ6375xbBTyuWk4jPNw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WIKCWRgkIQCm5cSQX7gCaEyXTaDp08mJkUQuhHuPFX3LhQxK0Ld/6NkzagVg/M3MM59zJzjx8zKqRpfmqlpeWV1bXyemVjc2t7R9/da4so4Zi0cMQi3vWRIIyGpCWpZKQbc4ICn5GOP77K/c6EcEGj8E6mMXEDNAzpgGIkleTpJ8ggXnYzNZwgOT6d2Hlx7EvH5sbETr+d/PL0qlkzZ4B/iVWQKijQ9PQPpx/hJCChxAwJ0bPMWLoZ4pJiRqYVJxEkRniMhqSnaIgCItxsttQUHimlDwcRVyeUcKb+nMhQIEQa+KozQHIkFr1c/M/rJXJw4WY0jBNJQjx/aJAwKCOYJwT7lBMsWaoIwpyqv0I8QhxhqXKsqBCsxZX/kvZZzTJr1m292qgXcZTBATgEBrDAOWiAa9AELYDBPXgEz+BFe9CetFftbd5a0oqZffAL2vsXr0Scpw==</latexit><latexit sha1_base64="Ihr1lD63LZ6375xbBTyuWk4jPNw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WIKCWRgkIQCm5cSQX7gCaEyXTaDp08mJkUQuhHuPFX3LhQxK0Ld/6NkzagVg/M3MM59zJzjx8zKqRpfmqlpeWV1bXyemVjc2t7R9/da4so4Zi0cMQi3vWRIIyGpCWpZKQbc4ICn5GOP77K/c6EcEGj8E6mMXEDNAzpgGIkleTpJ8ggXnYzNZwgOT6d2Hlx7EvH5sbETr+d/PL0qlkzZ4B/iVWQKijQ9PQPpx/hJCChxAwJ0bPMWLoZ4pJiRqYVJxEkRniMhqSnaIgCItxsttQUHimlDwcRVyeUcKb+nMhQIEQa+KozQHIkFr1c/M/rJXJw4WY0jBNJQjx/aJAwKCOYJwT7lBMsWaoIwpyqv0I8QhxhqXKsqBCsxZX/kvZZzTJr1m292qgXcZTBATgEBrDAOWiAa9AELYDBPXgEz+BFe9CetFftbd5a0oqZffAL2vsXr0Scpw==</latexit><latexit sha1_base64="Ihr1lD63LZ6375xbBTyuWk4jPNw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WIKCWRgkIQCm5cSQX7gCaEyXTaDp08mJkUQuhHuPFX3LhQxK0Ld/6NkzagVg/M3MM59zJzjx8zKqRpfmqlpeWV1bXyemVjc2t7R9/da4so4Zi0cMQi3vWRIIyGpCWpZKQbc4ICn5GOP77K/c6EcEGj8E6mMXEDNAzpgGIkleTpJ8ggXnYzNZwgOT6d2Hlx7EvH5sbETr+d/PL0qlkzZ4B/iVWQKijQ9PQPpx/hJCChxAwJ0bPMWLoZ4pJiRqYVJxEkRniMhqSnaIgCItxsttQUHimlDwcRVyeUcKb+nMhQIEQa+KozQHIkFr1c/M/rJXJw4WY0jBNJQjx/aJAwKCOYJwT7lBMsWaoIwpyqv0I8QhxhqXKsqBCsxZX/kvZZzTJr1m292qgXcZTBATgEBrDAOWiAa9AELYDBPXgEz+BFe9CetFftbd5a0oqZffAL2vsXr0Scpw==</latexit><latexit sha1_base64="Ihr1lD63LZ6375xbBTyuWk4jPNw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WIKCWRgkIQCm5cSQX7gCaEyXTaDp08mJkUQuhHuPFX3LhQxK0Ld/6NkzagVg/M3MM59zJzjx8zKqRpfmqlpeWV1bXyemVjc2t7R9/da4so4Zi0cMQi3vWRIIyGpCWpZKQbc4ICn5GOP77K/c6EcEGj8E6mMXEDNAzpgGIkleTpJ8ggXnYzNZwgOT6d2Hlx7EvH5sbETr+d/PL0qlkzZ4B/iVWQKijQ9PQPpx/hJCChxAwJ0bPMWLoZ4pJiRqYVJxEkRniMhqSnaIgCItxsttQUHimlDwcRVyeUcKb+nMhQIEQa+KozQHIkFr1c/M/rJXJw4WY0jBNJQjx/aJAwKCOYJwT7lBMsWaoIwpyqv0I8QhxhqXKsqBCsxZX/kvZZzTJr1m292qgXcZTBATgEBrDAOWiAa9AELYDBPXgEz+BFe9CetFftbd5a0oqZffAL2vsXr0Scpw==</latexit>

ERR BOUND

keN (µ)kY  kr(·; yN (µ), µ)kY0

↵a(µ)
.

<latexit sha1_base64="e0nR2E8O1rOb0agu+eaeKYs32Dw="></latexit>

keN (µ)kY  �N (µ) :=
kr(·; yN (µ))kY0

↵LB
a (µ)

<latexit sha1_base64="3WqbkeGB2+EeqIIdY+hWfEwLkdg="></latexit>

↵LB
a (µ)  ↵a(µ), 8 µ 2 D.

<latexit sha1_base64="8RQyxUF2YFJL2HY1M+BjNSN0yl0="></latexit>
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Simplest Case

General Form

Find                       s.t.

a(yN (µ), v;µ) = f(v;µ)
<latexit sha1_base64="/YBAYKk/+8ZnA0YuW7cfF9U6zvk=">AAACB3icbVDLSgMxFM3UV62vUZeCBIswgpSZWlAoQsGNK6lgH9AZhkyaaUMzD5JMYSjdufFX3LhQxK2/4M6/MdPOQlsPhJyccy8393gxo0Ka5rdWWFldW98obpa2tnd29/T9g7aIEo5JC0cs4l0PCcJoSFqSSka6MSco8BjpeKObzO+MCRc0Ch9kGhMnQIOQ+hQjqSRXP0ZG6t4ZdpCcnY/r2WXXr+26b8wfrl42K+YMcJlYOSmDHE1X/7L7EU4CEkrMkBA9y4ylM0FcUszItGQngsQIj9CA9BQNUUCEM5ntMYWnSulDP+LqhBLO1N8dExQIkQaeqgyQHIpFLxP/83qJ9K+cCQ3jRJIQzwf5CYMyglkosE85wZKliiDMqforxEPEEZYqupIKwVpceZm0qxXrolK9r5UbtTyOIjgCJ8AAFrgEDXALmqAFMHgEz+AVvGlP2ov2rn3MSwta3nMI/kD7/AHnMpdg</latexit>

Matrix Form

yN (µ) 2 YN
<latexit sha1_base64="xBxAiqqsjUavdLraAirJ38X/jv4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSC7osuHFVKtiHNCFMppN26GQSZiZCCAU3/oobF4q49Sfc+TdO2iy0euDC4Zx7ufceP2ZUKsv6Mkorq2vrG+XNytb2zu6euX/Qk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vcr9/j0Rkkb8VqUxcUM05jSgGCkteeZR6rVrTpicQYdy6IRITTBi8A56bc+sWnVrDviX2AWpggIdz/x0RhFOQsIVZkjKoW3Fys2QUBQzMqs4iSQxwlM0JkNNOQqJdLP5DzN4qpURDCKhiys4V39OZCiUMg193ZkfKZe9XPzPGyYquHQzyuNEEY4Xi4KEQRXBPBA4ooJgxVJNEBZU3wrxBAmElY6tokOwl1/+S3qNun1eb9w0q61mEUcZHIMTUAM2uAAtcA06oAsweABP4AW8Go/Gs/FmvC9aS0Yxcwh+wfj4Bsp7lkk=</latexit>

Find                        s.t.

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit>

where AN 2 IRN⇥N , fN 2 IRN .
<latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit>

yN (µ) 2 IRN
<latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit>

Questions: 

How can we compute the approximation? 

How do we know the error is small? 

How do we know what value of      to take? 

How do we compute the approximations efficiently? 

How do we choose the sample points optimally?

N
<latexit sha1_base64="P2Ulr0FBfWkJkuuG1F2SMqUQ950=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqadeq3kW11rys1Gt5HEU4gVM4Bw+uoA630IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AaMPjMY=</latexit>

FE SPACE

SNAPSHOTS

y(µi) yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL

8 v 2 YN .
<latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit>
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Simplest Case 

We have                                             where 

                                                                   and 

AN (µ) yN (µ) = fN (µ)
<latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit><latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit><latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit><latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit>

AN (µ) = WT
NA(µ) WN

<latexit sha1_base64="p+oblGj4QcFJvpQQxK/Y4QVNIrc="></latexit>

fN (µ) = WT
Nf(µ)

<latexit sha1_base64="Uag1NCPXRDKrGg+lwCczcVle/lc="></latexit>
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Simplest Case 

We have                                             where 

                                                                   and 

Assume that               and              are affine in the parameter, i.e. 

                                                                   and 

-dependent 
coefficients 

µ
<latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit>

-independent 
matrices 

µ
<latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit>

AN (µ) yN (µ) = fN (µ)
<latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit><latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit><latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit><latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit>

AN (µ)
<latexit sha1_base64="+msKgAvKfAYXqVu4DRaLJcq94W4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyWRgi4rblxJBfuAJoTJZNIOnWTCzEQoIXs3/oobF4q49Qfc+TdO2iy09cIwh3Pu5Z57/IRRqSzr26isrW9sblW3azu7e/sH5uFRX/JUYNLDnHEx9JEkjMakp6hiZJgIgiKfkYE/vS70wQMRkvL4Xs0S4kZoHNOQYqQ05Zn1zPE5C+Qs0l/mREhNMGLwKs+97DZvOlF65pkNq2XNC64CuwQNUFbXM7+cgOM0IrHCDEk5sq1EuRkSimJG8pqTSpIgPEVjMtIwRhGRbja/JYenmglgyIV+sYJz9vdEhiJZuNWdhVm5rBXkf9ooVeGlm9E4SRWJ8WJRmDKoOCyCgQEVBCs20wBhQbVXiCdIIKx0fDUdgr188iron7dsq2XftRuddhlHFZyAOmgCG1yADrgBXdADGDyCZ/AK3own48V4Nz4WrRWjnDkGf8r4/AF8eZs/</latexit><latexit sha1_base64="+msKgAvKfAYXqVu4DRaLJcq94W4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyWRgi4rblxJBfuAJoTJZNIOnWTCzEQoIXs3/oobF4q49Qfc+TdO2iy09cIwh3Pu5Z57/IRRqSzr26isrW9sblW3azu7e/sH5uFRX/JUYNLDnHEx9JEkjMakp6hiZJgIgiKfkYE/vS70wQMRkvL4Xs0S4kZoHNOQYqQ05Zn1zPE5C+Qs0l/mREhNMGLwKs+97DZvOlF65pkNq2XNC64CuwQNUFbXM7+cgOM0IrHCDEk5sq1EuRkSimJG8pqTSpIgPEVjMtIwRhGRbja/JYenmglgyIV+sYJz9vdEhiJZuNWdhVm5rBXkf9ooVeGlm9E4SRWJ8WJRmDKoOCyCgQEVBCs20wBhQbVXiCdIIKx0fDUdgr188iron7dsq2XftRuddhlHFZyAOmgCG1yADrgBXdADGDyCZ/AK3own48V4Nz4WrRWjnDkGf8r4/AF8eZs/</latexit><latexit sha1_base64="+msKgAvKfAYXqVu4DRaLJcq94W4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyWRgi4rblxJBfuAJoTJZNIOnWTCzEQoIXs3/oobF4q49Qfc+TdO2iy09cIwh3Pu5Z57/IRRqSzr26isrW9sblW3azu7e/sH5uFRX/JUYNLDnHEx9JEkjMakp6hiZJgIgiKfkYE/vS70wQMRkvL4Xs0S4kZoHNOQYqQ05Zn1zPE5C+Qs0l/mREhNMGLwKs+97DZvOlF65pkNq2XNC64CuwQNUFbXM7+cgOM0IrHCDEk5sq1EuRkSimJG8pqTSpIgPEVjMtIwRhGRbja/JYenmglgyIV+sYJz9vdEhiJZuNWdhVm5rBXkf9ooVeGlm9E4SRWJ8WJRmDKoOCyCgQEVBCs20wBhQbVXiCdIIKx0fDUdgr188iron7dsq2XftRuddhlHFZyAOmgCG1yADrgBXdADGDyCZ/AK3own48V4Nz4WrRWjnDkGf8r4/AF8eZs/</latexit><latexit sha1_base64="+msKgAvKfAYXqVu4DRaLJcq94W4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyWRgi4rblxJBfuAJoTJZNIOnWTCzEQoIXs3/oobF4q49Qfc+TdO2iy09cIwh3Pu5Z57/IRRqSzr26isrW9sblW3azu7e/sH5uFRX/JUYNLDnHEx9JEkjMakp6hiZJgIgiKfkYE/vS70wQMRkvL4Xs0S4kZoHNOQYqQ05Zn1zPE5C+Qs0l/mREhNMGLwKs+97DZvOlF65pkNq2XNC64CuwQNUFbXM7+cgOM0IrHCDEk5sq1EuRkSimJG8pqTSpIgPEVjMtIwRhGRbja/JYenmglgyIV+sYJz9vdEhiJZuNWdhVm5rBXkf9ooVeGlm9E4SRWJ8WJRmDKoOCyCgQEVBCs20wBhQbVXiCdIIKx0fDUdgr188iron7dsq2XftRuddhlHFZyAOmgCG1yADrgBXdADGDyCZ/AK3own48V4Nz4WrRWjnDkGf8r4/AF8eZs/</latexit>

fN (µ)
<latexit sha1_base64="RWpG7RE5iq2k73u91LkgKUWecLM=">AAACAnicbVDLSsNAFJ34rPUVdSVugkWom5JIQZcFN66kgn1AE8JkOmmHziPMTIQSght/xY0LRdz6Fe78GydtFtp6YJjDOfdy7z1RQonSrvttrayurW9sVraq2zu7e/v2wWFXiVQi3EGCCtmPoMKUcNzRRFPcTySGLKK4F02uC7/3gKUigt/raYIDBkecxARBbaTQPs78SNChmjLzZXGeh9ltXvdZeh7aNbfhzuAsE68kNVCiHdpf/lCglGGuEYVKDTw30UEGpSaI4rzqpwonEE3gCA8M5ZBhFWSzE3LnzChDJxbSPK6dmfq7I4NMFUuaSgb1WC16hfifN0h1fBVkhCepxhzNB8UpdbRwijycIZEYaTo1BCJJzK4OGkMJkTapVU0I3uLJy6R70fDchnfXrLWaZRwVcAJOQR144BK0wA1ogw5A4BE8g1fwZj1ZL9a79TEvXbHKniPwB9bnD/Abl7Q=</latexit><latexit sha1_base64="RWpG7RE5iq2k73u91LkgKUWecLM=">AAACAnicbVDLSsNAFJ34rPUVdSVugkWom5JIQZcFN66kgn1AE8JkOmmHziPMTIQSght/xY0LRdz6Fe78GydtFtp6YJjDOfdy7z1RQonSrvttrayurW9sVraq2zu7e/v2wWFXiVQi3EGCCtmPoMKUcNzRRFPcTySGLKK4F02uC7/3gKUigt/raYIDBkecxARBbaTQPs78SNChmjLzZXGeh9ltXvdZeh7aNbfhzuAsE68kNVCiHdpf/lCglGGuEYVKDTw30UEGpSaI4rzqpwonEE3gCA8M5ZBhFWSzE3LnzChDJxbSPK6dmfq7I4NMFUuaSgb1WC16hfifN0h1fBVkhCepxhzNB8UpdbRwijycIZEYaTo1BCJJzK4OGkMJkTapVU0I3uLJy6R70fDchnfXrLWaZRwVcAJOQR144BK0wA1ogw5A4BE8g1fwZj1ZL9a79TEvXbHKniPwB9bnD/Abl7Q=</latexit><latexit sha1_base64="RWpG7RE5iq2k73u91LkgKUWecLM=">AAACAnicbVDLSsNAFJ34rPUVdSVugkWom5JIQZcFN66kgn1AE8JkOmmHziPMTIQSght/xY0LRdz6Fe78GydtFtp6YJjDOfdy7z1RQonSrvttrayurW9sVraq2zu7e/v2wWFXiVQi3EGCCtmPoMKUcNzRRFPcTySGLKK4F02uC7/3gKUigt/raYIDBkecxARBbaTQPs78SNChmjLzZXGeh9ltXvdZeh7aNbfhzuAsE68kNVCiHdpf/lCglGGuEYVKDTw30UEGpSaI4rzqpwonEE3gCA8M5ZBhFWSzE3LnzChDJxbSPK6dmfq7I4NMFUuaSgb1WC16hfifN0h1fBVkhCepxhzNB8UpdbRwijycIZEYaTo1BCJJzK4OGkMJkTapVU0I3uLJy6R70fDchnfXrLWaZRwVcAJOQR144BK0wA1ogw5A4BE8g1fwZj1ZL9a79TEvXbHKniPwB9bnD/Abl7Q=</latexit><latexit sha1_base64="RWpG7RE5iq2k73u91LkgKUWecLM=">AAACAnicbVDLSsNAFJ34rPUVdSVugkWom5JIQZcFN66kgn1AE8JkOmmHziPMTIQSght/xY0LRdz6Fe78GydtFtp6YJjDOfdy7z1RQonSrvttrayurW9sVraq2zu7e/v2wWFXiVQi3EGCCtmPoMKUcNzRRFPcTySGLKK4F02uC7/3gKUigt/raYIDBkecxARBbaTQPs78SNChmjLzZXGeh9ltXvdZeh7aNbfhzuAsE68kNVCiHdpf/lCglGGuEYVKDTw30UEGpSaI4rzqpwonEE3gCA8M5ZBhFWSzE3LnzChDJxbSPK6dmfq7I4NMFUuaSgb1WC16hfifN0h1fBVkhCepxhzNB8UpdbRwijycIZEYaTo1BCJJzK4OGkMJkTapVU0I3uLJy6R70fDchnfXrLWaZRwVcAJOQR144BK0wA1ogw5A4BE8g1fwZj1ZL9a79TEvXbHKniPwB9bnD/Abl7Q=</latexit>

AN (µ) = WT
NA(µ) WN

<latexit sha1_base64="p+oblGj4QcFJvpQQxK/Y4QVNIrc="></latexit>

fN (µ) = WT
Nf(µ)

<latexit sha1_base64="Uag1NCPXRDKrGg+lwCczcVle/lc="></latexit>

AN (µ) =
QaX

q=1

✓qa(µ)| {z } Aq
|{z}

<latexit sha1_base64="yP36Z55xkllWWwYsTNKFlWA6pls="></latexit>

fN (µ) =

QfX

q=1

✓qf (µ) f q.

<latexit sha1_base64="GsCWej2kIiELRBN+n5pskS67Ccc="></latexit>
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Simplest Case 

We have                                             where 

                                                                   and 

Assume that               and              are affine in the parameter, i.e. 

                                                                   and 

For our Poisson example 

-dependent 
coefficients 

µ
<latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit>

-independent 
matrices 

µ
<latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit>

AN (µ) yN (µ) = fN (µ)
<latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit><latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit><latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit><latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit>

AN (µ)
<latexit sha1_base64="+msKgAvKfAYXqVu4DRaLJcq94W4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyWRgi4rblxJBfuAJoTJZNIOnWTCzEQoIXs3/oobF4q49Qfc+TdO2iy09cIwh3Pu5Z57/IRRqSzr26isrW9sblW3azu7e/sH5uFRX/JUYNLDnHEx9JEkjMakp6hiZJgIgiKfkYE/vS70wQMRkvL4Xs0S4kZoHNOQYqQ05Zn1zPE5C+Qs0l/mREhNMGLwKs+97DZvOlF65pkNq2XNC64CuwQNUFbXM7+cgOM0IrHCDEk5sq1EuRkSimJG8pqTSpIgPEVjMtIwRhGRbja/JYenmglgyIV+sYJz9vdEhiJZuNWdhVm5rBXkf9ooVeGlm9E4SRWJ8WJRmDKoOCyCgQEVBCs20wBhQbVXiCdIIKx0fDUdgr188iron7dsq2XftRuddhlHFZyAOmgCG1yADrgBXdADGDyCZ/AK3own48V4Nz4WrRWjnDkGf8r4/AF8eZs/</latexit><latexit sha1_base64="+msKgAvKfAYXqVu4DRaLJcq94W4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyWRgi4rblxJBfuAJoTJZNIOnWTCzEQoIXs3/oobF4q49Qfc+TdO2iy09cIwh3Pu5Z57/IRRqSzr26isrW9sblW3azu7e/sH5uFRX/JUYNLDnHEx9JEkjMakp6hiZJgIgiKfkYE/vS70wQMRkvL4Xs0S4kZoHNOQYqQ05Zn1zPE5C+Qs0l/mREhNMGLwKs+97DZvOlF65pkNq2XNC64CuwQNUFbXM7+cgOM0IrHCDEk5sq1EuRkSimJG8pqTSpIgPEVjMtIwRhGRbja/JYenmglgyIV+sYJz9vdEhiJZuNWdhVm5rBXkf9ooVeGlm9E4SRWJ8WJRmDKoOCyCgQEVBCs20wBhQbVXiCdIIKx0fDUdgr188iron7dsq2XftRuddhlHFZyAOmgCG1yADrgBXdADGDyCZ/AK3own48V4Nz4WrRWjnDkGf8r4/AF8eZs/</latexit><latexit sha1_base64="+msKgAvKfAYXqVu4DRaLJcq94W4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyWRgi4rblxJBfuAJoTJZNIOnWTCzEQoIXs3/oobF4q49Qfc+TdO2iy09cIwh3Pu5Z57/IRRqSzr26isrW9sblW3azu7e/sH5uFRX/JUYNLDnHEx9JEkjMakp6hiZJgIgiKfkYE/vS70wQMRkvL4Xs0S4kZoHNOQYqQ05Zn1zPE5C+Qs0l/mREhNMGLwKs+97DZvOlF65pkNq2XNC64CuwQNUFbXM7+cgOM0IrHCDEk5sq1EuRkSimJG8pqTSpIgPEVjMtIwRhGRbja/JYenmglgyIV+sYJz9vdEhiJZuNWdhVm5rBXkf9ooVeGlm9E4SRWJ8WJRmDKoOCyCgQEVBCs20wBhQbVXiCdIIKx0fDUdgr188iron7dsq2XftRuddhlHFZyAOmgCG1yADrgBXdADGDyCZ/AK3own48V4Nz4WrRWjnDkGf8r4/AF8eZs/</latexit><latexit sha1_base64="+msKgAvKfAYXqVu4DRaLJcq94W4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyWRgi4rblxJBfuAJoTJZNIOnWTCzEQoIXs3/oobF4q49Qfc+TdO2iy09cIwh3Pu5Z57/IRRqSzr26isrW9sblW3azu7e/sH5uFRX/JUYNLDnHEx9JEkjMakp6hiZJgIgiKfkYE/vS70wQMRkvL4Xs0S4kZoHNOQYqQ05Zn1zPE5C+Qs0l/mREhNMGLwKs+97DZvOlF65pkNq2XNC64CuwQNUFbXM7+cgOM0IrHCDEk5sq1EuRkSimJG8pqTSpIgPEVjMtIwRhGRbja/JYenmglgyIV+sYJz9vdEhiJZuNWdhVm5rBXkf9ooVeGlm9E4SRWJ8WJRmDKoOCyCgQEVBCs20wBhQbVXiCdIIKx0fDUdgr188iron7dsq2XftRuddhlHFZyAOmgCG1yADrgBXdADGDyCZ/AK3own48V4Nz4WrRWjnDkGf8r4/AF8eZs/</latexit>

fN (µ)
<latexit sha1_base64="RWpG7RE5iq2k73u91LkgKUWecLM=">AAACAnicbVDLSsNAFJ34rPUVdSVugkWom5JIQZcFN66kgn1AE8JkOmmHziPMTIQSght/xY0LRdz6Fe78GydtFtp6YJjDOfdy7z1RQonSrvttrayurW9sVraq2zu7e/v2wWFXiVQi3EGCCtmPoMKUcNzRRFPcTySGLKK4F02uC7/3gKUigt/raYIDBkecxARBbaTQPs78SNChmjLzZXGeh9ltXvdZeh7aNbfhzuAsE68kNVCiHdpf/lCglGGuEYVKDTw30UEGpSaI4rzqpwonEE3gCA8M5ZBhFWSzE3LnzChDJxbSPK6dmfq7I4NMFUuaSgb1WC16hfifN0h1fBVkhCepxhzNB8UpdbRwijycIZEYaTo1BCJJzK4OGkMJkTapVU0I3uLJy6R70fDchnfXrLWaZRwVcAJOQR144BK0wA1ogw5A4BE8g1fwZj1ZL9a79TEvXbHKniPwB9bnD/Abl7Q=</latexit><latexit sha1_base64="RWpG7RE5iq2k73u91LkgKUWecLM=">AAACAnicbVDLSsNAFJ34rPUVdSVugkWom5JIQZcFN66kgn1AE8JkOmmHziPMTIQSght/xY0LRdz6Fe78GydtFtp6YJjDOfdy7z1RQonSrvttrayurW9sVraq2zu7e/v2wWFXiVQi3EGCCtmPoMKUcNzRRFPcTySGLKK4F02uC7/3gKUigt/raYIDBkecxARBbaTQPs78SNChmjLzZXGeh9ltXvdZeh7aNbfhzuAsE68kNVCiHdpf/lCglGGuEYVKDTw30UEGpSaI4rzqpwonEE3gCA8M5ZBhFWSzE3LnzChDJxbSPK6dmfq7I4NMFUuaSgb1WC16hfifN0h1fBVkhCepxhzNB8UpdbRwijycIZEYaTo1BCJJzK4OGkMJkTapVU0I3uLJy6R70fDchnfXrLWaZRwVcAJOQR144BK0wA1ogw5A4BE8g1fwZj1ZL9a79TEvXbHKniPwB9bnD/Abl7Q=</latexit><latexit sha1_base64="RWpG7RE5iq2k73u91LkgKUWecLM=">AAACAnicbVDLSsNAFJ34rPUVdSVugkWom5JIQZcFN66kgn1AE8JkOmmHziPMTIQSght/xY0LRdz6Fe78GydtFtp6YJjDOfdy7z1RQonSrvttrayurW9sVraq2zu7e/v2wWFXiVQi3EGCCtmPoMKUcNzRRFPcTySGLKK4F02uC7/3gKUigt/raYIDBkecxARBbaTQPs78SNChmjLzZXGeh9ltXvdZeh7aNbfhzuAsE68kNVCiHdpf/lCglGGuEYVKDTw30UEGpSaI4rzqpwonEE3gCA8M5ZBhFWSzE3LnzChDJxbSPK6dmfq7I4NMFUuaSgb1WC16hfifN0h1fBVkhCepxhzNB8UpdbRwijycIZEYaTo1BCJJzK4OGkMJkTapVU0I3uLJy6R70fDchnfXrLWaZRwVcAJOQR144BK0wA1ogw5A4BE8g1fwZj1ZL9a79TEvXbHKniPwB9bnD/Abl7Q=</latexit><latexit sha1_base64="RWpG7RE5iq2k73u91LkgKUWecLM=">AAACAnicbVDLSsNAFJ34rPUVdSVugkWom5JIQZcFN66kgn1AE8JkOmmHziPMTIQSght/xY0LRdz6Fe78GydtFtp6YJjDOfdy7z1RQonSrvttrayurW9sVraq2zu7e/v2wWFXiVQi3EGCCtmPoMKUcNzRRFPcTySGLKK4F02uC7/3gKUigt/raYIDBkecxARBbaTQPs78SNChmjLzZXGeh9ltXvdZeh7aNbfhzuAsE68kNVCiHdpf/lCglGGuEYVKDTw30UEGpSaI4rzqpwonEE3gCA8M5ZBhFWSzE3LnzChDJxbSPK6dmfq7I4NMFUuaSgb1WC16hfifN0h1fBVkhCepxhzNB8UpdbRwijycIZEYaTo1BCJJzK4OGkMJkTapVU0I3uLJy6R70fDchnfXrLWaZRwVcAJOQR144BK0wA1ogw5A4BE8g1fwZj1ZL9a79TEvXbHKniPwB9bnD/Abl7Q=</latexit>

a(w, v;µ) =
PX

q=0

q

Z

⌦q

rw ·rv d⌦

AN (µ) =
QaX

q=1

✓qa(µ)| {z } Aq
|{z}

<latexit sha1_base64="yP36Z55xkllWWwYsTNKFlWA6pls="></latexit>

fN (µ) =

QfX

q=1

✓qf (µ) f q.

<latexit sha1_base64="GsCWej2kIiELRBN+n5pskS67Ccc="></latexit>

AN (µ) = WT
NA(µ) WN

<latexit sha1_base64="p+oblGj4QcFJvpQQxK/Y4QVNIrc="></latexit>

fN (µ) = WT
Nf(µ)

<latexit sha1_base64="Uag1NCPXRDKrGg+lwCczcVle/lc="></latexit>



Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

We have                                             where 

                                                                   and 

Assume that               and              are affine in the parameter, i.e. 

                                                                   and 
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We have                                             where 

                                                                   and 

Assume that               and              are affine in the parameter, i.e. 

                                                                   and 

For our Poisson example 

-dependent 
coefficients 

µ
<latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit>

-independent 
matrices 

µ
<latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit>

AN (µ) yN (µ) = fN (µ)
<latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit><latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit><latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit><latexit sha1_base64="MREhLfx10UJjg5IQHu6maMT4ZpY="></latexit>

a(w, v;µ)| {z } =
PX

q=0

q|{z}

Z

⌦q

rw ·rv d⌦

| {z }
<latexit sha1_base64="aH9nAXZfZ1A2NNV6Zo7xwnpuhYE="></latexit>

AN (µ) = WT
NA(µ) WN

<latexit sha1_base64="p+oblGj4QcFJvpQQxK/Y4QVNIrc="></latexit>

fN (µ) = WT
Nf(µ)

<latexit sha1_base64="Uag1NCPXRDKrGg+lwCczcVle/lc="></latexit>

vTA(µ) w =
PX

q=0

✓q(µ) vTAq w
<latexit sha1_base64="ZG4oMl6v9sag5pLztKO42IDM8DY="></latexit>

A(µ)
<latexit sha1_base64="NkQxbimEVCuS+WM2X8Hs9uZ0CRw=">AAACB3icbVDLSgMxFM34rPU16lKQYBHqpszUgi4rblxWsA/oDCWTybShyWRIMkIZunPjr7hxoYhbf8Gdf2OmnYW2Xgg5nHMv99wTJIwq7Tjf1srq2vrGZmmrvL2zu7dvHxx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTa53H4hUVMT3epIQn6NhTCOKkTbUwD7JvECwUE24+TKPIz3CiMHr6bTq8fR8YFecmjMruAzcAlRAUa2B/eWFAqecxBozpFTfdRLtZ0hqihmZlr1UkQThMRqSvoEx4kT52eyOKTwzTAgjIc2LNZyxvycyxFXu1HTmRtWilpP/af1UR1d+RuMk1STG80VRyqAWMA8FhlQSrNnEAIQlNV4hHiGJsDbRlU0I7uLJy6BTr7kXtfpdo9JsFHGUwDE4BVXggkvQBLegBdoAg0fwDF7Bm/VkvVjv1se8dcUqZo7An7I+fwA3hJl2</latexit>

f(µ)
<latexit sha1_base64="V6GelAHer7G0n2i3xThOC6u/Wig=">AAAB/nicbVBLS8NAGNz4rPUVFU9egkWol5LUgh4LXjxWsA9oQtlsNu3SfYTdjVBCwL/ixYMiXv0d3vw3btoctHVg2WHm+9jZCRNKlHbdb2ttfWNza7uyU93d2z84tI+Oe0qkEuEuElTIQQgVpoTjriaa4kEiMWQhxf1welv4/UcsFRH8Qc8SHDA45iQmCGojjezTzA8FjdSMmSuL87zus/RyZNfchjuHs0q8ktRAic7I/vIjgVKGuUYUKjX03EQHGZSaIIrzqp8qnEA0hWM8NJRDhlWQzePnzoVRIicW0hyunbn6eyODTBUBzSSDeqKWvUL8zxumOr4JMsKTVGOOFg/FKXW0cIounIhIjDSdGQKRJCargyZQQqRNY1VTgrf85VXSaza8q0bzvlVrt8o6KuAMnIM68MA1aIM70AFdgEAGnsEreLOerBfr3fpYjK5Z5c4J+APr8we4MpXr</latexit>

A(µ) =
QaX

q=1

✓qa(µ)| {z } Aq
|{z}

<latexit sha1_base64="fNCheuwD0DMvia4T+xCHc6TVJ0g="></latexit>

f(µ) =

QfX

q=1

✓qf (µ) f q.

<latexit sha1_base64="D4ZoWn75irnlCQyQJjl/dyuIp7I="></latexit>
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We thus obtain: 
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Simplest Case

AN (µ) = WT
N

 
✓aX

q=1

✓qa(µ) Aq

!
WN

<latexit sha1_base64="Yu12Ya6tDjGSITyb7dv5Qt4K9kc="></latexit>
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We thus obtain: 

54

Simplest Case

    -independent 
matrices of size 
µ

<latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit>

N ⇥N
<latexit sha1_base64="chjPtJBU891P6ON3vQawvqyje4E=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOQU9iNgh4DXjyFCOYhyRJmJ7PJkJndZaZXCCFf4cWDIl79HG/+jZNkD5pY0FBUddPdFSRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZONeNNFstYdwJquBQRb6JAyTuJ5lQFkreD8e3cbz9xbUQcPeAk4b6iw0iEglG00mO9h0JxQ+r9YsmtuAuQdeJlpAQZGv3iV28Qs1TxCJmkxnQ9N0F/SjUKJvms0EsNTygb0yHvWhpRu8afLg6ekQurDEgYa1sRkoX6e2JKlTETFdhORXFkVr25+J/XTTG88aciSlLkEVsuClNJMCbz78lAaM5QTiyhTAt7K2EjqilDm1HBhuCtvrxOWtWKd1mp3l+VauUsjjycwTmUwYNrqMEdNKAJDBQ8wyu8Odp5cd6dj2VrzslmTuEPnM8fQxGP+A==</latexit>

AN (µ) = WT
N

 
✓aX

q=1

✓qa(µ) Aq

!
WN =

QaX

q=1

✓qa(µ)

✓
WT

N
Aq WN| {z }

◆
=

QaX

q=1

✓qa(µ) A
q
N

<latexit sha1_base64="XM26rBisPVzCSCiII5HuFxY9RiI="></latexit>
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Simplest Case

We thus obtain: 

Similarly,

    -independent 
matrices of size 
µ

<latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit>

N ⇥N
<latexit sha1_base64="chjPtJBU891P6ON3vQawvqyje4E=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOQU9iNgh4DXjyFCOYhyRJmJ7PJkJndZaZXCCFf4cWDIl79HG/+jZNkD5pY0FBUddPdFSRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZONeNNFstYdwJquBQRb6JAyTuJ5lQFkreD8e3cbz9xbUQcPeAk4b6iw0iEglG00mO9h0JxQ+r9YsmtuAuQdeJlpAQZGv3iV28Qs1TxCJmkxnQ9N0F/SjUKJvms0EsNTygb0yHvWhpRu8afLg6ekQurDEgYa1sRkoX6e2JKlTETFdhORXFkVr25+J/XTTG88aciSlLkEVsuClNJMCbz78lAaM5QTiyhTAt7K2EjqilDm1HBhuCtvrxOWtWKd1mp3l+VauUsjjycwTmUwYNrqMEdNKAJDBQ8wyu8Odp5cd6dj2VrzslmTuEPnM8fQxGP+A==</latexit>

AN (µ) = WT
N

 
✓aX
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✓qa(µ) Aq
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✓qa(µ)

✓
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N
Aq WN| {z }

◆
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QaX
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✓qa(µ) A
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<latexit sha1_base64="XM26rBisPVzCSCiII5HuFxY9RiI="></latexit>

fN (µ) =
QX

q=1

✓qf (µ) (W
T

N
f q) =

QX

q=1

✓qf (µ)fq
N

<latexit sha1_base64="ht48alPSSJEVr+wWtm59IFo/rO8="></latexit>
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Simplest Case

We thus obtain: 

Similarly,

Offline stage: 
• compute snapshot-basis 

• compute and store 
at cost

Online stage:  
For any            

• assemble 

• solve for             at cost

µ 2 D
<latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit>

(N •, N•)
<latexit sha1_base64="fniBTlNUzglXPzQ8l11Ejf1ZQg8=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSElqQZcFN65KBfuAJpbJdNIOnUzCzEQoIV/gxl9x40IRt67d+TdO2oDaemDgzDn3cu89XsSoVJb1Zaysrq1vbBa2its7u3v75sFhR4axwKSNQxaKnockYZSTtqKKkV4kCAo8Rrre5Crzu/dESBryWzWNiBugEac+xUhpaWCWK06A1BgjljTTu8TxYsaISuEZbP78TgdmyapaM8BlYuekBHK0BuanMwxxHBCuMENS9m0rUm6ChKKYkbToxJJECE/QiPQ15Sgg0k1m56SwrJUh9EOhH1dwpv7uSFAg5TTwdGW2u1z0MvE/rx8r/9JNKI9iRTieD/JjBlUIs2zgkAqCFZtqgrCgeleIx0ggrHSCRR2CvXjyMunUqvZ5tXZTLzXqeRwFcAxOQAXY4AI0wDVogTbA4AE8gRfwajwaz8ab8T4vXTHyniPwB8bHNwv8nA4=</latexit>

(N•)
<latexit sha1_base64="yWLGcC5U5cxfc4rZZ5yYYB86wvA=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSS1oMeCF09SwX5AG8tmu2mXbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM82PBNTrOt7W2vrG5tZ3bye/u7R8cFo6OmzpKFGUNGolItX2imeCSNZCjYO1YMRL6grX80c3Mb42Z0jySDziJmReSgeQBpwSN5JXuHtOunwjBcHrRKxSdsjOHvUrcjBQhQ71X+Or2I5qETCIVROuO68TopUQhp4JN891Es5jQERmwjqGShEx76fzoqX1ulL4dRMqURHuu/p5ISaj1JPRNZ0hwqJe9mfif10kwuPZSLuMEmaSLRUEibIzsWQJ2nytGUUwMIVRxc6tNh0QRiianvAnBXX55lTQrZfeyXLmvFmvVLI4cnMIZlMCFK6jBLdShARSe4Ble4c0aWy/Wu/WxaF2zspkT+APr8wdd9ZHL</latexit>

    -independent 
matrices of size 
µ

<latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit><latexit sha1_base64="zIjQvfx0GR9AzlmxdnKIQv5Sp9U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnRxEByhL3NXrJkd+/YnRPCkZ9gY6GIrb/Izn/jJrlCEx8MPN6bYWZelEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTiajlUmjeQoGSd1LDqYokf4zGNzP/8YkbKxL9gJOUh4oOtYgFo+ik+57K+tWaX/fnIKskKEgNCjT71a/eIGGZ4hqZpNZ2Az/FMKcGBZN8WulllqeUjemQdx3VVHEb5vNTp+TMKQMSJ8aVRjJXf0/kVFk7UZHrVBRHdtmbif953Qzj6zAXOs2Qa7ZYFGeSYEJmf5OBMJyhnDhCmRHuVsJG1FCGLp2KCyFYfnmVtC/qgV8P7i5rjaCIowwncArnEMAVNOAWmtACBkN4hld486T34r17H4vWklfMHMMfeJ8/WEGNxQ==</latexit>

N ⇥N
<latexit sha1_base64="chjPtJBU891P6ON3vQawvqyje4E=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoOQU9iNgh4DXjyFCOYhyRJmJ7PJkJndZaZXCCFf4cWDIl79HG/+jZNkD5pY0FBUddPdFSRSGHTdbye3sbm1vZPfLeztHxweFY9PWiZONeNNFstYdwJquBQRb6JAyTuJ5lQFkreD8e3cbz9xbUQcPeAk4b6iw0iEglG00mO9h0JxQ+r9YsmtuAuQdeJlpAQZGv3iV28Qs1TxCJmkxnQ9N0F/SjUKJvms0EsNTygb0yHvWhpRu8afLg6ekQurDEgYa1sRkoX6e2JKlTETFdhORXFkVr25+J/XTTG88aciSlLkEVsuClNJMCbz78lAaM5QTiyhTAt7K2EjqilDm1HBhuCtvrxOWtWKd1mp3l+VauUsjjycwTmUwYNrqMEdNKAJDBQ8wyu8Odp5cd6dj2VrzslmTuEPnM8fQxGP+A==</latexit>

WN
<latexit sha1_base64="ebcyZ0f7KWEHJ8IWUmb7oj32VYs=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQi6LLgxpVUsA9oQphMJu3QyUyYmQglZOHGX3HjQhG3foQ7/8ZJm4W2XhjmcM693HNPmDKqtON8W7W19Y3Nrfp2Y2d3b//APjzqK5FJTHpYMCGHIVKEUU56mmpGhqkkKAkZGYTT61IfPBCpqOD3epYSP0FjTmOKkTZUYDe9ULBIzRLz5V6C9AQjBgdFkN8Wgd1y2s684CpwK9ACVXUD+8uLBM4SwjVmSKmR66Taz5HUFDNSNLxMkRThKRqTkYEcJUT5+fyIAp4aJoKxkOZxDefs74kcJar0aTpLm2pZK8n/tFGm4ys/pzzNNOF4sSjOGNQClonAiEqCNZsZgLCkxivEEyQR1ia3hgnBXT55FfTP267Tdu8uWp2LKo46aIITcAZccAk64AZ0QQ9g8AiewSt4s56sF+vd+li01qxq5hj8KevzB25lmIg=</latexit><latexit sha1_base64="ebcyZ0f7KWEHJ8IWUmb7oj32VYs=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQi6LLgxpVUsA9oQphMJu3QyUyYmQglZOHGX3HjQhG3foQ7/8ZJm4W2XhjmcM693HNPmDKqtON8W7W19Y3Nrfp2Y2d3b//APjzqK5FJTHpYMCGHIVKEUU56mmpGhqkkKAkZGYTT61IfPBCpqOD3epYSP0FjTmOKkTZUYDe9ULBIzRLz5V6C9AQjBgdFkN8Wgd1y2s684CpwK9ACVXUD+8uLBM4SwjVmSKmR66Taz5HUFDNSNLxMkRThKRqTkYEcJUT5+fyIAp4aJoKxkOZxDefs74kcJar0aTpLm2pZK8n/tFGm4ys/pzzNNOF4sSjOGNQClonAiEqCNZsZgLCkxivEEyQR1ia3hgnBXT55FfTP267Tdu8uWp2LKo46aIITcAZccAk64AZ0QQ9g8AiewSt4s56sF+vd+li01qxq5hj8KevzB25lmIg=</latexit><latexit sha1_base64="ebcyZ0f7KWEHJ8IWUmb7oj32VYs=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQi6LLgxpVUsA9oQphMJu3QyUyYmQglZOHGX3HjQhG3foQ7/8ZJm4W2XhjmcM693HNPmDKqtON8W7W19Y3Nrfp2Y2d3b//APjzqK5FJTHpYMCGHIVKEUU56mmpGhqkkKAkZGYTT61IfPBCpqOD3epYSP0FjTmOKkTZUYDe9ULBIzRLz5V6C9AQjBgdFkN8Wgd1y2s684CpwK9ACVXUD+8uLBM4SwjVmSKmR66Taz5HUFDNSNLxMkRThKRqTkYEcJUT5+fyIAp4aJoKxkOZxDefs74kcJar0aTpLm2pZK8n/tFGm4ys/pzzNNOF4sSjOGNQClonAiEqCNZsZgLCkxivEEyQR1ia3hgnBXT55FfTP267Tdu8uWp2LKo46aIITcAZccAk64AZ0QQ9g8AiewSt4s56sF+vd+li01qxq5hj8KevzB25lmIg=</latexit><latexit sha1_base64="ebcyZ0f7KWEHJ8IWUmb7oj32VYs=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQi6LLgxpVUsA9oQphMJu3QyUyYmQglZOHGX3HjQhG3foQ7/8ZJm4W2XhjmcM693HNPmDKqtON8W7W19Y3Nrfp2Y2d3b//APjzqK5FJTHpYMCGHIVKEUU56mmpGhqkkKAkZGYTT61IfPBCpqOD3epYSP0FjTmOKkTZUYDe9ULBIzRLz5V6C9AQjBgdFkN8Wgd1y2s684CpwK9ACVXUD+8uLBM4SwjVmSKmR66Taz5HUFDNSNLxMkRThKRqTkYEcJUT5+fyIAp4aJoKxkOZxDefs74kcJar0aTpLm2pZK8n/tFGm4ys/pzzNNOF4sSjOGNQClonAiEqCNZsZgLCkxivEEyQR1ia3hgnBXT55FfTP267Tdu8uWp2LKo46aIITcAZccAk64AZ0QQ9g8AiewSt4s56sF+vd+li01qxq5hj8KevzB25lmIg=</latexit>

Aq
N , fqN

<latexit sha1_base64="JcdnEzzE3+ECyJ6eSTCqIi4SAlc=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARXZSSSEGXFTeupIK9QFPDZDpph04mcWYilJBHcOOruHGhiFuX7nwbJ20Ubf1h4Oc75zDn/F7EqFSW9WkUFhaXlleKq6W19Y3NLXN7pyXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3Se1dt3REga8ms1jkgvQANOfYqR0sg1D50AqaHnJ2epm1ymN8ltWnEq39D/ga5ZtqrWRHDe2Lkpg1wN1/xw+iGOA8IVZkjKrm1FqpcgoShmJC05sSQRwiM0IF1tOQqI7CWTg1J4oEkf+qHQjys4ob8nEhRIOQ483ZltKmdrGfyv1o2Vf9pLKI9iRTiefuTHDKoQZunAPhUEKzbWBmFB9a4QD5FAWOkMSzoEe/bkedM6rtpW1b6qleu1PI4i2AP74AjY4ATUwQVogCbA4B48gmfwYjwYT8ar8TZtLRj5zC74I+P9CyvPneI=</latexit><latexit sha1_base64="JcdnEzzE3+ECyJ6eSTCqIi4SAlc=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARXZSSSEGXFTeupIK9QFPDZDpph04mcWYilJBHcOOruHGhiFuX7nwbJ20Ubf1h4Oc75zDn/F7EqFSW9WkUFhaXlleKq6W19Y3NLXN7pyXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3Se1dt3REga8ms1jkgvQANOfYqR0sg1D50AqaHnJ2epm1ymN8ltWnEq39D/ga5ZtqrWRHDe2Lkpg1wN1/xw+iGOA8IVZkjKrm1FqpcgoShmJC05sSQRwiM0IF1tOQqI7CWTg1J4oEkf+qHQjys4ob8nEhRIOQ483ZltKmdrGfyv1o2Vf9pLKI9iRTiefuTHDKoQZunAPhUEKzbWBmFB9a4QD5FAWOkMSzoEe/bkedM6rtpW1b6qleu1PI4i2AP74AjY4ATUwQVogCbA4B48gmfwYjwYT8ar8TZtLRj5zC74I+P9CyvPneI=</latexit><latexit sha1_base64="JcdnEzzE3+ECyJ6eSTCqIi4SAlc=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARXZSSSEGXFTeupIK9QFPDZDpph04mcWYilJBHcOOruHGhiFuX7nwbJ20Ubf1h4Oc75zDn/F7EqFSW9WkUFhaXlleKq6W19Y3NLXN7pyXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3Se1dt3REga8ms1jkgvQANOfYqR0sg1D50AqaHnJ2epm1ymN8ltWnEq39D/ga5ZtqrWRHDe2Lkpg1wN1/xw+iGOA8IVZkjKrm1FqpcgoShmJC05sSQRwiM0IF1tOQqI7CWTg1J4oEkf+qHQjys4ob8nEhRIOQ483ZltKmdrGfyv1o2Vf9pLKI9iRTiefuTHDKoQZunAPhUEKzbWBmFB9a4QD5FAWOkMSzoEe/bkedM6rtpW1b6qleu1PI4i2AP74AjY4ATUwQVogCbA4B48gmfwYjwYT8ar8TZtLRj5zC74I+P9CyvPneI=</latexit><latexit sha1_base64="JcdnEzzE3+ECyJ6eSTCqIi4SAlc=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARXZSSSEGXFTeupIK9QFPDZDpph04mcWYilJBHcOOruHGhiFuX7nwbJ20Ubf1h4Oc75zDn/F7EqFSW9WkUFhaXlleKq6W19Y3NLXN7pyXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3Se1dt3REga8ms1jkgvQANOfYqR0sg1D50AqaHnJ2epm1ymN8ltWnEq39D/ga5ZtqrWRHDe2Lkpg1wN1/xw+iGOA8IVZkjKrm1FqpcgoShmJC05sSQRwiM0IF1tOQqI7CWTg1J4oEkf+qHQjys4ob8nEhRIOQ483ZltKmdrGfyv1o2Vf9pLKI9iRTiefuTHDKoQZunAPhUEKzbWBmFB9a4QD5FAWOkMSzoEe/bkedM6rtpW1b6qleu1PI4i2AP74AjY4ATUwQVogCbA4B48gmfwYjwYT8ar8TZtLRj5zC74I+P9CyvPneI=</latexit>

AN (µ), fN (µ)
<latexit sha1_base64="P2BU0dEGM6F/+CINby/EBbKBXfo=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkYIuK25cSQV7gSaEyXTSDp1JwsxEKCHP4MZXceNCEbeu3Pk2TtqK2vrDwM93zmHO+f2YUaks69MorKyurW8UN0tb2zu7e+b+QUdGicCkjSMWiZ6PJGE0JG1FFSO9WBDEfUa6/vgyr3fviJA0Cm/VJCYuR8OQBhQjpZFnVh2O1MgP0ovMS6+zisOTas2pfdPgh3pm2apbU8FlY89NGczV8swPZxDhhJNQYYak7NtWrNwUCUUxI1nJSSSJER6jIelrGyJOpJtOT8rgiSYDGERCv1DBKf09kSIu5YT7ujNfVS7WcvhfrZ+o4NxNaRgnioR49lGQMKgimOcDB1QQrNhEG4QF1btCPEICYaVTLOkQ7MWTl03ntG5bdfumUW425nEUwRE4BhVggzPQBFegBdoAg3vwCJ7Bi/FgPBmvxtustWDMZw7BHxnvX9x4nYY=</latexit><latexit sha1_base64="P2BU0dEGM6F/+CINby/EBbKBXfo=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkYIuK25cSQV7gSaEyXTSDp1JwsxEKCHP4MZXceNCEbeu3Pk2TtqK2vrDwM93zmHO+f2YUaks69MorKyurW8UN0tb2zu7e+b+QUdGicCkjSMWiZ6PJGE0JG1FFSO9WBDEfUa6/vgyr3fviJA0Cm/VJCYuR8OQBhQjpZFnVh2O1MgP0ovMS6+zisOTas2pfdPgh3pm2apbU8FlY89NGczV8swPZxDhhJNQYYak7NtWrNwUCUUxI1nJSSSJER6jIelrGyJOpJtOT8rgiSYDGERCv1DBKf09kSIu5YT7ujNfVS7WcvhfrZ+o4NxNaRgnioR49lGQMKgimOcDB1QQrNhEG4QF1btCPEICYaVTLOkQ7MWTl03ntG5bdfumUW425nEUwRE4BhVggzPQBFegBdoAg3vwCJ7Bi/FgPBmvxtustWDMZw7BHxnvX9x4nYY=</latexit><latexit sha1_base64="P2BU0dEGM6F/+CINby/EBbKBXfo=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkYIuK25cSQV7gSaEyXTSDp1JwsxEKCHP4MZXceNCEbeu3Pk2TtqK2vrDwM93zmHO+f2YUaks69MorKyurW8UN0tb2zu7e+b+QUdGicCkjSMWiZ6PJGE0JG1FFSO9WBDEfUa6/vgyr3fviJA0Cm/VJCYuR8OQBhQjpZFnVh2O1MgP0ovMS6+zisOTas2pfdPgh3pm2apbU8FlY89NGczV8swPZxDhhJNQYYak7NtWrNwUCUUxI1nJSSSJER6jIelrGyJOpJtOT8rgiSYDGERCv1DBKf09kSIu5YT7ujNfVS7WcvhfrZ+o4NxNaRgnioR49lGQMKgimOcDB1QQrNhEG4QF1btCPEICYaVTLOkQ7MWTl03ntG5bdfumUW425nEUwRE4BhVggzPQBFegBdoAg3vwCJ7Bi/FgPBmvxtustWDMZw7BHxnvX9x4nYY=</latexit><latexit sha1_base64="P2BU0dEGM6F/+CINby/EBbKBXfo=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkYIuK25cSQV7gSaEyXTSDp1JwsxEKCHP4MZXceNCEbeu3Pk2TtqK2vrDwM93zmHO+f2YUaks69MorKyurW8UN0tb2zu7e+b+QUdGicCkjSMWiZ6PJGE0JG1FFSO9WBDEfUa6/vgyr3fviJA0Cm/VJCYuR8OQBhQjpZFnVh2O1MgP0ovMS6+zisOTas2pfdPgh3pm2apbU8FlY89NGczV8swPZxDhhJNQYYak7NtWrNwUCUUxI1nJSSSJER6jIelrGyJOpJtOT8rgiSYDGERCv1DBKf09kSIu5YT7ujNfVS7WcvhfrZ+o4NxNaRgnioR49lGQMKgimOcDB1QQrNhEG4QF1btCPEICYaVTLOkQ7MWTl03ntG5bdfumUW425nEUwRE4BhVggzPQBFegBdoAg3vwCJ7Bi/FgPBmvxtustWDMZw7BHxnvX9x4nYY=</latexit>

yN (µ)
<latexit sha1_base64="LoQ2E6aw01/RjF8PSOnOoAhw+YI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWRgi4LblxJBfuAJoTJdNIOnZmEmYkQQv0VNy4UceuHuPNvnLRZaOuBgcM593LPnDBhVGnH+bYqG5tb2zvV3dre/sHhkX180ldxKjHp4ZjFchgiRRgVpKepZmSYSIJ4yMggnN0U/uCRSEVj8aCzhPgcTQSNKEbaSIFd9zjS0zDKs3mQ382bHk8vArvhtJwF4DpxS9IAJbqB/eWNY5xyIjRmSKmR6yTaz5HUFDMyr3mpIgnCMzQhI0MF4kT5+SL8HJ4bZQyjWJonNFyovzdyxJXKeGgmi6hq1SvE/7xRqqNrP6ciSTUReHkoShnUMSyagGMqCdYsMwRhSU1WiKdIIqxNXzVTgrv65XXSv2y5Tsu9bzc67bKOKjgFZ6AJXHAFOuAWdEEPYJCBZ/AK3qwn68V6tz6WoxWr3KmDP7A+fwDOtJTO</latexit><latexit sha1_base64="LoQ2E6aw01/RjF8PSOnOoAhw+YI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWRgi4LblxJBfuAJoTJdNIOnZmEmYkQQv0VNy4UceuHuPNvnLRZaOuBgcM593LPnDBhVGnH+bYqG5tb2zvV3dre/sHhkX180ldxKjHp4ZjFchgiRRgVpKepZmSYSIJ4yMggnN0U/uCRSEVj8aCzhPgcTQSNKEbaSIFd9zjS0zDKs3mQ382bHk8vArvhtJwF4DpxS9IAJbqB/eWNY5xyIjRmSKmR6yTaz5HUFDMyr3mpIgnCMzQhI0MF4kT5+SL8HJ4bZQyjWJonNFyovzdyxJXKeGgmi6hq1SvE/7xRqqNrP6ciSTUReHkoShnUMSyagGMqCdYsMwRhSU1WiKdIIqxNXzVTgrv65XXSv2y5Tsu9bzc67bKOKjgFZ6AJXHAFOuAWdEEPYJCBZ/AK3qwn68V6tz6WoxWr3KmDP7A+fwDOtJTO</latexit><latexit sha1_base64="LoQ2E6aw01/RjF8PSOnOoAhw+YI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWRgi4LblxJBfuAJoTJdNIOnZmEmYkQQv0VNy4UceuHuPNvnLRZaOuBgcM593LPnDBhVGnH+bYqG5tb2zvV3dre/sHhkX180ldxKjHp4ZjFchgiRRgVpKepZmSYSIJ4yMggnN0U/uCRSEVj8aCzhPgcTQSNKEbaSIFd9zjS0zDKs3mQ382bHk8vArvhtJwF4DpxS9IAJbqB/eWNY5xyIjRmSKmR6yTaz5HUFDMyr3mpIgnCMzQhI0MF4kT5+SL8HJ4bZQyjWJonNFyovzdyxJXKeGgmi6hq1SvE/7xRqqNrP6ciSTUReHkoShnUMSyagGMqCdYsMwRhSU1WiKdIIqxNXzVTgrv65XXSv2y5Tsu9bzc67bKOKjgFZ6AJXHAFOuAWdEEPYJCBZ/AK3qwn68V6tz6WoxWr3KmDP7A+fwDOtJTO</latexit><latexit sha1_base64="LoQ2E6aw01/RjF8PSOnOoAhw+YI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWRgi4LblxJBfuAJoTJdNIOnZmEmYkQQv0VNy4UceuHuPNvnLRZaOuBgcM593LPnDBhVGnH+bYqG5tb2zvV3dre/sHhkX180ldxKjHp4ZjFchgiRRgVpKepZmSYSIJ4yMggnN0U/uCRSEVj8aCzhPgcTQSNKEbaSIFd9zjS0zDKs3mQ382bHk8vArvhtJwF4DpxS9IAJbqB/eWNY5xyIjRmSKmR6yTaz5HUFDMyr3mpIgnCMzQhI0MF4kT5+SL8HJ4bZQyjWJonNFyovzdyxJXKeGgmi6hq1SvE/7xRqqNrP6ciSTUReHkoShnUMSyagGMqCdYsMwRhSU1WiKdIIqxNXzVTgrv65XXSv2y5Tsu9bzc67bKOKjgFZ6AJXHAFOuAWdEEPYJCBZ/AK3qwn68V6tz6WoxWr3KmDP7A+fwDOtJTO</latexit>

AN (µ) = WT
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◆
=
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<latexit sha1_base64="XM26rBisPVzCSCiII5HuFxY9RiI="></latexit>

fN (µ) =
QX

q=1

✓qf (µ) (W
T

N
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QX

q=1

✓qf (µ)fq
N

<latexit sha1_base64="ht48alPSSJEVr+wWtm59IFo/rO8="></latexit>
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Simplest Case

How can we compute the error bound efficiently? 

                                                               where we assume we have               . SCM↵LB
a (µ)

<latexit sha1_base64="KJ53lZMqaMM66zxi3nDVIIhXojg=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoOgTdiNAS2DNhYWEcwDsjHcnUySIbMPZu6KYdnGxl+xsVDE1n+w82+cPAqNHrhwOOde7r3Hi6TQaNtfVmZhcWl5JbuaW1vf2NzKb+/UdRgrxmsslKFqeqC5FAGvoUDJm5Hi4HuSN7zhxdhv3HGlRRjc4CjibR/6gegJBmikTn7fBRkNoJNAeksTF/k9JlfnaXrk+vFxJ1+wi/YE9C9xZqRAZqh28p9uN2SxzwNkErRuOXaE7QQUCiZ5mnNjzSNgQ+jzlqEB+Fy3k8kXKT00Spf2QmUqQDpRf04k4Gs98j3T6QMO9Lw3Fv/zWjH2ztqJCKIYecCmi3qxpBjScSS0KxRnKEeGAFPC3ErZABQwNMHlTAjO/Mt/Sb1UdE6KpetyoVKexZEle+SAHBGHnJIKuSRVUiOMPJAn8kJerUfr2Xqz3qetGWs2s0t+wfr4BngwmH8=</latexit>

�N (µ) =
kr(·; yN (µ), µ)kY0

↵LB
a (µ)

<latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit><latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit><latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit><latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit>

 Recall
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Simplest Case

How can we compute the error bound efficiently? 

                                                               where we assume we have               . 

Let 

The dual norm of the residual is then 

SCM↵LB
a (µ)

<latexit sha1_base64="KJ53lZMqaMM66zxi3nDVIIhXojg=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoOgTdiNAS2DNhYWEcwDsjHcnUySIbMPZu6KYdnGxl+xsVDE1n+w82+cPAqNHrhwOOde7r3Hi6TQaNtfVmZhcWl5JbuaW1vf2NzKb+/UdRgrxmsslKFqeqC5FAGvoUDJm5Hi4HuSN7zhxdhv3HGlRRjc4CjibR/6gegJBmikTn7fBRkNoJNAeksTF/k9JlfnaXrk+vFxJ1+wi/YE9C9xZqRAZqh28p9uN2SxzwNkErRuOXaE7QQUCiZ5mnNjzSNgQ+jzlqEB+Fy3k8kXKT00Spf2QmUqQDpRf04k4Gs98j3T6QMO9Lw3Fv/zWjH2ztqJCKIYecCmi3qxpBjScSS0KxRnKEeGAFPC3ErZABQwNMHlTAjO/Mt/Sb1UdE6KpetyoVKexZEle+SAHBGHnJIKuSRVUiOMPJAn8kJerUfr2Xqz3qetGWs2s0t+wfr4BngwmH8=</latexit>

�N (µ) =
kr(·; yN (µ), µ)kY0

↵LB
a (µ)

<latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit><latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit><latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit><latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit>

kr(·; yN (µ), µ)k2Y0 = (f(µ)�A(µ)yN (µ))T Y�1(f(µ)�A(µ)yN (µ))
<latexit sha1_base64="GLOMtrq2blGIUonaZ4VSYKlQiuI="></latexit><latexit sha1_base64="GLOMtrq2blGIUonaZ4VSYKlQiuI="></latexit><latexit sha1_base64="GLOMtrq2blGIUonaZ4VSYKlQiuI="></latexit><latexit sha1_base64="GLOMtrq2blGIUonaZ4VSYKlQiuI="></latexit>

kvk2Y = vT Y v .

Y�1

 Recall
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Simplest Case 

How can we compute the error bound efficiently? 

                                                               where we assume we have               . 

Let 

The dual norm of the residual is then 

SCM↵LB
a (µ)

<latexit sha1_base64="KJ53lZMqaMM66zxi3nDVIIhXojg=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoOgTdiNAS2DNhYWEcwDsjHcnUySIbMPZu6KYdnGxl+xsVDE1n+w82+cPAqNHrhwOOde7r3Hi6TQaNtfVmZhcWl5JbuaW1vf2NzKb+/UdRgrxmsslKFqeqC5FAGvoUDJm5Hi4HuSN7zhxdhv3HGlRRjc4CjibR/6gegJBmikTn7fBRkNoJNAeksTF/k9JlfnaXrk+vFxJ1+wi/YE9C9xZqRAZqh28p9uN2SxzwNkErRuOXaE7QQUCiZ5mnNjzSNgQ+jzlqEB+Fy3k8kXKT00Spf2QmUqQDpRf04k4Gs98j3T6QMO9Lw3Fv/zWjH2ztqJCKIYecCmi3qxpBjScSS0KxRnKEeGAFPC3ErZABQwNMHlTAjO/Mt/Sb1UdE6KpetyoVKexZEle+SAHBGHnJIKuSRVUiOMPJAn8kJerUfr2Xqz3qetGWs2s0t+wfr4BngwmH8=</latexit>

�N (µ) =
kr(·; yN (µ), µ)kY0

↵LB
a (µ)

<latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit><latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit><latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit><latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit>

kr(·; yN (µ), µ)k2Y0 = (f(µ)�A(µ)yN (µ))T Y�1(f(µ)�A(µ)yN (µ))
<latexit sha1_base64="GLOMtrq2blGIUonaZ4VSYKlQiuI="></latexit><latexit sha1_base64="GLOMtrq2blGIUonaZ4VSYKlQiuI="></latexit><latexit sha1_base64="GLOMtrq2blGIUonaZ4VSYKlQiuI="></latexit><latexit sha1_base64="GLOMtrq2blGIUonaZ4VSYKlQiuI="></latexit>

= fTY�1f � 2fTY�1A yN + (A yN )T Y�1A yN
<latexit sha1_base64="wgjpuxm0Ko/lgH84GjWxg3lY66A="></latexit><latexit sha1_base64="wgjpuxm0Ko/lgH84GjWxg3lY66A="></latexit><latexit sha1_base64="wgjpuxm0Ko/lgH84GjWxg3lY66A="></latexit><latexit sha1_base64="wgjpuxm0Ko/lgH84GjWxg3lY66A="></latexit>

kvk2Y = vT Y v .

Y�1

 Recall
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Simplest Case

How can we compute the error bound efficiently? 

                                                               where we assume we have               . 

Let 

The dual norm of the residual is then 

which permits a similar offline-online decomposition. 

SCM↵LB
a (µ)

<latexit sha1_base64="KJ53lZMqaMM66zxi3nDVIIhXojg=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoOgTdiNAS2DNhYWEcwDsjHcnUySIbMPZu6KYdnGxl+xsVDE1n+w82+cPAqNHrhwOOde7r3Hi6TQaNtfVmZhcWl5JbuaW1vf2NzKb+/UdRgrxmsslKFqeqC5FAGvoUDJm5Hi4HuSN7zhxdhv3HGlRRjc4CjibR/6gegJBmikTn7fBRkNoJNAeksTF/k9JlfnaXrk+vFxJ1+wi/YE9C9xZqRAZqh28p9uN2SxzwNkErRuOXaE7QQUCiZ5mnNjzSNgQ+jzlqEB+Fy3k8kXKT00Spf2QmUqQDpRf04k4Gs98j3T6QMO9Lw3Fv/zWjH2ztqJCKIYecCmi3qxpBjScSS0KxRnKEeGAFPC3ErZABQwNMHlTAjO/Mt/Sb1UdE6KpetyoVKexZEle+SAHBGHnJIKuSRVUiOMPJAn8kJerUfr2Xqz3qetGWs2s0t+wfr4BngwmH8=</latexit>

�N (µ) =
kr(·; yN (µ), µ)kY0

↵LB
a (µ)

<latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit><latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit><latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit><latexit sha1_base64="KxyH38ixw5wdI/Tejpzorn3eV3s="></latexit>

kr(·; yN (µ), µ)k2Y0 = (f(µ)�A(µ)yN (µ))T Y�1(f(µ)�A(µ)yN (µ))
<latexit sha1_base64="GLOMtrq2blGIUonaZ4VSYKlQiuI="></latexit><latexit sha1_base64="GLOMtrq2blGIUonaZ4VSYKlQiuI="></latexit><latexit sha1_base64="GLOMtrq2blGIUonaZ4VSYKlQiuI="></latexit><latexit sha1_base64="GLOMtrq2blGIUonaZ4VSYKlQiuI="></latexit>

= fTY�1f � 2fTY�1A yN + (A yN )T Y�1A yN
<latexit sha1_base64="wgjpuxm0Ko/lgH84GjWxg3lY66A="></latexit><latexit sha1_base64="wgjpuxm0Ko/lgH84GjWxg3lY66A="></latexit><latexit sha1_base64="wgjpuxm0Ko/lgH84GjWxg3lY66A="></latexit><latexit sha1_base64="wgjpuxm0Ko/lgH84GjWxg3lY66A="></latexit>

= ...+

✓ QX

q=1

✓qa(µ)AqWNyN (µ)

◆T

Y�1

✓ QX

q0=1
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0

a (µ)Aq0WNyN (µ)

◆

<latexit sha1_base64="cbGBnr4wHntmj7bM+1z8CYxDh1I="></latexit><latexit sha1_base64="cbGBnr4wHntmj7bM+1z8CYxDh1I="></latexit><latexit sha1_base64="cbGBnr4wHntmj7bM+1z8CYxDh1I="></latexit><latexit sha1_base64="cbGBnr4wHntmj7bM+1z8CYxDh1I="></latexit>

 Recall

kvk2Y = vT Y v .

Y�1
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Simplest Case

General Form

Find                       s.t.

a(yN (µ), v;µ) = f(v;µ)
<latexit sha1_base64="/YBAYKk/+8ZnA0YuW7cfF9U6zvk=">AAACB3icbVDLSgMxFM3UV62vUZeCBIswgpSZWlAoQsGNK6lgH9AZhkyaaUMzD5JMYSjdufFX3LhQxK2/4M6/MdPOQlsPhJyccy8393gxo0Ka5rdWWFldW98obpa2tnd29/T9g7aIEo5JC0cs4l0PCcJoSFqSSka6MSco8BjpeKObzO+MCRc0Ch9kGhMnQIOQ+hQjqSRXP0ZG6t4ZdpCcnY/r2WXXr+26b8wfrl42K+YMcJlYOSmDHE1X/7L7EU4CEkrMkBA9y4ylM0FcUszItGQngsQIj9CA9BQNUUCEM5ntMYWnSulDP+LqhBLO1N8dExQIkQaeqgyQHIpFLxP/83qJ9K+cCQ3jRJIQzwf5CYMyglkosE85wZKliiDMqforxEPEEZYqupIKwVpceZm0qxXrolK9r5UbtTyOIjgCJ8AAFrgEDXALmqAFMHgEz+AVvGlP2ov2rn3MSwta3nMI/kD7/AHnMpdg</latexit>

Matrix Form

yN (µ) 2 YN
<latexit sha1_base64="xBxAiqqsjUavdLraAirJ38X/jv4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSC7osuHFVKtiHNCFMppN26GQSZiZCCAU3/oobF4q49Sfc+TdO2iy0euDC4Zx7ufceP2ZUKsv6Mkorq2vrG+XNytb2zu6euX/Qk1EiMOniiEVi4CNJGOWkq6hiZBALgkKfkb4/vcr9/j0Rkkb8VqUxcUM05jSgGCkteeZR6rVrTpicQYdy6IRITTBi8A56bc+sWnVrDviX2AWpggIdz/x0RhFOQsIVZkjKoW3Fys2QUBQzMqs4iSQxwlM0JkNNOQqJdLP5DzN4qpURDCKhiys4V39OZCiUMg193ZkfKZe9XPzPGyYquHQzyuNEEY4Xi4KEQRXBPBA4ooJgxVJNEBZU3wrxBAmElY6tokOwl1/+S3qNun1eb9w0q61mEUcZHIMTUAM2uAAtcA06oAsweABP4AW8Go/Gs/FmvC9aS0Yxcwh+wfj4Bsp7lkk=</latexit>

N
<latexit sha1_base64="P2Ulr0FBfWkJkuuG1F2SMqUQ950=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat71yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqadeq3kW11rys1Gt5HEU4gVM4Bw+uoA630IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AaMPjMY=</latexit>

8 v 2 YN .
<latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit><latexit sha1_base64="H1AJa9wJ/rwQ9wwHBJ2aaoDyq0o=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgKiQiKLgpuHElFexDmhAm00k7dDIJM5NCCd268VfcuFDErX/gzr9x0nahrQcGDufcy5x7wpQzpR3n2yqtrK6tb5Q3K1vbO7t71f2DlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4XXht0dUKpaIez1OqR/jvmARI1gbKagiL0ok5hx5VyOEPCaQF2M9IJjnD5Pg1q4E1ZpjO1OgZeLOSQ3maATVL6+XkCymQhOOleq6Tqr9HEvNCKeTipcpmmIyxH3aNVTgmCo/n14yQSdG6SETyTyh0VT9vZHjWKlxHJrJIqZa9ArxP6+b6ejSz5lIM00FmX0UZRzpBBW1oB6TlGg+NgQTyUxWRAZYYqJNeUUJ7uLJy6R1ZruO7d6d1+rn8zrKcATHcAouXEAdbqABTSDwCM/wCm/Wk/VivVsfs9GSNd85hD+wPn8AiaCY5Q==</latexit>

Find                        s.t.

AN (µ)yN (µ) = fN (µ),
<latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit><latexit sha1_base64="AjO1BGpC8bET/pqyP0G9g77g9W0=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIFaQkUlAoYsWNK6lgL9CEMJlO2qGTCzMTIYQ8jhtfxY2IIt36JE7aFGvrDwM/3zmHOed3Qkq40PWxUlhZXVvfKG6WtrZ3dvfU/YM2DyKGcAsFNGBdB3JMiY9bggiKuyHD0HMo7jij26zeecKMk8B/FHGILQ8OfOISBIVEtnptelAMHTe5Se3kPq2YXnQ6Q/Ecql+Z9Rl3f/mZrZb1qj6RtmyM3JRBrqatvpv9AEUe9gWikPOeoYfCSiATBFGclsyI4xCiERzgnrQ+9DC3ksmhqXYiSV9zAyafL7QJnZ9IoMd57DmyM9uVL9Yy+F+tFwn30kqIH0YC+2j6kRtRTQRalprWJwwjQWNpIGJE7qqhIWQQCZltSYZgLJ68bNrnVUOvGg+1cqOWx1EER+AYVIABLkAD3IEmaAEEnsEr+ACfyovypnwp42lrQclnDsEfKd8/bsamuA==</latexit>

where AN 2 IRN⇥N , fN 2 IRN .
<latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit><latexit sha1_base64="EyJIH17tQU81wWxZBy0/K8dLAok="></latexit>

yN (µ) 2 IRN
<latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit><latexit sha1_base64="NaWXzctbUsLB6I01/aIn1yf2qBA=">AAACD3icbVDLSsNAFJ34rPUVdelmtCh1UxIp6LLgRjdSxT6giWUynbRDZyZhZiKUkD9w46+4caGIW7fu/BsnbRfaeuDC4Zx7ufeeIGZUacf5thYWl5ZXVgtrxfWNza1te2e3qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvMj91gORikbiTo9i4nPUFzSkGGkjde1jjyM9CMJ0lHXT66zs8eQEelTA1JMcXnkHt9m90bt2yak4Y8B54k5JCUxR79pfXi/CCSdCY4aU6rhOrP0USU0xI1nRSxSJER6iPukYKhAnyk/H/2TwyCg9GEbSlNBwrP6eSBFXasQD05lfr2a9XPzP6yQ6PPdTKuJEE4Eni8KEQR3BPBzYo5JgzUaGICypuRXiAZIIaxNh0YTgzr48T5qnFdepuDfVUq06jaMA9sEhKAMXnIEauAR10AAYPIJn8ArerCfrxXq3PiatC9Z0Zg/8gfX5AzTFnA4=</latexit>

Questions: 

How can we compute the approximation? 

How do we know the error is small? 

How do we know what value of      to take? 

How do we compute the approximations efficiently? 

How do we choose the sample points optimally?

FE SPACE

SNAPSHOTS

y(µi) yN(µ)
(1) APPROXIMATION

EXACT SOLUTION

y(µ)

HIGH-DIMENSIONAL
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Simplest Case 

How can we choose the snapshots optimally?  

Greedy algorithm 

Given the samples                               and space of snapshots 

                                                            , we want to choose 

S = {µ1, ..., µN}
<latexit sha1_base64="iv3Q8YJWAX0i1AyhhWVLT7wRAvo="></latexit>

YN = span{ y(µi) , i = 1, . . . , N }
<latexit sha1_base64="rnRPzWq0/o49f5bGlNCGHr0QDSE="></latexit><latexit sha1_base64="rnRPzWq0/o49f5bGlNCGHr0QDSE="></latexit><latexit sha1_base64="rnRPzWq0/o49f5bGlNCGHr0QDSE="></latexit><latexit sha1_base64="rnRPzWq0/o49f5bGlNCGHr0QDSE="></latexit>

µN+1 = max
µ2D

ky(µ)� yN (µ)kY
ky(µ)kY

.
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Simplest Case

How can we choose the snapshots optimally?  

Greedy algorithm 

Given the samples                               and space of snapshots 

                                                            , we want to choose 

In practice, we choose 

S = {µ1, ..., µN}
<latexit sha1_base64="iv3Q8YJWAX0i1AyhhWVLT7wRAvo="></latexit>

error bound

approximation
training 
sample

µN+1 = max
µ2D

�N (µ)

kyN (µ)kY
<latexit sha1_base64="VwR+GEJJLBskzYqXD6jqOUhY0cE="></latexit>

YN = span{ y(µi) , i = 1, . . . , N }
<latexit sha1_base64="rnRPzWq0/o49f5bGlNCGHr0QDSE="></latexit><latexit sha1_base64="rnRPzWq0/o49f5bGlNCGHr0QDSE="></latexit><latexit sha1_base64="rnRPzWq0/o49f5bGlNCGHr0QDSE="></latexit><latexit sha1_base64="rnRPzWq0/o49f5bGlNCGHr0QDSE="></latexit>

µN+1 = max
µ2D

ky(µ)� yN (µ)kY
ky(µ)kY

.
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(Weak) Greedy Algorithm

Given                                              , how do we choose     ? 

Key points: 

• Assumes              is sharp and inexpensive to compute (online) 

• Error bounds enable choice of good approximation spaces

µ3
<latexit sha1_base64="7cCsuq01mKtkPfW7pQ68a+Cdaqs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BLx4jmAckS5iddJIhM7PLzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyN/fbT6gNj9WjnSYYSjpSfMgZtU5q92Taz65n/XLFr/oLkHUS5KQCORr98ldvELNUorJMUGO6gZ/YMKPaciZwVuqlBhPKJnSEXUcVlWjCbHHujFw4ZUCGsXalLFmovycyKo2Zysh1SmrHZtWbi/953dQOb8OMqyS1qNhy0TAVxMZk/jsZcI3MiqkjlGnubiVsTDVl1iVUciEEqy+vk9ZVNfCrwUOtUq/lcRThDM7hEgK4gTrcQwOawGACz/AKb17ivXjv3seyteDlM6fwB97nD0lnj3o=</latexit><latexit sha1_base64="7cCsuq01mKtkPfW7pQ68a+Cdaqs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BLx4jmAckS5iddJIhM7PLzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyN/fbT6gNj9WjnSYYSjpSfMgZtU5q92Taz65n/XLFr/oLkHUS5KQCORr98ldvELNUorJMUGO6gZ/YMKPaciZwVuqlBhPKJnSEXUcVlWjCbHHujFw4ZUCGsXalLFmovycyKo2Zysh1SmrHZtWbi/953dQOb8OMqyS1qNhy0TAVxMZk/jsZcI3MiqkjlGnubiVsTDVl1iVUciEEqy+vk9ZVNfCrwUOtUq/lcRThDM7hEgK4gTrcQwOawGACz/AKb17ivXjv3seyteDlM6fwB97nD0lnj3o=</latexit><latexit sha1_base64="7cCsuq01mKtkPfW7pQ68a+Cdaqs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BLx4jmAckS5iddJIhM7PLzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyN/fbT6gNj9WjnSYYSjpSfMgZtU5q92Taz65n/XLFr/oLkHUS5KQCORr98ldvELNUorJMUGO6gZ/YMKPaciZwVuqlBhPKJnSEXUcVlWjCbHHujFw4ZUCGsXalLFmovycyKo2Zysh1SmrHZtWbi/953dQOb8OMqyS1qNhy0TAVxMZk/jsZcI3MiqkjlGnubiVsTDVl1iVUciEEqy+vk9ZVNfCrwUOtUq/lcRThDM7hEgK4gTrcQwOawGACz/AKb17ivXjv3seyteDlM6fwB97nD0lnj3o=</latexit><latexit sha1_base64="7cCsuq01mKtkPfW7pQ68a+Cdaqs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BLx4jmAckS5iddJIhM7PLzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyN/fbT6gNj9WjnSYYSjpSfMgZtU5q92Taz65n/XLFr/oLkHUS5KQCORr98ldvELNUorJMUGO6gZ/YMKPaciZwVuqlBhPKJnSEXUcVlWjCbHHujFw4ZUCGsXalLFmovycyKo2Zysh1SmrHZtWbi/953dQOb8OMqyS1qNhy0TAVxMZk/jsZcI3MiqkjlGnubiVsTDVl1iVUciEEqy+vk9ZVNfCrwUOtUq/lcRThDM7hEgK4gTrcQwOawGACz/AKb17ivXjv3seyteDlM6fwB97nD0lnj3o=</latexit>

µ3

�n

kunkX

µ2µ1

(see, e.g., [VEROY, et al., 2003], [BUFFA, et al. 2012],[BINEV, et al., 2011])

Y2 = span{y(µ1), y(µ2)}
<latexit sha1_base64="hySR4VzPqLzx3cmTYNMrpXBT8k4=">AAACIXicbVDLSgMxFM34rPVVdelmsAgKUmaqoFCEghuXFexDmjJk0lSDmcyQ3BFLmF9x46+4caFId+LPmLaz0OqBwOGce7k5J0wE1+B5n87c/MLi0nJhpbi6tr6xWdrabuk4VZQ1aSxi1QmJZoJL1gQOgnUSxUgUCtYO7y/GfvuBKc1jeQ3DhPUiciv5gFMCVgpKZzgicEeJMDdZYKoZrp3jGgb2CEYnRGbYDA9wlAbGzw6PclrNDnEWlMpexZvA/Uv8nJRRjkZQGuF+TNOISaCCaN31vQR6hijgVLCsiFPNEkLvyS3rWipJxHTPTBJm7r5V+u4gVvZJcCfqzw1DIq2HUWgnx3n0rDcW//O6KQzOeobLJAUm6fTQIBUuxO64LrfPFaMghpYQqrj9q0vviCIUbKlFW4I/G/kvaVUr/nGlenVSrp/kdRTQLtpDB8hHp6iOLlEDNRFFT+gFvaF359l5dT6c0XR0zsl3dtAvOF/fNAakFA==</latexit>

�n

kykY
<latexit sha1_base64="64+ufDdeB6I37f3rDA/e9+YRnPw=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFU0mqoMeCHjxWsK3ShLDZbtqlm03Y3QghzT/w4l/x4kERr169+W/ctDlo64OBx3szzMzzY0alsqxvo7K0vLK6Vl2vbWxube+Yu3tdGSUCkw6OWCTufCQJo5x0FFWM3MWCoNBnpOePLwu/90CEpBG/VWlM3BANOQ0oRkpLnnkMnUAgnDlXhCnkZTzPM2eSOhMvc0KkRhgxeJ/nnlm3GtYUcJHYJamDEm3P/HIGEU5CwhVmSMq+bcXKzZBQFDOS15xEkhjhMRqSvqYchUS62fSfHB5pZQCDSOjiCk7V3xMZCqVMQ193FjfKea8Q//P6iQou3IzyOFGE49miIGFQRbAIBw6oIFixVBOEBdW3QjxCOh+lI6zpEOz5lxdJt9mwTxvNm7N6q1nGUQUH4BCcABucgxa4Bm3QARg8gmfwCt6MJ+PFeDc+Zq0Vo5zZB39gfP4AOQOdXQ==</latexit>

Y3 = span{u(µ1), u(µ2), u(µ3)}
<latexit sha1_base64="jP+y0gYG7ZKh0ZYvKA5Lwfe5jVw="></latexit>

�N (µ)
<latexit sha1_base64="bfSKIb61MFRo8sg+IwHSMnbPmNU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3ZSkFnRZ0IUrqWBroQlhMp22Q2cmYR5CDf0SNy4UceunuPNvnLZZaOuBC4dz7uXee+KUUaU979sprK1vbG4Vt0s7u3v7ZffgsKMSIzFp44QlshsjRRgVpK2pZqSbSoJ4zMhDPL6a+Q+PRCqaiHs9SUnI0VDQAcVIWylyy8E1YRpF2e20GnBzFrkVr+bNAVeJn5MKyNGK3K+gn2DDidCYIaV6vpfqMENSU8zItBQYRVKEx2hIepYKxIkKs/nhU3hqlT4cJNKW0HCu/p7IEFdqwmPbyZEeqWVvJv7n9YweXIYZFanRRODFooFhUCdwlgLsU0mwZhNLEJbU3grxCEmEtc2qZEPwl19eJZ16zT+v1e8alWYjj6MIjsEJqAIfXIAmuAEt0AYYGPAMXsGb8+S8OO/Ox6K14OQzR+APnM8fH0uSsQ==</latexit>

µ3 = argmax
µ2D

�2(µ)

ku2(µ)kY
<latexit sha1_base64="LaAPIb0aowWjyYlz8TH/kWuoCjY="></latexit>
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Simplest Case

Algorithm: Offline 

Choose training sample               and first snapshot parameter             .  

For  

Solve  

Compute and store                                                          for 

and other    -independent quantities. 

Find 

Set                      .   

end

µ
<latexit sha1_base64="dsoxoKZKsMMVd7jH9pV3UjrvVIs=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqezWgh4LXjxWtB/QLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pmzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNObud+54lpw2P1aKcJCyQZKR5xSqyTHvoyHZQrXtVbAK8TPycVyNEclL/6w5imkilLBTGm53uJDTKiLaeCzUr91LCE0AkZsZ6jikhmgmxx6gxfOGWIo1i7UhYv1N8TGZHGTGXoOiWxY7PqzcX/vF5qo5sg4ypJLVN0uShKBbYxnv+Nh1wzasXUEUI1d7diOiaaUOvSKbkQ/NWX10m7VvWvqrX7eqVRz+MowhmcwyX4cA0NuIMmtIDCCJ7hFd6QQC/oHX0sWwsonzmFP0CfP1p2jcw=</latexit>

N = N + 1
<latexit sha1_base64="9ID2IzQoLULD/QEKypA9doDthys=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSIIQtmtBb0IBS+eSgW3LbRLyabZNjTJLklWKEt/gxcPinj1B3nz35i2e9DWBwOP92aYmRcmnGnjut/O2vrG5tZ2Yae4u7d/cFg6Om7pOFWE+iTmseqEWFPOJPUNM5x2EkWxCDlth+O7md9+okqzWD6aSUIDgYeSRYxgYyW/cdu49Pqlsltx50CrxMtJGXI0+6Wv3iAmqaDSEI617npuYoIMK8MIp9NiL9U0wWSMh7RrqcSC6iCbHztF51YZoChWtqRBc/X3RIaF1hMR2k6BzUgvezPxP6+bmugmyJhMUkMlWSyKUo5MjGafowFTlBg+sQQTxeytiIywwsTYfIo2BG/55VXSqla8q0r1oVau1/I4CnAKZ3ABHlxDHe6hCT4QYPAMr/DmSOfFeXc+Fq1rTj5zAn/gfP4AmDWN1w==</latexit>

µ1 2 D
<latexit sha1_base64="AqME/HGcbLvCPa+6wGcKiPutBxg=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FPXisYD8gCWWz3bRLdzdhdyOU0J/hxYMiXv013vw3btsctPXBwOO9GWbmRSln2rjut1Pa2Nza3invVvb2Dw6PqscnXZ1kitAOSXii+hHWlDNJO4YZTvupolhEnPaiye3c7z1RpVkiH800paHAI8liRrCxkh+IbOChgEl0N6jW3Lq7AFonXkFqUKA9qH4Fw4RkgkpDONba99zUhDlWhhFOZ5Ug0zTFZIJH1LdUYkF1mC9OnqELqwxRnChb0qCF+nsix0LrqYhsp8BmrFe9ufif52cmvglzJtPMUEmWi+KMI5Og+f9oyBQlhk8twUQxeysiY6wwMTalig3BW315nXQbde+q3nho1lrNIo4ynME5XIIH19CCe2hDBwgk8Ayv8OYY58V5dz6WrSWnmDmFP3A+fwAHy5Bj</latexit>

N = 1 to Nmax
<latexit sha1_base64="HMwRNFBpKclKsrAMnw6WmE/Th48=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBCswm4MKAQhYGMVIpgHZJcwO5kkQ2YfzNyVhGV7G3/FxkIRW3/Azr9xkmyhiQcunDnnXube40WCK7Csb2NtfWNzazu3k9/d2z84NI+OWyqMJWVNGopQdjyimOABawIHwTqRZMT3BGt745uZ335gUvEwuIdpxFyfDAM+4JSAlnpmoY6vse1UEwfYBBII09Sp1nvZ0yeTNO2ZRatkzYFXiZ2RIsrQ6JlfTj+ksc8CoIIo1bWtCNyESOBUsDTvxIpFhI7JkHU1DYjPlJvMb0nxmVb6eBBKXQHgufp7IiG+UlPf050+gZFa9mbif143hsGVm/AgioEFdPHRIBYYQjwLBve5ZBTEVBNCJde7YjoiklDQ8eV1CPbyyaukVS7ZF6XyXaVYq2Rx5NApKqBzZKNLVEO3qIGaiKJH9Ixe0ZvxZLwY78bHonXNyGZO0B8Ynz8aQJsX</latexit>

q, q0 = 1, ..., Q
<latexit sha1_base64="hlPyDvbY/dcXVVAajyO6sb5nDyk=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1hEFyUktaBQhIIbly3YBzShTKaTduhkks5MhBIK/oobF4q49Tvc+TdO2yy09cCFwzn3cu89fsyoVLb9beTW1jc2t/LbhZ3dvf0D8/CoJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/dDfz249ESBrxBzWJiReiAacBxUhpqWeejEvjC+hWb90qdErQsqwSbMCeWbQtew64SpyMFEGGes/8cvsRTkLCFWZIyq5jx8pLkVAUMzItuIkkMcIjNCBdTTkKifTS+flTeK6VPgwioYsrOFd/T6QolHIS+rozRGool72Z+J/XTVRw46WUx4kiHC8WBQmDKoKzLGCfCoIVm2iCsKD6VoiHSCCsdGIFHYKz/PIqaZUt58oqNyrFWiWLIw9OwRm4BA64BjVwD+qgCTBIwTN4BW/Gk/FivBsfi9ackc0cgz8wPn8AxoOSFw==</latexit>

D ⇢ D
<latexit sha1_base64="lvYJsr9gdpKHjVQmySEUMU8GnT4=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpBV0W7MJlBfuAJpTJdNIOnUzCzESopfgrblwo4tb/cOffOGmz0NYDA4dz7uWeOUHCmdKO820V1tY3NreK26Wd3b39A/vwqK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHyT+Z0HKhWLxb2eJNSP8FCwkBGsjdS3TxrIU2mgqEZehPWIYI4afbvsVJw50Cpxc1KGHM2+/eUNYpJGVGjCsVI910m0P8VSM8LprOSliiaYjPGQ9gwVOKLKn87Tz9C5UQYojKV5QqO5+ntjiiOlJlFgJrOEatnLxP+8XqrDa3/KRJJqKsjiUJhypGOUVYEGTFKi+cQQTCQzWREZYYmJNoWVTAnu8pdXSbtacS8r1btauV7L6yjCKZzBBbhwBXW4hSa0gMAjPMMrvFlP1ov1bn0sRgtWvnMMf2B9/gBcZZR5</latexit>

a(y(µN ), v;µN ) = f(v;µN ), 8 v 2 Y.
<latexit sha1_base64="+tt9/ckT3Ug9kbBUvY87WjqU6hc="></latexit>

Aq
N = WT

NAqWN , �qq0

N = (AqWN )T Y�1(Aq0WN )
<latexit sha1_base64="XvAhZsBrXaTdCxYN4Dof/xu022U="></latexit><latexit sha1_base64="XvAhZsBrXaTdCxYN4Dof/xu022U="></latexit><latexit sha1_base64="XvAhZsBrXaTdCxYN4Dof/xu022U="></latexit><latexit sha1_base64="XvAhZsBrXaTdCxYN4Dof/xu022U="></latexit>

µN+1 = argmax
µ2D

�N (µ)

kyN (µ)kY
.
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Simplest Case

Algorithm: Online 

For given            : 

Assemble                                              and, similarly,            . 
                                      

Solve                                           . 

Compute              ,  

and

µ 2 D
<latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit>

↵LB
a (µ)

<latexit sha1_base64="ooyTMiOl9Bzqgf0kmyL0O8Cw1pc=">AAACAXicbVA9SwNBEN3zM8avUxvBZjEIsQl3MaBl0MbCIoL5gNwZ5jabZMnu3bG7J4QjNv4VGwtFbP0Xdv4bN8kVmvhg4PHeDDPzgpgzpR3n21paXlldW89t5De3tnd27b39hooSSWidRDySrQAU5Sykdc00p61YUhABp81geDXxmw9UKhaFd3oUU19AP2Q9RkAbqWMfesDjAXRSGN+nnhT45nJc9ERy2rELTsmZAi8SNyMFlKHWsb+8bkQSQUNNOCjVdp1Y+ylIzQin47yXKBoDGUKftg0NQVDlp9MPxvjEKF3ci6SpUOOp+nsiBaHUSASmU4AeqHlvIv7ntRPdu/BTFsaJpiGZLeolHOsIT+LAXSYp0XxkCBDJzK2YDEAC0Sa0vAnBnX95kTTKJfesVL6tFKqVLI4cOkLHqIhcdI6q6BrVUB0R9Iie0St6s56sF+vd+pi1LlnZzAH6A+vzB+Vxlnk=</latexit>

AN (µ) =
QaX

q=1

✓qa(µ)A
q
N

<latexit sha1_base64="cmc+Ezdg/B36vhadi+jlLEKPvH4="></latexit><latexit sha1_base64="cmc+Ezdg/B36vhadi+jlLEKPvH4="></latexit><latexit sha1_base64="cmc+Ezdg/B36vhadi+jlLEKPvH4="></latexit><latexit sha1_base64="cmc+Ezdg/B36vhadi+jlLEKPvH4="></latexit>

fN (µ)
<latexit sha1_base64="IctNvybkTpHSKo95NPDtJxX8HuA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWRgi4LblxJBfuAJoTJdNIOnZmEmYkQQv0VNy4UceuHuPNvnLRZaOuBgcM593LPnDBhVGnH+bYqG5tb2zvV3dre/sHhkX180ldxKjHp4ZjFchgiRRgVpKepZmSYSIJ4yMggnN0U/uCRSEVj8aCzhPgcTQSNKEbaSIFd9zjS0zDKo3mQ382bHk8vArvhtJwF4DpxS9IAJbqB/eWNY5xyIjRmSKmR6yTaz5HUFDMyr3mpIgnCMzQhI0MF4kT5+SL8HJ4bZQyjWJonNFyovzdyxJXKeGgmi6hq1SvE/7xRqqNrP6ciSTUReHkoShnUMSyagGMqCdYsMwRhSU1WiKdIIqxNXzVTgrv65XXSv2y5Tsu9bzc67bKOKjgFZ6AJXHAFOuAWdEEPYJCBZ/AK3qwn68V6tz6WoxWr3KmDP7A+fwCxKpS7</latexit><latexit sha1_base64="IctNvybkTpHSKo95NPDtJxX8HuA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWRgi4LblxJBfuAJoTJdNIOnZmEmYkQQv0VNy4UceuHuPNvnLRZaOuBgcM593LPnDBhVGnH+bYqG5tb2zvV3dre/sHhkX180ldxKjHp4ZjFchgiRRgVpKepZmSYSIJ4yMggnN0U/uCRSEVj8aCzhPgcTQSNKEbaSIFd9zjS0zDKo3mQ382bHk8vArvhtJwF4DpxS9IAJbqB/eWNY5xyIjRmSKmR6yTaz5HUFDMyr3mpIgnCMzQhI0MF4kT5+SL8HJ4bZQyjWJonNFyovzdyxJXKeGgmi6hq1SvE/7xRqqNrP6ciSTUReHkoShnUMSyagGMqCdYsMwRhSU1WiKdIIqxNXzVTgrv65XXSv2y5Tsu9bzc67bKOKjgFZ6AJXHAFOuAWdEEPYJCBZ/AK3qwn68V6tz6WoxWr3KmDP7A+fwCxKpS7</latexit><latexit sha1_base64="IctNvybkTpHSKo95NPDtJxX8HuA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWRgi4LblxJBfuAJoTJdNIOnZmEmYkQQv0VNy4UceuHuPNvnLRZaOuBgcM593LPnDBhVGnH+bYqG5tb2zvV3dre/sHhkX180ldxKjHp4ZjFchgiRRgVpKepZmSYSIJ4yMggnN0U/uCRSEVj8aCzhPgcTQSNKEbaSIFd9zjS0zDKo3mQ382bHk8vArvhtJwF4DpxS9IAJbqB/eWNY5xyIjRmSKmR6yTaz5HUFDMyr3mpIgnCMzQhI0MF4kT5+SL8HJ4bZQyjWJonNFyovzdyxJXKeGgmi6hq1SvE/7xRqqNrP6ciSTUReHkoShnUMSyagGMqCdYsMwRhSU1WiKdIIqxNXzVTgrv65XXSv2y5Tsu9bzc67bKOKjgFZ6AJXHAFOuAWdEEPYJCBZ/AK3qwn68V6tz6WoxWr3KmDP7A+fwCxKpS7</latexit><latexit sha1_base64="IctNvybkTpHSKo95NPDtJxX8HuA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWRgi4LblxJBfuAJoTJdNIOnZmEmYkQQv0VNy4UceuHuPNvnLRZaOuBgcM593LPnDBhVGnH+bYqG5tb2zvV3dre/sHhkX180ldxKjHp4ZjFchgiRRgVpKepZmSYSIJ4yMggnN0U/uCRSEVj8aCzhPgcTQSNKEbaSIFd9zjS0zDKo3mQ382bHk8vArvhtJwF4DpxS9IAJbqB/eWNY5xyIjRmSKmR6yTaz5HUFDMyr3mpIgnCMzQhI0MF4kT5+SL8HJ4bZQyjWJonNFyovzdyxJXKeGgmi6hq1SvE/7xRqqNrP6ciSTUReHkoShnUMSyagGMqCdYsMwRhSU1WiKdIIqxNXzVTgrv65XXSv2y5Tsu9bzc67bKOKjgFZ6AJXHAFOuAWdEEPYJCBZ/AK3qwn68V6tz6WoxWr3KmDP7A+fwCxKpS7</latexit>

AN (µ) yN (µ) = fN (µ)
<latexit sha1_base64="2kYr086P94uB905CEbDzDv4NL2E=">AAACKXicbZDLSsNAFIYnXmu9RV26CRahbkoiBQURKm5cSQV7gSaEyXTSDp1JwsxECCGv48ZXcaOgqFtfxEkbaW39YeDnO+cw5/xeRImQpvmpLS2vrK6tlzbKm1vbO7v63n5bhDFHuIVCGvKuBwWmJMAtSSTF3YhjyDyKO97oOq93HjAXJAzuZRJhh8FBQHyCoFTI1Rs2g3Lo+elV5qa3WdVm8Yl98QuTWXg55f6Uu3rFrJljGYvGKkwFFGq6+qvdD1HMcCARhUL0LDOSTgq5JIjirGzHAkcQjeAA95QNIMPCSceXZsaxIn3DD7l6gTTGdHYihUyIhHmqM19VzNdy+F+tF0v/3ElJEMUSB2jykR9TQ4ZGHpvRJxwjSRNlIOJE7WqgIeQQSRVuWYVgzZ+8aNqnNcusWXf1SqNexFECh+AIVIEFzkAD3IAmaAEEHsEzeAPv2pP2on1oX5PWJa2YOQB/pH3/AEc2py0=</latexit><latexit sha1_base64="2kYr086P94uB905CEbDzDv4NL2E=">AAACKXicbZDLSsNAFIYnXmu9RV26CRahbkoiBQURKm5cSQV7gSaEyXTSDp1JwsxECCGv48ZXcaOgqFtfxEkbaW39YeDnO+cw5/xeRImQpvmpLS2vrK6tlzbKm1vbO7v63n5bhDFHuIVCGvKuBwWmJMAtSSTF3YhjyDyKO97oOq93HjAXJAzuZRJhh8FBQHyCoFTI1Rs2g3Lo+elV5qa3WdVm8Yl98QuTWXg55f6Uu3rFrJljGYvGKkwFFGq6+qvdD1HMcCARhUL0LDOSTgq5JIjirGzHAkcQjeAA95QNIMPCSceXZsaxIn3DD7l6gTTGdHYihUyIhHmqM19VzNdy+F+tF0v/3ElJEMUSB2jykR9TQ4ZGHpvRJxwjSRNlIOJE7WqgIeQQSRVuWYVgzZ+8aNqnNcusWXf1SqNexFECh+AIVIEFzkAD3IAmaAEEHsEzeAPv2pP2on1oX5PWJa2YOQB/pH3/AEc2py0=</latexit><latexit sha1_base64="2kYr086P94uB905CEbDzDv4NL2E=">AAACKXicbZDLSsNAFIYnXmu9RV26CRahbkoiBQURKm5cSQV7gSaEyXTSDp1JwsxECCGv48ZXcaOgqFtfxEkbaW39YeDnO+cw5/xeRImQpvmpLS2vrK6tlzbKm1vbO7v63n5bhDFHuIVCGvKuBwWmJMAtSSTF3YhjyDyKO97oOq93HjAXJAzuZRJhh8FBQHyCoFTI1Rs2g3Lo+elV5qa3WdVm8Yl98QuTWXg55f6Uu3rFrJljGYvGKkwFFGq6+qvdD1HMcCARhUL0LDOSTgq5JIjirGzHAkcQjeAA95QNIMPCSceXZsaxIn3DD7l6gTTGdHYihUyIhHmqM19VzNdy+F+tF0v/3ElJEMUSB2jykR9TQ4ZGHpvRJxwjSRNlIOJE7WqgIeQQSRVuWYVgzZ+8aNqnNcusWXf1SqNexFECh+AIVIEFzkAD3IAmaAEEHsEzeAPv2pP2on1oX5PWJa2YOQB/pH3/AEc2py0=</latexit><latexit sha1_base64="2kYr086P94uB905CEbDzDv4NL2E=">AAACKXicbZDLSsNAFIYnXmu9RV26CRahbkoiBQURKm5cSQV7gSaEyXTSDp1JwsxECCGv48ZXcaOgqFtfxEkbaW39YeDnO+cw5/xeRImQpvmpLS2vrK6tlzbKm1vbO7v63n5bhDFHuIVCGvKuBwWmJMAtSSTF3YhjyDyKO97oOq93HjAXJAzuZRJhh8FBQHyCoFTI1Rs2g3Lo+elV5qa3WdVm8Yl98QuTWXg55f6Uu3rFrJljGYvGKkwFFGq6+qvdD1HMcCARhUL0LDOSTgq5JIjirGzHAkcQjeAA95QNIMPCSceXZsaxIn3DD7l6gTTGdHYihUyIhHmqM19VzNdy+F+tF0v/3ElJEMUSB2jykR9TQ4ZGHpvRJxwjSRNlIOJE7WqgIeQQSRVuWYVgzZ+8aNqnNcusWXf1SqNexFECh+AIVIEFzkAD3IAmaAEEHsEzeAPv2pP2on1oX5PWJa2YOQB/pH3/AEc2py0=</latexit>

�N (µ) =
kr(·; yN (µ), µ)kY0

↵LB
a (µ)

.
<latexit sha1_base64="J50Q9o5AefdrOBiN5yKwvjDmED4="></latexit><latexit sha1_base64="J50Q9o5AefdrOBiN5yKwvjDmED4="></latexit><latexit sha1_base64="J50Q9o5AefdrOBiN5yKwvjDmED4="></latexit><latexit sha1_base64="J50Q9o5AefdrOBiN5yKwvjDmED4="></latexit>

kr(·; yN (µ), µ)k2Y0 = . . . +
QaX

q,q0

yT
N (µ) �qq0

N yN (µ) .
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Simplest Case

What about the output of interest? 

Keep                                    . 

Then 

One can show that 

which also permits an offline-online decomposition.

online offline

s(µ) = f(y(µ))
<latexit sha1_base64="l7ytxvtsArBr+fEEHUnwwZmFWA8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRah3ZSkFhSKUHDjsoJ9QBPKZDpph85MwsxEiKH4K25cKOLW/3Dn3zhNs9DWAxfOnHMvc+/xI0qksu1vo7C2vrG5Vdwu7ezu7R+Yh0ddGcYC4Q4KaSj6PpSYEo47iiiK+5HAkPkU9/zpzdzvPWAhScjvVRJhj8ExJwFBUGlpaJ7Iisviqtu8dptBJcke1aFZtmt2BmuVODkpgxztofnljkIUM8wVolDKgWNHykuhUARRPCu5scQRRFM4xgNNOWRYemm2/cw618rICkKhiysrU39PpJBJmTBfdzKoJnLZm4v/eYNYBVdeSngUK8zR4qMgppYKrXkU1ogIjBRNNIFIEL2rhSZQQKR0YCUdgrN88irp1mvORa1+1yi3GnkcRXAKzkAFOOAStMAtaIMOQOARPINX8GY8GS/Gu/GxaC0Y+cwx+APj8wf8L5OV</latexit>

s(µ)� sN (µ) 
kr(·; yN (µ);µ)k2Y0

↵LB
a (µ)

,
<latexit sha1_base64="2gJpAwefgZgTK+WH8DVSVswhQgE="></latexit><latexit sha1_base64="2gJpAwefgZgTK+WH8DVSVswhQgE="></latexit><latexit sha1_base64="2gJpAwefgZgTK+WH8DVSVswhQgE="></latexit><latexit sha1_base64="2gJpAwefgZgTK+WH8DVSVswhQgE="></latexit>

= yT
N (µ)| {z } (WT

N f| {z })
<latexit sha1_base64="u/pFEjDmylRTnxG1fGTLvQUFRtE="></latexit>

sN (µ) = f(yN (µ)) = yT
N (µ)f

<latexit sha1_base64="7Wnxt4mTg9XbIaBVQXTw+EoKv7o="></latexit>
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Simplest Case

Problem: Compute                                   where 

where          is a bounded linear form,           . 

                           is a coercive, continuous bilinear form. 

                               are affine in    . 

What about more complex cases?

f
<latexit sha1_base64="+yhXjjSHXQ+7J8xTbLwuEqkBDJ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxyWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/Gu4zc</latexit><latexit sha1_base64="+yhXjjSHXQ+7J8xTbLwuEqkBDJ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxyWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/Gu4zc</latexit><latexit sha1_base64="+yhXjjSHXQ+7J8xTbLwuEqkBDJ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxyWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/Gu4zc</latexit><latexit sha1_base64="+yhXjjSHXQ+7J8xTbLwuEqkBDJ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxyWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/Gu4zc</latexit>

a
<latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit>

a, f
<latexit sha1_base64="uXIJe8DJflzVRkbM9sDZdUzlibs=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquFPRY8OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmhYngxnreNyptbG5t75R3K3v7B4dH1eOTjolTTVmbxiLWvZAYJrhibcutYL1EMyJDwbrh9C73u09MGx6rRztLWCDJWPGIU2JziVzhaFiteXVvAbxO/ILUoEBrWP0ajGKaSqYsFcSYvu8lNsiItpwKNq8MUsMSQqdkzPqOKiKZCbLFrXN84ZQRjmLtSlm8UH9PZEQaM5Oh65TETsyql4v/ef3URrdBxlWSWqboclGUCmxjnD+OR1wzasXMEUI1d7diOiGaUOviqbgQ/NWX10nnuu57df+hUWs2ijjKcAbncAk+3EAT7qEFbaAwgWd4hTck0Qt6Rx/L1hIqZk7hD9DnDz1ajac=</latexit><latexit sha1_base64="uXIJe8DJflzVRkbM9sDZdUzlibs=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquFPRY8OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmhYngxnreNyptbG5t75R3K3v7B4dH1eOTjolTTVmbxiLWvZAYJrhibcutYL1EMyJDwbrh9C73u09MGx6rRztLWCDJWPGIU2JziVzhaFiteXVvAbxO/ILUoEBrWP0ajGKaSqYsFcSYvu8lNsiItpwKNq8MUsMSQqdkzPqOKiKZCbLFrXN84ZQRjmLtSlm8UH9PZEQaM5Oh65TETsyql4v/ef3URrdBxlWSWqboclGUCmxjnD+OR1wzasXMEUI1d7diOiGaUOviqbgQ/NWX10nnuu57df+hUWs2ijjKcAbncAk+3EAT7qEFbaAwgWd4hTck0Qt6Rx/L1hIqZk7hD9DnDz1ajac=</latexit><latexit sha1_base64="uXIJe8DJflzVRkbM9sDZdUzlibs=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquFPRY8OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmhYngxnreNyptbG5t75R3K3v7B4dH1eOTjolTTVmbxiLWvZAYJrhibcutYL1EMyJDwbrh9C73u09MGx6rRztLWCDJWPGIU2JziVzhaFiteXVvAbxO/ILUoEBrWP0ajGKaSqYsFcSYvu8lNsiItpwKNq8MUsMSQqdkzPqOKiKZCbLFrXN84ZQRjmLtSlm8UH9PZEQaM5Oh65TETsyql4v/ef3URrdBxlWSWqboclGUCmxjnD+OR1wzasXMEUI1d7diOiGaUOviqbgQ/NWX10nnuu57df+hUWs2ijjKcAbncAk+3EAT7qEFbaAwgWd4hTck0Qt6Rx/L1hIqZk7hD9DnDz1ajac=</latexit><latexit sha1_base64="uXIJe8DJflzVRkbM9sDZdUzlibs=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgQcquFPRY8OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmhYngxnreNyptbG5t75R3K3v7B4dH1eOTjolTTVmbxiLWvZAYJrhibcutYL1EMyJDwbrh9C73u09MGx6rRztLWCDJWPGIU2JziVzhaFiteXVvAbxO/ILUoEBrWP0ajGKaSqYsFcSYvu8lNsiItpwKNq8MUsMSQqdkzPqOKiKZCbLFrXN84ZQRjmLtSlm8UH9PZEQaM5Oh65TETsyql4v/ef3URrdBxlWSWqboclGUCmxjnD+OR1wzasXMEUI1d7diOiGaUOviqbgQ/NWX10nnuu57df+hUWs2ijjKcAbncAk+3EAT7qEFbaAwgWd4hTck0Qt6Rx/L1hIqZk7hD9DnDz1ajac=</latexit>

µ
<latexit sha1_base64="/fPRlyK+sPTrpPdGHnj90DUHZ1Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmgckS5iddJIhM7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyO/fbT6gNj9WjnSYYSjpSfMgZtU566Mm0X674VX8Bsk6CnFQgR6Nf/uoNYpZKVJYJakw38BMbZlRbzgTOSr3UYELZhI6w66iiEk2YLU6dkQunDMgw1q6UJQv190RGpTFTGblOSe3YrHpz8T+vm9rhTZhxlaQWFVsuGqaC2JjM/yYDrpFZMXWEMs3drYSNqabMunRKLoRg9eV10rqqBn41uK9V6rU8jiKcwTlcQgDXUIc7aEATGIzgGV7hzRPei/fufSxbC14+cwp/4H3+AFkojcg=</latexit><latexit sha1_base64="/fPRlyK+sPTrpPdGHnj90DUHZ1Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmgckS5iddJIhM7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyO/fbT6gNj9WjnSYYSjpSfMgZtU566Mm0X674VX8Bsk6CnFQgR6Nf/uoNYpZKVJYJakw38BMbZlRbzgTOSr3UYELZhI6w66iiEk2YLU6dkQunDMgw1q6UJQv190RGpTFTGblOSe3YrHpz8T+vm9rhTZhxlaQWFVsuGqaC2JjM/yYDrpFZMXWEMs3drYSNqabMunRKLoRg9eV10rqqBn41uK9V6rU8jiKcwTlcQgDXUIc7aEATGIzgGV7hzRPei/fufSxbC14+cwp/4H3+AFkojcg=</latexit><latexit sha1_base64="/fPRlyK+sPTrpPdGHnj90DUHZ1Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmgckS5iddJIhM7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyO/fbT6gNj9WjnSYYSjpSfMgZtU566Mm0X674VX8Bsk6CnFQgR6Nf/uoNYpZKVJYJakw38BMbZlRbzgTOSr3UYELZhI6w66iiEk2YLU6dkQunDMgw1q6UJQv190RGpTFTGblOSe3YrHpz8T+vm9rhTZhxlaQWFVsuGqaC2JjM/yYDrpFZMXWEMs3drYSNqabMunRKLoRg9eV10rqqBn41uK9V6rU8jiKcwTlcQgDXUIc7aEATGIzgGV7hzRPei/fufSxbC14+cwp/4H3+AFkojcg=</latexit><latexit sha1_base64="/fPRlyK+sPTrpPdGHnj90DUHZ1Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmgckS5iddJIhM7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXlAhurO9/e4WNza3tneJuaW//4PCofHzSMnGqGTZZLGLdiahBwRU2LbcCO4lGKiOB7WhyO/fbT6gNj9WjnSYYSjpSfMgZtU566Mm0X674VX8Bsk6CnFQgR6Nf/uoNYpZKVJYJakw38BMbZlRbzgTOSr3UYELZhI6w66iiEk2YLU6dkQunDMgw1q6UJQv190RGpTFTGblOSe3YrHpz8T+vm9rhTZhxlaQWFVsuGqaC2JjM/yYDrpFZMXWEMs3drYSNqabMunRKLoRg9eV10rqqBn41uK9V6rU8jiKcwTlcQgDXUIc7aEATGIzgGV7hzRPei/fufSxbC14+cwp/4H3+AFkojcg=</latexit>

a(u(µ), v;µ) = f(v;µ), 8 v 2 Y,
<latexit sha1_base64="JcBYXHbjfswi67+Gjy/xx8z3cxc="></latexit>

s(µ) = `(y(µ);µ)

` = f
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Introduction to the RB Method

• Simplest Case (Coercive, Compliant, Elliptic, Affine) 

• Non-compliant 

• Parabolic 

• Non-coercive 

• Saddle Point 

• Non-affine / Non-linear
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Noncompliant Case

Problem: Compute                                  where 

with           .  ` 6= f
<latexit sha1_base64="nO2fKRiWxi9iboUDRW6WUUFYX0U=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lqQY8FLx4r2A9IQtlsJ+3SzW7c3Qgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMUehQyaXqR0QDZwI6hhkO/VQBSSIOvWhyO/d7T6A0k+LBTFMIEzISLGaUGCv5AXCOAwGPOB5Ua27dXQCvE68gNVSgPah+BUNJswSEoZxo7XtuasKcKMMoh1klyDSkhE7ICHxLBUlAh/ni5Bm+sMoQx1LZEgYv1N8TOUm0niaR7UyIGetVby7+5/mZiW/CnIk0MyDoclGccWwknv+Ph0wBNXxqCaGK2VsxHRNFqLEpVWwI3urL66TbqHtX9cZ9s9ZqFnGU0Rk6R5fIQ9eohe5QG3UQRRI9o1f05hjnxXl3PpatJaeYOUV/4Hz+AJEGkL0=</latexit>

s(µ) = `(y(µ);µ)
<latexit sha1_base64="cCmm10vXVYs8q5MEH4P3tBuEv7s=">AAACBHicbVBNS8MwGE79nPOr6nGX4BDmZbRzoDCEgRePE9wHrGWkWbqFJW1JUqGUHbz4V7x4UMSrP8Kb/8a060E3H0h48jzvy5v38SJGpbKsb2NtfWNza7u0U97d2z84NI+OezKMBSZdHLJQDDwkCaMB6SqqGBlEgiDuMdL3ZjeZ338gQtIwuFdJRFyOJgH1KUZKSyOzImsOj8+d1rXTcghjtSR/t7JrZFatupUDrhK7IFVQoDMyv5xxiGNOAoUZknJoW5FyUyQUxYzMy04sSYTwDE3IUNMAcSLdNF9iDs+0MoZ+KPQJFMzV3x0p4lIm3NOVHKmpXPYy8T9vGCv/yk1pEMWKBHgxyI8ZVCHMEoFjKghWLNEEYUH1XyGeIoGw0rmVdQj28sqrpNeo2xf1xl2z2m4WcZRABZyCGrDBJWiDW9ABXYDBI3gGr+DNeDJejHfjY1G6ZhQ9J+APjM8fQ9KWhw==</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y
<latexit sha1_base64="V0RmbtlZcdkxhYyE7yInhVmsTXo="></latexit>
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Noncompliant Case

Problem: Compute                                  where 

with           .  

One can show that        

` 6= f
<latexit sha1_base64="nO2fKRiWxi9iboUDRW6WUUFYX0U=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lqQY8FLx4r2A9IQtlsJ+3SzW7c3Qgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMUehQyaXqR0QDZwI6hhkO/VQBSSIOvWhyO/d7T6A0k+LBTFMIEzISLGaUGCv5AXCOAwGPOB5Ua27dXQCvE68gNVSgPah+BUNJswSEoZxo7XtuasKcKMMoh1klyDSkhE7ICHxLBUlAh/ni5Bm+sMoQx1LZEgYv1N8TOUm0niaR7UyIGetVby7+5/mZiW/CnIk0MyDoclGccWwknv+Ph0wBNXxqCaGK2VsxHRNFqLEpVWwI3urL66TbqHtX9cZ9s9ZqFnGU0Rk6R5fIQ9eohe5QG3UQRRI9o1f05hjnxXl3PpatJaeYOUV/4Hz+AJEGkL0=</latexit>

s(µ) = `(y(µ);µ)
<latexit sha1_base64="cCmm10vXVYs8q5MEH4P3tBuEv7s=">AAACBHicbVBNS8MwGE79nPOr6nGX4BDmZbRzoDCEgRePE9wHrGWkWbqFJW1JUqGUHbz4V7x4UMSrP8Kb/8a060E3H0h48jzvy5v38SJGpbKsb2NtfWNza7u0U97d2z84NI+OezKMBSZdHLJQDDwkCaMB6SqqGBlEgiDuMdL3ZjeZ338gQtIwuFdJRFyOJgH1KUZKSyOzImsOj8+d1rXTcghjtSR/t7JrZFatupUDrhK7IFVQoDMyv5xxiGNOAoUZknJoW5FyUyQUxYzMy04sSYTwDE3IUNMAcSLdNF9iDs+0MoZ+KPQJFMzV3x0p4lIm3NOVHKmpXPYy8T9vGCv/yk1pEMWKBHgxyI8ZVCHMEoFjKghWLNEEYUH1XyGeIoGw0rmVdQj28sqrpNeo2xf1xl2z2m4WcZRABZyCGrDBJWiDW9ABXYDBI3gGr+DNeDJejHfjY1G6ZhQ9J+APjM8fQ9KWhw==</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y
<latexit sha1_base64="V0RmbtlZcdkxhYyE7yInhVmsTXo="></latexit>

 k`(·;µ)kY0ky(µ)� yN (µ)kY
<latexit sha1_base64="ZGt3uEqwWmbvPD22d1jBD1vdwU4="></latexit>

 k`(·;µ)kY0�N (µ)
<latexit sha1_base64="PDpHIRwWrwDV25JLuTqGZRgesrM=">AAACHnicbVDLSgNBEJz1bXxFPXpZDGK8hF0fKHgJ6MGTKBijZMIyO+kkg7MPZ3qFsNkv8eKvePGgiOBJ/8bZmINGCxqKqm66u/xYCo2O82mNjU9MTk3PzBbm5hcWl4rLK5c6ShSHGo9kpK58pkGKEGooUMJVrIAFvoS6f3OU+/U7UFpE4QX2YmgGrBOKtuAMjeQV96iEW9qnIGWZ8laEhzRItmjfS2nAsMuZTK+zzYweg0TmpadZOfe9YsmpOAPYf4k7JCUyxJlXfKetiCcBhMgl07rhOjE2U6ZQcAlZgSYaYsZvWAcahoYsAN1MB+9l9oZRWnY7UqZCtAfqz4mUBVr3At905jfrUS8X//MaCbYPmqkI4wQh5N+L2om0MbLzrOyWUMBR9gxhXAlzq827TDGOJtGCCcEdffkvudyuuDuV7fPdUnV3GMcMWSPrpExcsk+q5ISckRrh5J48kmfyYj1YT9ar9fbdOmYNZ1bJL1gfX+oXouk=</latexit>

|s(µ)� sN (µ)| = |`(y(µ)� yN (µ);µ)|
<latexit sha1_base64="ZQQ3wc0MzA5dWaY7KcH10o7kS0g=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0WoC0tSiwpFKLhxJRXsA5oQJtNpO3TyYGYihLR/4sZfceNCEXHXv3GaBtHWAwOHc87lzj1uyKiQhjHVciura+sb+c3C1vbO7p6+f9ASQcQxaeKABbzjIkEY9UlTUslIJ+QEeS4jbXd0M/Pbj4QLGvgPMg6J7aGBT/sUI6kkR78Yi5LlRadnwknuJikdW7Vrqza2CGOwFM/d+MetpRFHLxplIwVcJmZGiiBDw9G/rF6AI4/4EjMkRNc0QmkniEuKGZkUrEiQEOERGpCuoj7yiLCT9L4JPFFKD/YDrp4vYar+nkiQJ0TsuSrpITkUi95M/M/rRrJ/ZSfUDyNJfDxf1I8YlAGclQV7lBMsWawIwpyqv0I8RBxhqSotqBLMxZOXSatSNs/LlftqsV7N6siDI3AMSsAEl6AObkEDNAEGT+AFvIF37Vl71T60z3k0p2Uzh+APtOk3dNihUw==</latexit>
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Noncompliant Case

One can also show that 

where         is the primal residual (as before), and the dual residual is 

Here,                            approximates                    where  

|s(µ)� sN (µ)|  1

↵LB
a (µ)

krpr(·; yN (µ), µ)ky0 krdu(·; N (µ), µ)ky0

<latexit sha1_base64="UC4qC8D8bBA8al72AMBHJNGXGHc="></latexit>

rpr
<latexit sha1_base64="KvFME8U9DGKIVjLhqN64ZkxrUHU=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIvgqezWgh4LXjxWsK3YriWbZtvQJLskWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqmzjVlLVoLGJ9HxLDBFesZbkV7D7RjMhQsE44vp75nSemDY/VnZ0kLJBkqHjEKbFOetCPWU9LnOhpv1zxqt4ceJX4OalAjma//NUbxDSVTFkqiDFd30tskBFtORVsWuqlhiWEjsmQdR1VRDITZPOLp/jMKQMcxdqVsniu/p7IiDRmIkPXKYkdmWVvJv7ndVMbXQUZV0lqmaKLRVEqsI3x7H084JpRKyaOEKq5uxXTEdGEWhdSyYXgL7+8Stq1qn9Rrd3WK416HkcRTuAUzsGHS2jADTShBRQUPMMrvCGDXtA7+li0FlA+cwx/gD5/AKPRkNk=</latexit>

 N (µ) 2 Ydu
N

<latexit sha1_base64="baND1uJGRHRXkiuPacDjZl8ZemE=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjVRUlqQZcFN66kgn1IE8NkOm2HzkzCzEQoIf/gxl9x40IRt27c+TdO2i609cCFwzn3cu89Ycyo0o7zbS0tr6yurRc2iptb2zu79t5+S0WJxKSJIxbJTogUYVSQpqaakU4sCeIhI+1wdJn77QciFY3ErR7HxOdoIGifYqSNFNinXqxokF5nZY8nJx4V0ONIDzFiML3LcuM+9SSHvSQL7JJTcSaAi8SdkRKYoRHYX14vwgknQmOGlOq6Tqz9FElNMSNZ0UsUiREeoQHpGioQJ8pPJz9l8NgoPdiPpCmh4UT9PZEirtSYh6YzP1jNe7n4n9dNdP/CT6mIE00Eni7qJwzqCOYBwR6VBGs2NgRhSc2tEA+RRFibGIsmBHf+5UXSqlbcs0r1plaq12ZxFMAhOAJl4IJzUAdXoAGaAINH8AxewZv1ZL1Y79bHtHXJms0cgD+wPn8AJWieSg==</latexit>

 (µ) 2 Y
<latexit sha1_base64="4Af7Lj9wmDNmu8BKNLoL3+79/bg=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclqQVdFty4rGAf0oQymU7aoTOTMDMRSsjGX3HjQhG3foY7/8ZJm4W2HrhwOOde7r0niBlV2nG+rdLa+sbmVnm7srO7t39gHx51VZRITDo4YpHsB0gRRgXpaKoZ6ceSIB4w0gumN7nfeyRS0Ujc61lMfI7GgoYUI22koX3ixYrWPJ5ceFR4HOkJRix9yIZ21ak7c8BV4hakCgq0h/aXN4pwwonQmCGlBq4Taz9FUlPMSFbxEkVihKdoTAaGCsSJ8tP5Axk8N8oIhpE0JTScq78nUsSVmvHAdOYnqmUvF//zBokOr/2UijjRRODFojBhUEcwTwOOqCRYs5khCEtqboV4giTC2mRWMSG4yy+vkm6j7l7WG3fNaqtZxFEGp+AM1IALrkAL3II26AAMMvAMXsGb9WS9WO/Wx6K1ZBUzx+APrM8fwOSWeA==</latexit>

rdu(v;µ) := �`(v;µ)� a(v, N (µ);µ) 8 v 2 Y.

a(v, (µ);µ) = �`(v;µ), 8 v 2 Y.
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Parabolic Case

Problem: Given           , evaluate 

                where                 satisfies

µ 2 D
<latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit><latexit sha1_base64="o3wJi7vfDMWOk7HdF8UgfdjLiw8=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCqzIjgi4LunBZwT6gM5RMmrahSWZIMkoZ+yluXCji1i9x59+YaWehrQcCh3Pu5Z6cKOFMG8/7dkpr6xubW+Xtys7u3v6BWz1s6zhVhLZIzGPVjbCmnEnaMsxw2k0UxSLitBNNrnO/80CVZrG8N9OEhgKPJBsygo2V+m41EGnAZCCwGRPMs5tZ3615dW8OtEr8gtSgQLPvfgWDmKSCSkM41rrne4kJM6wMI5zOKkGqaYLJBI9oz1KJBdVhNo8+Q6dWGaBhrOyTBs3V3xsZFlpPRWQn84h62cvF/7xeaoZXYcZkkhoqyeLQMOXIxCjvAQ2YosTwqSWYKGazIjLGChNj26rYEvzlL6+S9nnd9+r+3UWtcVHUUYZjOIEz8OESGnALTWgBgUd4hld4c56cF+fd+ViMlpxi5wj+wPn8AZrylCo=</latexit>

yk = y(x, tk;µ)
<latexit sha1_base64="0Qi1oFd5bGDu7JWdy697X62qV+M=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIFaQkUlAoQsGNywr2AU0sk+mkHTozCTMTMYS68VfcuFDErX/hzr9x0mahrQcunDnnXube40eUSGXb30ZhaXllda24XtrY3NreMXf32jKMBcItFNJQdH0oMSUctxRRFHcjgSHzKe7446vM79xjIUnIb1USYY/BIScBQVBpqW8eJHfpeOLWL916Unk4Vdmr7rL4pG+W7ao9hbVInJyUQY5m3/xyByGKGeYKUShlz7Ej5aVQKIIonpTcWOIIojEc4p6mHDIsvXR6wcQ61srACkKhiytrqv6eSCGTMmG+7mRQjeS8l4n/eb1YBRdeSngUK8zR7KMgppYKrSwOa0AERoommkAkiN7VQiMoIFI6tJIOwZk/eZG0z6qOXXVuauVGLY+jCA7BEagAB5yDBrgGTdACCDyCZ/AK3own48V4Nz5mrQUjn9kHf2B8/gCj7pZO</latexit><latexit sha1_base64="0Qi1oFd5bGDu7JWdy697X62qV+M=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIFaQkUlAoQsGNywr2AU0sk+mkHTozCTMTMYS68VfcuFDErX/hzr9x0mahrQcunDnnXube40eUSGXb30ZhaXllda24XtrY3NreMXf32jKMBcItFNJQdH0oMSUctxRRFHcjgSHzKe7446vM79xjIUnIb1USYY/BIScBQVBpqW8eJHfpeOLWL916Unk4Vdmr7rL4pG+W7ao9hbVInJyUQY5m3/xyByGKGeYKUShlz7Ej5aVQKIIonpTcWOIIojEc4p6mHDIsvXR6wcQ61srACkKhiytrqv6eSCGTMmG+7mRQjeS8l4n/eb1YBRdeSngUK8zR7KMgppYKrSwOa0AERoommkAkiN7VQiMoIFI6tJIOwZk/eZG0z6qOXXVuauVGLY+jCA7BEagAB5yDBrgGTdACCDyCZ/AK3own48V4Nz5mrQUjn9kHf2B8/gCj7pZO</latexit><latexit sha1_base64="0Qi1oFd5bGDu7JWdy697X62qV+M=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIFaQkUlAoQsGNywr2AU0sk+mkHTozCTMTMYS68VfcuFDErX/hzr9x0mahrQcunDnnXube40eUSGXb30ZhaXllda24XtrY3NreMXf32jKMBcItFNJQdH0oMSUctxRRFHcjgSHzKe7446vM79xjIUnIb1USYY/BIScBQVBpqW8eJHfpeOLWL916Unk4Vdmr7rL4pG+W7ao9hbVInJyUQY5m3/xyByGKGeYKUShlz7Ej5aVQKIIonpTcWOIIojEc4p6mHDIsvXR6wcQ61srACkKhiytrqv6eSCGTMmG+7mRQjeS8l4n/eb1YBRdeSngUK8zR7KMgppYKrSwOa0AERoommkAkiN7VQiMoIFI6tJIOwZk/eZG0z6qOXXVuauVGLY+jCA7BEagAB5yDBrgGTdACCDyCZ/AK3own48V4Nz5mrQUjn9kHf2B8/gCj7pZO</latexit><latexit sha1_base64="0Qi1oFd5bGDu7JWdy697X62qV+M=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIFaQkUlAoQsGNywr2AU0sk+mkHTozCTMTMYS68VfcuFDErX/hzr9x0mahrQcunDnnXube40eUSGXb30ZhaXllda24XtrY3NreMXf32jKMBcItFNJQdH0oMSUctxRRFHcjgSHzKe7446vM79xjIUnIb1USYY/BIScBQVBpqW8eJHfpeOLWL916Unk4Vdmr7rL4pG+W7ao9hbVInJyUQY5m3/xyByGKGeYKUShlz7Ej5aVQKIIonpTcWOIIojEc4p6mHDIsvXR6wcQ61srACkKhiytrqv6eSCGTMmG+7mRQjeS8l4n/eb1YBRdeSngUK8zR7KMgppYKrSwOa0AERoommkAkiN7VQiMoIFI6tJIOwZk/eZG0z6qOXXVuauVGLY+jCA7BEagAB5yDBrgGTdACCDyCZ/AK3own48V4Nz5mrQUjn9kHf2B8/gCj7pZO</latexit>
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k = K

k = 0
uN(tk; µ1)

uN(tk; µ2)
uN(tk; µM)

XN

y
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<latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="bVNnksKGfj5WOOpvR/IekRPPlt0=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oS8mkd9rYTGZI7gjD0F/gxoUi/i13/hvTx0JbDwQ+zknIvSdMlbTk+9/e1vbO7t5+6aB8WDk6PqmeVto2yYzAlkhUYroht6ikxhZJUthNDfI4VNgJp/fzvPOMxspEP1Ke4iDmYy0jKTg5q5kPqzW/7i/ENiFYQQ1WagyrX/1RIrIYNQnFre0FfkqDghuSQuGs3M8splxM+Rh7DjWP0Q6KxaAzdumcEYsS444mtnB/vyh4bG0eh+5mzGli17O5+V/Wyyi6HRRSpxmhFsuPokwxSth8azaSBgWp3AEXRrpZmZhwwwW5bsquhGB95U1oX9cDvx40fSjBOVzAFQRwA3fwAA1ogQCEF3iDd+/Je/U+lnVteavezuCPvM8f0wyLqg==</latexit><latexit sha1_base64="bVNnksKGfj5WOOpvR/IekRPPlt0=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oS8mkd9rYTGZI7gjD0F/gxoUi/i13/hvTx0JbDwQ+zknIvSdMlbTk+9/e1vbO7t5+6aB8WDk6PqmeVto2yYzAlkhUYroht6ikxhZJUthNDfI4VNgJp/fzvPOMxspEP1Ke4iDmYy0jKTg5q5kPqzW/7i/ENiFYQQ1WagyrX/1RIrIYNQnFre0FfkqDghuSQuGs3M8splxM+Rh7DjWP0Q6KxaAzdumcEYsS444mtnB/vyh4bG0eh+5mzGli17O5+V/Wyyi6HRRSpxmhFsuPokwxSth8azaSBgWp3AEXRrpZmZhwwwW5bsquhGB95U1oX9cDvx40fSjBOVzAFQRwA3fwAA1ogQCEF3iDd+/Je/U+lnVteavezuCPvM8f0wyLqg==</latexit><latexit sha1_base64="iJ9nnNC8ksU5tNflHCkAM51cu5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617LrTWuizjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPiR4zr</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit>

Assume that       and     are 

• symmetric 

• continuous  

• coercive 

bilinear forms for all            .
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<latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Rggd+rUY+cFyLsp2VA9zU1SDvMY=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxeQxJRihDf4EbF4r4t9z5b0wfC209EPg4JyH3niQT3Low/A62tnd29/ZLB+XDytHxSfW00rY6NwxbTAttugm1KLjCluNOYDczSGUisJNM7ud55xmN5Vo9ummGsaQjxVPOqPNWUw6qtbAeLkQ2IVpBDVZqDKpf/aFmuUTlmKDW9qIwc3FBjeNM4Kzczy1mlE3oCHseFZVo42Ix6IxcemdIUm38UY4s3N8vCiqtncrE35TUje16Njf/y3q5S2/jgqssd6jY8qM0F8RpMt+aDLlB5sTUA2WG+1kJG1NDmfPdlH0J0frKm9C+rkdhPWqGUIJzuIAriOAG7uABGtACBggv8AbvwVPwGnws69oKVr2dwR8Fnz/BYIue</latexit><latexit sha1_base64="Rggd+rUY+cFyLsp2VA9zU1SDvMY=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxeQxJRihDf4EbF4r4t9z5b0wfC209EPg4JyH3niQT3Low/A62tnd29/ZLB+XDytHxSfW00rY6NwxbTAttugm1KLjCluNOYDczSGUisJNM7ud55xmN5Vo9ummGsaQjxVPOqPNWUw6qtbAeLkQ2IVpBDVZqDKpf/aFmuUTlmKDW9qIwc3FBjeNM4Kzczy1mlE3oCHseFZVo42Ix6IxcemdIUm38UY4s3N8vCiqtncrE35TUje16Njf/y3q5S2/jgqssd6jY8qM0F8RpMt+aDLlB5sTUA2WG+1kJG1NDmfPdlH0J0frKm9C+rkdhPWqGUIJzuIAriOAG7uABGtACBggv8AbvwVPwGnws69oKVr2dwR8Fnz/BYIue</latexit><latexit sha1_base64="7vbbrw/LNwfuIZHJI+cknezQSsk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48JmAckS5id9CZjZmaXmVkhhHyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMkmmGTZZIhLdiahBwRU2LbcCO6lGKiOB7Wh8N/fbT6gNT9SDnaQYSjpUPOaMWic1ZL9c8av+AmSdBDmpQI56v/zVGyQsk6gsE9SYbuCnNpxSbTkTOCv1MoMpZWM6xK6jiko04XRx6IxcOGVA4kS7UpYs1N8TUyqNmcjIdUpqR2bVm4v/ed3MxrfhlKs0s6jYclGcCWITMv+aDLhGZsXEEco0d7cSNqKaMuuyKbkQgtWX10nrqhr41aDhV2rXeRxFOINzuIQAbqAG91CHJjBAeIZXePMevRfv3ftYtha8fOYU/sD7/AHQF4zf</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit><latexit sha1_base64="yCU3e2mL8fi1obgrOxK+w2GhglE=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXAxjIBkwjJEfY2c8ma3b1jd08IIb/AxkIRW3+Snf/GTXKFJj4YeLw3w8y8KBXcWN//9gobm1vbO8Xd0t7+weFR+fikbZJMM2yxRCT6IaIGBVfYstwKfEg1UhkJ7ETj27nfeUJteKLu7STFUNKh4jFn1DqpKfvlil/1FyDrJMhJBXI0+uWv3iBhmURlmaDGdAM/teGUasuZwFmplxlMKRvTIXYdVVSiCaeLQ2fkwikDEifalbJkof6emFJpzERGrlNSOzKr3lz8z+tmNr4Jp1ylmUXFloviTBCbkPnXZMA1MismjlCmubuVsBHVlFmXTcmFEKy+vE7aV9XArwbNWqVey+MowhmcwyUEcA11uIMGtIABwjO8wpv36L14797HsrXg5TOn8Afe5w/RV4zj</latexit>

a
<latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit><latexit sha1_base64="iVfmgA+qfRs6f5mBjLkvTB3lrjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw7LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NeGtn3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1apVGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx+/J4zX</latexit>

µ 2 D
<latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit><latexit sha1_base64="bVrq0t88ruFqdaBcFlcyN493AwI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkoMuCLlxWsA9oQplMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1XZ2Nza3qnu1vb2Dw6P7OOTnopTSWiXxDyWgwArypmgXc00p4NEUhwFnPaD2U3h9x+pVCwWDzpLqB/hiWAhI1gbaWTXvShFHhPIi7CeEszz2/nIbjhNZwG0TtySNKBEZ2R/eeOYpBEVmnCs1NB1Eu3nWGpGOJ3XvFTRBJMZntChoQJHVPn5IvwcnRtljMJYmic0Wqi/N3IcKZVFgZksIqpVrxD/84apDq/9nIkk1VSQ5aEw5UjHqGgCjZmkRPPMEEwkM1kRmWKJiTZ91UwJ7uqX10nvsuk6Tfe+1Wi3yjqqcApncAEuXEEb7qADXSCQwTO8wpv1ZL1Y79bHcrRilTt1+APr8wdNOJR+</latexit>

s(t;µ) = `(y(x, t;µ);µ)
<latexit sha1_base64="BPObilrVmT6sXuaEikbgvusUyNs=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WIICWpBYUiFNy4rGAf0IQymU7aoTNJmJmIIXTtxl9x40IRt36BO//GadqFVg/cy+Gce5m5x48Zlcq2v4zC0vLK6lpxvbSxubW9Y+7utWWUCExaOGKR6PpIEkZD0lJUMdKNBUHcZ6Tjj6+mfueOCEmj8FalMfE4GoY0oBgpLfXNQ2mpusuTE7d+6dZdwpiVWvenMy1vfbNsV+wc8C9x5qQM5mj2zU93EOGEk1BhhqTsOXasvAwJRTEjk5KbSBIjPEZD0tM0RJxIL8tPmcBjrQxgEAldoYK5+nMjQ1zKlPt6kiM1koveVPzP6yUquPAyGsaJIiGePRQkDKoITnOBAyoIVizVBGFB9V8hHiGBsNLplXQIzuLJf0m7WnHOKtWbWrlRm8dRBAfgCFjAAeegAa5BE7QABg/gCbyAV+PReDbejPfZaMGY7+yDXzA+vgFpVpjF</latexit>

y(x, t;µ)
<latexit sha1_base64="xNL/dUl5ykL8fEIApbT4X4zGwFY=">AAAB8XicbVBNSwMxEM36WetX1aOXYBEqSNmtBQUvBS8eK9gPbJeSTbNtaJJdklmxLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRjdTv/XItOGRuodxzHxJBoqHnBKw0sO49HQO112ZnPUKRbfszoCXiZeRIspQ7xW+uv2IJpIpoIIY0/HcGPyUaOBUsEm+mxgWEzoiA9axVBHJjJ/OLp7gU6v0cRhpWwrwTP09kRJpzFgGtlMSGJpFbyr+53USCK/8lKs4AabofFGYCAwRnr6P+1wzCmJsCaGa21sxHRJNKNiQ8jYEb/HlZdKslL2LcuWuWqxVszhy6BidoBLy0CWqoVtURw1EkULP6BW9OcZ5cd6dj3nripPNHKE/cD5/AJ9nkC8=</latexit>

m

✓
yk � yk�1

�t
, v;µ

◆
+ a(y, v;µ) = f(v;µ)g(tk)

<latexit sha1_base64="zkp2ftDV68IBxdi4tAwZqYJYEHs="></latexit>
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Parabolic Case

For a given             , let 

represent the       largest POD modes with respect to the    -inner product, s.t.
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k = K

k = 0
uN(tk; µ1)

uN(tk; µ2)
uN(tk; µM)

XN

y
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y
<latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="bVNnksKGfj5WOOpvR/IekRPPlt0=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oS8mkd9rYTGZI7gjD0F/gxoUi/i13/hvTx0JbDwQ+zknIvSdMlbTk+9/e1vbO7t5+6aB8WDk6PqmeVto2yYzAlkhUYroht6ikxhZJUthNDfI4VNgJp/fzvPOMxspEP1Ke4iDmYy0jKTg5q5kPqzW/7i/ENiFYQQ1WagyrX/1RIrIYNQnFre0FfkqDghuSQuGs3M8splxM+Rh7DjWP0Q6KxaAzdumcEYsS444mtnB/vyh4bG0eh+5mzGli17O5+V/Wyyi6HRRSpxmhFsuPokwxSth8azaSBgWp3AEXRrpZmZhwwwW5bsquhGB95U1oX9cDvx40fSjBOVzAFQRwA3fwAA1ogQCEF3iDd+/Je/U+lnVteavezuCPvM8f0wyLqg==</latexit><latexit sha1_base64="bVNnksKGfj5WOOpvR/IekRPPlt0=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oS8mkd9rYTGZI7gjD0F/gxoUi/i13/hvTx0JbDwQ+zknIvSdMlbTk+9/e1vbO7t5+6aB8WDk6PqmeVto2yYzAlkhUYroht6ikxhZJUthNDfI4VNgJp/fzvPOMxspEP1Ke4iDmYy0jKTg5q5kPqzW/7i/ENiFYQQ1WagyrX/1RIrIYNQnFre0FfkqDghuSQuGs3M8splxM+Rh7DjWP0Q6KxaAzdumcEYsS444mtnB/vyh4bG0eh+5mzGli17O5+V/Wyyi6HRRSpxmhFsuPokwxSth8azaSBgWp3AEXRrpZmZhwwwW5bsquhGB95U1oX9cDvx40fSjBOVzAFQRwA3fwAA1ogQCEF3iDd+/Je/U+lnVteavezuCPvM8f0wyLqg==</latexit><latexit sha1_base64="iJ9nnNC8ksU5tNflHCkAM51cu5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617LrTWuizjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPiR4zr</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit>

R
<latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit><latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit><latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit><latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit> Y

<latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit>

PR = PODY({yk(µ), 1  k  K}, R)
<latexit sha1_base64="YlFvQgMTs5bHbLokTVdfVZIn+WQ="></latexit>

PR = arg inf
YR⇢span{yk, k=1...K}

 
1

k

KX

k=1

inf
v2XR

kyk(µ)� vk2Y

! 1
2

µ 2 D
<latexit sha1_base64="3As65qUDuG2Gp3FYI0CWlHOKSqQ=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlqQZcFXbisYB/QhDKZTtuhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCWLOlHacb6u0sbm1vVPereztHxwe2ccnXRUlktAOiXgk+wFWlDNBO5ppTvuxpDgMOO0Fs5vc7z1SqVgkHnQaUz/EE8HGjGBtpKFd9cIEeUwgL8R6SjDPbudDu+bUnQXQOnELUoMC7aH95Y0ikoRUaMKxUgPXibWfYakZ4XRe8RJFY0xmeEIHhgocUuVni/BzdG6UERpH0jyh0UL9vZHhUKk0DMxkHlGtern4nzdI9Pjaz5iIE00FWR4aJxzpCOVNoBGTlGieGoKJZCYrIlMsMdGmr4opwV398jrpNuruZb1x36y1mkUdZTiFM7gAF66gBXfQhg4QSOEZXuHNerJerHfrYzlasoqdKvyB9fkDToaUgg==</latexit>



Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

76

Parabolic Case

For a given             , let 

represent the       largest POD modes with respect to the    -inner product, s.t.
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k = K

k = 0
uN(tk; µ1)

uN(tk; µ2)
uN(tk; µM)

XN

y
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y
<latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="bVNnksKGfj5WOOpvR/IekRPPlt0=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oS8mkd9rYTGZI7gjD0F/gxoUi/i13/hvTx0JbDwQ+zknIvSdMlbTk+9/e1vbO7t5+6aB8WDk6PqmeVto2yYzAlkhUYroht6ikxhZJUthNDfI4VNgJp/fzvPOMxspEP1Ke4iDmYy0jKTg5q5kPqzW/7i/ENiFYQQ1WagyrX/1RIrIYNQnFre0FfkqDghuSQuGs3M8splxM+Rh7DjWP0Q6KxaAzdumcEYsS444mtnB/vyh4bG0eh+5mzGli17O5+V/Wyyi6HRRSpxmhFsuPokwxSth8azaSBgWp3AEXRrpZmZhwwwW5bsquhGB95U1oX9cDvx40fSjBOVzAFQRwA3fwAA1ogQCEF3iDd+/Je/U+lnVteavezuCPvM8f0wyLqg==</latexit><latexit sha1_base64="bVNnksKGfj5WOOpvR/IekRPPlt0=">AAAB3XicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oS8mkd9rYTGZI7gjD0F/gxoUi/i13/hvTx0JbDwQ+zknIvSdMlbTk+9/e1vbO7t5+6aB8WDk6PqmeVto2yYzAlkhUYroht6ikxhZJUthNDfI4VNgJp/fzvPOMxspEP1Ke4iDmYy0jKTg5q5kPqzW/7i/ENiFYQQ1WagyrX/1RIrIYNQnFre0FfkqDghuSQuGs3M8splxM+Rh7DjWP0Q6KxaAzdumcEYsS444mtnB/vyh4bG0eh+5mzGli17O5+V/Wyyi6HRRSpxmhFsuPokwxSth8azaSBgWp3AEXRrpZmZhwwwW5bsquhGB95U1oX9cDvx40fSjBOVzAFQRwA3fwAA1ogQCEF3iDd+/Je/U+lnVteavezuCPvM8f0wyLqg==</latexit><latexit sha1_base64="iJ9nnNC8ksU5tNflHCkAM51cu5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0bu53n1BpHssHkyXoR3QsecgZNVZqZcNqza27C5B14hWkBgWaw+rXYBSzNEJpmKBa9z03MX5OleFM4KwySDUmlE3pGPuWShqh9vPFoTNyYZURCWNlSxqyUH9P5DTSOosC2xlRM9Gr3lz8z+unJrz1cy6T1KBky0VhKoiJyfxrMuIKmRGZJZQpbm8lbEIVZcZmU7EheKsvr5POVd1z617LrTWuizjKcAbncAke3EAD7qEJbWCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPiR4zr</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit><latexit sha1_base64="oIEopfHZLTeBs4F8fTQT40CK8aU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJ+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqIaAaBZfYMdwIfEgU0igQ2Aumt3O/94RK81jemyxBP6JjyUPOqLFSOxtWa27dXYCsE68gNSjQGla/BqOYpRFKwwTVuu+5ifFzqgxnAmeVQaoxoWxKx9i3VNIItZ8vDp2RC6uMSBgrW9KQhfp7IqeR1lkU2M6Imole9ebif14/NeGNn3OZpAYlWy4KU0FMTOZfkxFXyIzILKFMcXsrYROqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/jh4zv</latexit>

• Compute an            . 

• Choose largest mode(s). 

• In practice, we do POD on the error 

instead of directly on the data.

R
<latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit><latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit><latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit><latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit> Y

<latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit>

PR = PODY({yk(µ), 1  k  K}, R)
<latexit sha1_base64="YlFvQgMTs5bHbLokTVdfVZIn+WQ="></latexit>

SVDY
<latexit sha1_base64="ZlBAyHhRvPrBctxgKug/KkyOy2U=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWkFnRZ0IXLivYhTQiT6bQdOnkwcyOWkI2/4saFIm79DHf+jZM2C209cOFwzr3ce48fC67Asr6NpeWV1bX10kZ5c2t7Z9fc22+rKJGUtWgkItn1iWKCh6wFHATrxpKRwBes448vc7/zwKTiUXgHk5i5ARmGfMApAS155qED7BHS2/ZV5qVOQGBEicD3mWdWrKo1BV4kdkEqqEDTM7+cfkSTgIVABVGqZ1sxuCmRwKlgWdlJFIsJHZMh62kakoApN50+kOETrfTxIJK6QsBT9fdESgKlJoGvO/MT1byXi/95vQQGF27KwzgBFtLZokEiMEQ4TwP3uWQUxEQTQiXXt2I6IpJQ0JmVdQj2/MuLpF2r2mfV2k290qgXcZTQETpGp8hG56iBrlETtRBFGXpGr+jNeDJejHfjY9a6ZBQzB+gPjM8f8KeWkw==</latexit>

PR = arg inf
YR⇢span{yk, k=1...K}

 
1

k

KX

k=1

inf
v2XR

kyk(µ)� vk2Y

! 1
2

µ 2 D
<latexit sha1_base64="3As65qUDuG2Gp3FYI0CWlHOKSqQ=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlqQZcFXbisYB/QhDKZTtuhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzL/fMCWLOlHacb6u0sbm1vVPereztHxwe2ccnXRUlktAOiXgk+wFWlDNBO5ppTvuxpDgMOO0Fs5vc7z1SqVgkHnQaUz/EE8HGjGBtpKFd9cIEeUwgL8R6SjDPbudDu+bUnQXQOnELUoMC7aH95Y0ikoRUaMKxUgPXibWfYakZ4XRe8RJFY0xmeEIHhgocUuVni/BzdG6UERpH0jyh0UL9vZHhUKk0DMxkHlGtern4nzdI9Pjaz5iIE00FWR4aJxzpCOVNoBGTlGieGoKJZCYrIlMsMdGmr4opwV398jrpNuruZb1x36y1mkUdZTiFM7gAF66gBXfQhg4QSOEZXuHNerJerHfrYzlasoqdKvyB9fkDToaUgg==</latexit>
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Noncoercive Problems

Problem: Find                  such that 

Assume that 

y(µ) 2 Y
<latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y.
<latexit sha1_base64="WkXohkID0oEI24m1IeHpMlErR2s="></latexit><latexit sha1_base64="WkXohkID0oEI24m1IeHpMlErR2s="></latexit><latexit sha1_base64="WkXohkID0oEI24m1IeHpMlErR2s="></latexit><latexit sha1_base64="WkXohkID0oEI24m1IeHpMlErR2s="></latexit>

�(µ) = inf
w2Y

sup
v2Y

a(w, v;µ)

kwkYkvkY
� �0 > 0.

<latexit sha1_base64="aibWNx3gLmwlBHp9KLtQBY+gJMU="></latexit><latexit sha1_base64="aibWNx3gLmwlBHp9KLtQBY+gJMU="></latexit><latexit sha1_base64="aibWNx3gLmwlBHp9KLtQBY+gJMU="></latexit><latexit sha1_base64="aibWNx3gLmwlBHp9KLtQBY+gJMU="></latexit>
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Noncoercive Problems

Problem: Find                  such that 

Assume that 

RB Approximation: Find                        such that 

Is the RB Problem well-posed? 

y(µ) 2 Y
<latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit>

yN (µ) 2 YN
<latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y.
<latexit sha1_base64="WkXohkID0oEI24m1IeHpMlErR2s="></latexit><latexit sha1_base64="WkXohkID0oEI24m1IeHpMlErR2s="></latexit><latexit sha1_base64="WkXohkID0oEI24m1IeHpMlErR2s="></latexit><latexit sha1_base64="WkXohkID0oEI24m1IeHpMlErR2s="></latexit>

�(µ) = inf
w2Y

sup
v2Y

a(w, v;µ)

kwkYkvkY
� �0 > 0.

<latexit sha1_base64="aibWNx3gLmwlBHp9KLtQBY+gJMU="></latexit><latexit sha1_base64="aibWNx3gLmwlBHp9KLtQBY+gJMU="></latexit><latexit sha1_base64="aibWNx3gLmwlBHp9KLtQBY+gJMU="></latexit><latexit sha1_base64="aibWNx3gLmwlBHp9KLtQBY+gJMU="></latexit>

a(yN (µ), v;µ) = f(v;µ), 8 v 2 YN .
<latexit sha1_base64="DVf400tubvii4eLdzdXvvu1Jng0="></latexit><latexit sha1_base64="DVf400tubvii4eLdzdXvvu1Jng0="></latexit><latexit sha1_base64="DVf400tubvii4eLdzdXvvu1Jng0="></latexit><latexit sha1_base64="DVf400tubvii4eLdzdXvvu1Jng0="></latexit>
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Problem: Find              such that 

where                                 is a continuous bilinear form 

                                       is a continuous linear functional. 

y 2 Y1
<latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit>

a(y, v) = f(v) 8 v 2 Y2
<latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit>

a : Y1 ⇥ Y2 ! R
<latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit>

f : Y2 ! R
<latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit>



Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

Noncoercive Problems

80

Problem: Find              such that 

where                                 is a continuous bilinear form 

                                       is a continuous linear functional. 

Banach-Nečas-Babuška Thm: The problem is well-posed if and only if: 

                                such that 

y 2 Y1
<latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit>

a(y, v) = f(v) 8 v 2 Y2
<latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit>

a : Y1 ⇥ Y2 ! R
<latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit>

f : Y2 ! R
<latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit>

(BNB1)

(BNB2)

9 �o > 0
<latexit sha1_base64="0ML9RK+EQKXQcc1hS73R3uPqHkk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5LUgoIgBS8eK9gPaELYbCft0s0m7G6kpfSvePGgiFf/iDf/jds2B219MPB4b4aZeWHKmdKO820VNja3tneKu6W9/YPDI/u43FZJJim0aMIT2Q2JAs4EtDTTHLqpBBKHHDrh6G7ud55AKpaIRz1JwY/JQLCIUaKNFNhlD8Zmi/JuvBA0CZJbJ7ArTtVZAK8TNycVlKMZ2F9eP6FZDEJTTpTquU6q/SmRmlEOs5KXKUgJHZEB9AwVJAblTxe3z/C5Ufo4SqQpofFC/T0xJbFSkzg0nTHRQ7XqzcX/vF6mo2t/ykSaaRB0uSjKONYJngeB+0wC1XxiCKGSmVsxHRJJqDZxlUwI7urL66Rdq7qX1dpDvdKo53EU0Sk6QxfIRVeoge5RE7UQRWP0jF7RmzWzXqx362PZWrDymRP0B9bnD50YlBw=</latexit>

inf
w2Y1

sup
v2Y2

a(w, v)

kwkY1kvkY2

� �o
<latexit sha1_base64="BQnC0Sd0rwv/anklvkQrWvCUkLE="></latexit>

8 v 2 Y2 (a(w, v) = 0, 8 w 2 Y1) ) (v = 0).
<latexit sha1_base64="FEg8+P1zlm2NYP6ou2K3qYgo31I="></latexit><latexit sha1_base64="FEg8+P1zlm2NYP6ou2K3qYgo31I="></latexit><latexit sha1_base64="FEg8+P1zlm2NYP6ou2K3qYgo31I="></latexit><latexit sha1_base64="FEg8+P1zlm2NYP6ou2K3qYgo31I="></latexit>

Ker{A} = 0
<latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="XwUnvctE7gGkhv1+JASVPgXc340=">AAAB+nicbVBNSwMxEJ31s9aqq1c9LBbBU8l60YugeBG8VLAf0F1KNpu2oUl2SbJCWfbixb/ixYMi/hBv/huzbQ/a+iDM470ZMvOilDNtEPp2VlbX1jc2K1vV7drO7p67X2vrJFOEtkjCE9WNsKacSdoyzHDaTRXFIuK0E41vSr/zSJVmiXwwk5SGAg8lGzCCjZX67lGgRH5HVRHkQZTwWE+ELfl1ERSXqO/WUQNN4S0Tf07qMEez734FcUIyQaUhHGvd81FqwhwrwwinRTXINE0xGeMh7VkqsaA6zKdXFN6JVWJvkCj7pPGm6u+JHAtdrmc7BTYjveiV4n9eLzODizBnMs0MlWT20SDjnkm8MhIvZooSwyeWYKKY3dUjI6wwMTa4qg3BXzx5mbTPGj5q+PcIKnAIx3AKPpzDFdxCE1pA4Ale4A3enWfn1fmYxbXizHM7gD9wPn8ApEWXkQ==</latexit><latexit sha1_base64="XwUnvctE7gGkhv1+JASVPgXc340=">AAAB+nicbVBNSwMxEJ31s9aqq1c9LBbBU8l60YugeBG8VLAf0F1KNpu2oUl2SbJCWfbixb/ixYMi/hBv/huzbQ/a+iDM470ZMvOilDNtEPp2VlbX1jc2K1vV7drO7p67X2vrJFOEtkjCE9WNsKacSdoyzHDaTRXFIuK0E41vSr/zSJVmiXwwk5SGAg8lGzCCjZX67lGgRH5HVRHkQZTwWE+ELfl1ERSXqO/WUQNN4S0Tf07qMEez734FcUIyQaUhHGvd81FqwhwrwwinRTXINE0xGeMh7VkqsaA6zKdXFN6JVWJvkCj7pPGm6u+JHAtdrmc7BTYjveiV4n9eLzODizBnMs0MlWT20SDjnkm8MhIvZooSwyeWYKKY3dUjI6wwMTa4qg3BXzx5mbTPGj5q+PcIKnAIx3AKPpzDFdxCE1pA4Ale4A3enWfn1fmYxbXizHM7gD9wPn8ApEWXkQ==</latexit><latexit sha1_base64="p4IeMsvYTiz9xz64maxaUPxjFYU=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVcm40Y1QcSO4qWBroTOUTCZtQ5PJkGSEMszGjb/ixoUibv0Hd/6NmXYW2nog5HDOvdx7T5hwpg1C305laXllda26XtvY3NrecXf3OlqmitA2kVyqbog15SymbcMMp91EUSxCTu/D8VXh3z9QpZmM78wkoYHAw5gNGMHGSn330Fciu6Eq9zM/lDzSE2G/7DL38wvUd+uogaaAi8QrSR2UaPXdLz+SJBU0NoRjrXseSkyQYWUY4TSv+ammCSZjPKQ9S2MsqA6y6RU5PLZKBAdS2RcbOFV/d2RY6GI9WymwGel5rxD/83qpGZwHGYuT1NCYzAYNUg6NhEUkMGKKEsMnlmCimN0VkhFWmBgbXM2G4M2fvEg6pw0PNbxbVG96ZRxVcACOwAnwwBlogmvQAm1AwCN4Bq/gzXlyXpx352NWWnHKnn3wB87nDzGemOw=</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit>

Ker{AT } = 0
<latexit sha1_base64="sNLRzsYezG0FoZzNLBU03KQxvfY=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIoBuh4kZwU6Ev6Iwlk8m0oZnJkGSEEmbvxl9x40IRt/6AO//GTNuFth4IOZxzL/feE6SMSuU431ZpZXVtfaO8Wdna3tnds/cPOpJnApM25oyLXoAkYTQhbUUVI71UEBQHjHSD8XXhdx+IkJQnLTVJiR+jYUIjipEy0sCuak/E+paIPPe0F3AWyklsPn2V3+tW7uWXzsCuOXVnCrhM3DmpgTmaA/vLCznOYpIozJCUfddJla+RUBQzkle8TJIU4TEakr6hCYqJ9PX0lhweGyWEERfmJQpO1d8dGsWyWNFUxkiN5KJXiP95/UxFF76mSZopkuDZoChjUHFYBANDKghWbGIIwoKaXSEeIYGwMvFVTAju4snLpHNad526e3dWa7jzOMrgCFTBCXDBOWiAG9AEbYDBI3gGr+DNerJerHfrY1ZasuY9h+APrM8fX/mbzg==</latexit><latexit sha1_base64="sNLRzsYezG0FoZzNLBU03KQxvfY=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIoBuh4kZwU6Ev6Iwlk8m0oZnJkGSEEmbvxl9x40IRt/6AO//GTNuFth4IOZxzL/feE6SMSuU431ZpZXVtfaO8Wdna3tnds/cPOpJnApM25oyLXoAkYTQhbUUVI71UEBQHjHSD8XXhdx+IkJQnLTVJiR+jYUIjipEy0sCuak/E+paIPPe0F3AWyklsPn2V3+tW7uWXzsCuOXVnCrhM3DmpgTmaA/vLCznOYpIozJCUfddJla+RUBQzkle8TJIU4TEakr6hCYqJ9PX0lhweGyWEERfmJQpO1d8dGsWyWNFUxkiN5KJXiP95/UxFF76mSZopkuDZoChjUHFYBANDKghWbGIIwoKaXSEeIYGwMvFVTAju4snLpHNad526e3dWa7jzOMrgCFTBCXDBOWiAG9AEbYDBI3gGr+DNerJerHfrY1ZasuY9h+APrM8fX/mbzg==</latexit><latexit sha1_base64="sNLRzsYezG0FoZzNLBU03KQxvfY=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIoBuh4kZwU6Ev6Iwlk8m0oZnJkGSEEmbvxl9x40IRt/6AO//GTNuFth4IOZxzL/feE6SMSuU431ZpZXVtfaO8Wdna3tnds/cPOpJnApM25oyLXoAkYTQhbUUVI71UEBQHjHSD8XXhdx+IkJQnLTVJiR+jYUIjipEy0sCuak/E+paIPPe0F3AWyklsPn2V3+tW7uWXzsCuOXVnCrhM3DmpgTmaA/vLCznOYpIozJCUfddJla+RUBQzkle8TJIU4TEakr6hCYqJ9PX0lhweGyWEERfmJQpO1d8dGsWyWNFUxkiN5KJXiP95/UxFF76mSZopkuDZoChjUHFYBANDKghWbGIIwoKaXSEeIYGwMvFVTAju4snLpHNad526e3dWa7jzOMrgCFTBCXDBOWiAG9AEbYDBI3gGr+DNerJerHfrY1ZasuY9h+APrM8fX/mbzg==</latexit><latexit sha1_base64="sNLRzsYezG0FoZzNLBU03KQxvfY=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIoBuh4kZwU6Ev6Iwlk8m0oZnJkGSEEmbvxl9x40IRt/6AO//GTNuFth4IOZxzL/feE6SMSuU431ZpZXVtfaO8Wdna3tnds/cPOpJnApM25oyLXoAkYTQhbUUVI71UEBQHjHSD8XXhdx+IkJQnLTVJiR+jYUIjipEy0sCuak/E+paIPPe0F3AWyklsPn2V3+tW7uWXzsCuOXVnCrhM3DmpgTmaA/vLCznOYpIozJCUfddJla+RUBQzkle8TJIU4TEakr6hCYqJ9PX0lhweGyWEERfmJQpO1d8dGsWyWNFUxkiN5KJXiP95/UxFF76mSZopkuDZoChjUHFYBANDKghWbGIIwoKaXSEeIYGwMvFVTAju4snLpHNad526e3dWa7jzOMrgCFTBCXDBOWiAG9AEbYDBI3gGr+DNerJerHfrY1ZasuY9h+APrM8fX/mbzg==</latexit>
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Problem: Find              such that 

where                                 is a continuous bilinear form 

                                       is a continuous linear functional. 

Banach-Nečas-Babuška Thm: The problem is well-posed if and only if: 

                                such that 

Moreover,

y 2 Y1
<latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit><latexit sha1_base64="yKA8YvuV9NTDh5LR0PdwwppEX+c=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiRS0GXBjcsK9iFNCJPppB06mYSZiRBC/BU3LhRx64e482+ctFlo64GBwzn3cs+cIGFUKtv+Nmobm1vbO/Xdxt7+weGReXwykHEqMOnjmMViFCBJGOWkr6hiZJQIgqKAkWEwvyn94SMRksb8XmUJ8SI05TSkGCkt+WYzcyl3I6RmGLH8ofBzp/DNlt22F7DWiVORFlTo+eaXO4lxGhGuMENSjh07UV6OhKKYkaLhppIkCM/RlIw15Sgi0ssX4QvrXCsTK4yFflxZC/X3Ro4iKbMo0JNlTLnqleJ/3jhV4bWXU56kinC8PBSmzFKxVTZhTaggWLFME4QF1VktPEMCYaX7augSnNUvr5PBZdux285dp9XtVHXU4RTO4AIcuIIu3EIP+oAhg2d4hTfjyXgx3o2P5WjNqHaa8AfG5w878pUW</latexit>

a(y, v) = f(v) 8 v 2 Y2
<latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit><latexit sha1_base64="3Tvi9dsMscJo3r1D4OJVJkOOiXw=">AAACGnicbVDLSgMxFM34rPU16tJNsAgVpMyUgkIRCm5cVrAP6ZRyJ820oZnMmGQKZeh3uPFX3LhQxJ248W9MHwttPRA4nHMvOff4MWdKO863tbK6tr6xmdnKbu/s7u3bB4d1FSWS0BqJeCSbPijKmaA1zTSnzVhSCH1OG/7geuI3hlQqFok7PYppO4SeYAEjoI3UsV3Ij86HZ175yisHeUMeEuh6QSSBc+yVhx4TXgi6T4Cn9+NOWhx37JxTcKbAy8Sdkxyao9qxP71uRJKQCk04KNVynVi3U5CaEU7HWS9RNAYygB5tGSogpKqdTk8b41OjdLHJY57QeKr+3kghVGoU+mZyElMtehPxP6+V6OCynTIRJ5oKMvsoSDjWEZ70hLtMUqL5yBAgkpmsmPRBAtGmzawpwV08eZnUiwXXKbi3pVylNK8jg47RCcojF12gCrpBVVRDBD2iZ/SK3qwn68V6tz5moyvWfOcI/YH19QMHtKA/</latexit>

a : Y1 ⇥ Y2 ! R
<latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit><latexit sha1_base64="44ASyuBt1QX8qDaKrB5GWr+m/N4=">AAACKHicbVDJSgNBFOxxjXGLevTSGARPYSYEFD0Y8OIxilkkE8KbTidp0rPQ/UYJw3yOF3/Fi4giufoldpaDSSxoKKreo+uVF0mh0bZH1srq2vrGZmYru72zu7efOzis6TBWjFdZKEPV8EBzKQJeRYGSNyLFwfckr3uDm7Fff+JKizB4wGHEWz70AtEVDNBI7dw1XLpXrg/YZyCTx7SdOKmLwud6Tiym1FWi10dQKnymE8/zkvu0ncvbBXsCukycGcmTGSrt3IfbCVns8wCZBK2bjh1hKwGFgkmeZt1Y8wjYAHq8aWgAJkormRya0lOjdGg3VOYFSCfq340EfK2Hvmcmxwn1ojcW//OaMXYvWokIohh5wKYfdWNJMaTj1mhHKM5QDg0BpoTJSlkfFDA03WZNCc7iycukViw4dsG5K+XLpVkdGXJMTsgZccg5KZNbUiFVwsgLeSOf5Mt6td6tb2s0HV2xZjtHZA7Wzy8xlqfb</latexit>

f : Y2 ! R
<latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit><latexit sha1_base64="avokZeX5AwsfFqIsTN0b3bzGQcE=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyUpBUU3BTcuq9iHNKFMppN26GQSZiZKCfkHN/6KGxeKuHXjzr9xkmahrQcuHM65l3vv8SJGpbKsb6O0tLyyulZer2xsbm3vmLt7HRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl6k8vM794TIWnIb9U0Im6ARpz6FCOlpYF54p87F06A1Bgjltylg6SeQkfQ0VghIcIHmHuel9ykA7Nq1awccJHYBamCAq2B+eUMQxwHhCvMkJR924qUmyChKGYkrTixJBHCEzQifU05Coh0k/ynFB5pZQj9UOjiCubq74kEBVJOA093ZhfKeS8T//P6sfLP3ITyKFaE49kiP2ZQhTALCA6pIFixqSYIC6pvhXiMBMJKx1jRIdjzLy+STr1mWzX7ulFtNoo4yuAAHIJjYINT0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx9+qZ6B</latexit>

(BNB1)

(BNB2)

9 �o > 0
<latexit sha1_base64="0ML9RK+EQKXQcc1hS73R3uPqHkk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5LUgoIgBS8eK9gPaELYbCft0s0m7G6kpfSvePGgiFf/iDf/jds2B219MPB4b4aZeWHKmdKO820VNja3tneKu6W9/YPDI/u43FZJJim0aMIT2Q2JAs4EtDTTHLqpBBKHHDrh6G7ud55AKpaIRz1JwY/JQLCIUaKNFNhlD8Zmi/JuvBA0CZJbJ7ArTtVZAK8TNycVlKMZ2F9eP6FZDEJTTpTquU6q/SmRmlEOs5KXKUgJHZEB9AwVJAblTxe3z/C5Ufo4SqQpofFC/T0xJbFSkzg0nTHRQ7XqzcX/vF6mo2t/ykSaaRB0uSjKONYJngeB+0wC1XxiCKGSmVsxHRJJqDZxlUwI7urL66Rdq7qX1dpDvdKo53EU0Sk6QxfIRVeoge5RE7UQRWP0jF7RmzWzXqx362PZWrDymRP0B9bnD50YlBw=</latexit>

inf
w2Y1

sup
v2Y2

a(w, v)

kwkY1kvkY2

� �o
<latexit sha1_base64="BQnC0Sd0rwv/anklvkQrWvCUkLE="></latexit>

8 v 2 Y2 (a(w, v) = 0, 8 w 2 Y1) ) (v = 0).
<latexit sha1_base64="FEg8+P1zlm2NYP6ou2K3qYgo31I="></latexit><latexit sha1_base64="FEg8+P1zlm2NYP6ou2K3qYgo31I="></latexit><latexit sha1_base64="FEg8+P1zlm2NYP6ou2K3qYgo31I="></latexit><latexit sha1_base64="FEg8+P1zlm2NYP6ou2K3qYgo31I="></latexit>

Ker{A} = 0
<latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="XwUnvctE7gGkhv1+JASVPgXc340=">AAAB+nicbVBNSwMxEJ31s9aqq1c9LBbBU8l60YugeBG8VLAf0F1KNpu2oUl2SbJCWfbixb/ixYMi/hBv/huzbQ/a+iDM470ZMvOilDNtEPp2VlbX1jc2K1vV7drO7p67X2vrJFOEtkjCE9WNsKacSdoyzHDaTRXFIuK0E41vSr/zSJVmiXwwk5SGAg8lGzCCjZX67lGgRH5HVRHkQZTwWE+ELfl1ERSXqO/WUQNN4S0Tf07qMEez734FcUIyQaUhHGvd81FqwhwrwwinRTXINE0xGeMh7VkqsaA6zKdXFN6JVWJvkCj7pPGm6u+JHAtdrmc7BTYjveiV4n9eLzODizBnMs0MlWT20SDjnkm8MhIvZooSwyeWYKKY3dUjI6wwMTa4qg3BXzx5mbTPGj5q+PcIKnAIx3AKPpzDFdxCE1pA4Ale4A3enWfn1fmYxbXizHM7gD9wPn8ApEWXkQ==</latexit><latexit sha1_base64="XwUnvctE7gGkhv1+JASVPgXc340=">AAAB+nicbVBNSwMxEJ31s9aqq1c9LBbBU8l60YugeBG8VLAf0F1KNpu2oUl2SbJCWfbixb/ixYMi/hBv/huzbQ/a+iDM470ZMvOilDNtEPp2VlbX1jc2K1vV7drO7p67X2vrJFOEtkjCE9WNsKacSdoyzHDaTRXFIuK0E41vSr/zSJVmiXwwk5SGAg8lGzCCjZX67lGgRH5HVRHkQZTwWE+ELfl1ERSXqO/WUQNN4S0Tf07qMEez734FcUIyQaUhHGvd81FqwhwrwwinRTXINE0xGeMh7VkqsaA6zKdXFN6JVWJvkCj7pPGm6u+JHAtdrmc7BTYjveiV4n9eLzODizBnMs0MlWT20SDjnkm8MhIvZooSwyeWYKKY3dUjI6wwMTa4qg3BXzx5mbTPGj5q+PcIKnAIx3AKPpzDFdxCE1pA4Ale4A3enWfn1fmYxbXizHM7gD9wPn8ApEWXkQ==</latexit><latexit sha1_base64="p4IeMsvYTiz9xz64maxaUPxjFYU=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVcm40Y1QcSO4qWBroTOUTCZtQ5PJkGSEMszGjb/ixoUibv0Hd/6NmXYW2nog5HDOvdx7T5hwpg1C305laXllda26XtvY3NrecXf3OlqmitA2kVyqbog15SymbcMMp91EUSxCTu/D8VXh3z9QpZmM78wkoYHAw5gNGMHGSn330Fciu6Eq9zM/lDzSE2G/7DL38wvUd+uogaaAi8QrSR2UaPXdLz+SJBU0NoRjrXseSkyQYWUY4TSv+ammCSZjPKQ9S2MsqA6y6RU5PLZKBAdS2RcbOFV/d2RY6GI9WymwGel5rxD/83qpGZwHGYuT1NCYzAYNUg6NhEUkMGKKEsMnlmCimN0VkhFWmBgbXM2G4M2fvEg6pw0PNbxbVG96ZRxVcACOwAnwwBlogmvQAm1AwCN4Bq/gzXlyXpx352NWWnHKnn3wB87nDzGemOw=</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit><latexit sha1_base64="v0cqH4arw+CnfzumlsoG7tGI7NU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlE0I1QcSO4qWAf0IQymUzaoZOZMDMRSsjGjb/ixoUibv0Hd/6NkzYLbT0wzOGce7n3niBhVGnH+bYqS8srq2vV9drG5tb2jr2711EilZi0sWBC9gKkCKOctDXVjPQSSVAcMNINxteF330gUlHB7/UkIX6MhpxGFCNtpIF96Mk4uyUy9zIvECxUk9h82VXu5ZfOwK47DWcKuEjcktRBidbA/vJCgdOYcI0ZUqrvOon2MyQ1xYzkNS9VJEF4jIakbyhHMVF+Nr0ih8dGCWEkpHlcw6n6uyNDsSrWM5Ux0iM17xXif14/1dGFn1GepJpwPBsUpQxqAYtIYEglwZpNDEFYUrMrxCMkEdYmuJoJwZ0/eZF0Thuu03DvzupNt4yjCg7AETgBLjgHTXADWqANMHgEz+AVvFlP1ov1bn3MSitW2bMP/sD6/AEy3pjw</latexit>

Ker{AT } = 0
<latexit sha1_base64="sNLRzsYezG0FoZzNLBU03KQxvfY=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIoBuh4kZwU6Ev6Iwlk8m0oZnJkGSEEmbvxl9x40IRt/6AO//GTNuFth4IOZxzL/feE6SMSuU431ZpZXVtfaO8Wdna3tnds/cPOpJnApM25oyLXoAkYTQhbUUVI71UEBQHjHSD8XXhdx+IkJQnLTVJiR+jYUIjipEy0sCuak/E+paIPPe0F3AWyklsPn2V3+tW7uWXzsCuOXVnCrhM3DmpgTmaA/vLCznOYpIozJCUfddJla+RUBQzkle8TJIU4TEakr6hCYqJ9PX0lhweGyWEERfmJQpO1d8dGsWyWNFUxkiN5KJXiP95/UxFF76mSZopkuDZoChjUHFYBANDKghWbGIIwoKaXSEeIYGwMvFVTAju4snLpHNad526e3dWa7jzOMrgCFTBCXDBOWiAG9AEbYDBI3gGr+DNerJerHfrY1ZasuY9h+APrM8fX/mbzg==</latexit><latexit sha1_base64="sNLRzsYezG0FoZzNLBU03KQxvfY=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIoBuh4kZwU6Ev6Iwlk8m0oZnJkGSEEmbvxl9x40IRt/6AO//GTNuFth4IOZxzL/feE6SMSuU431ZpZXVtfaO8Wdna3tnds/cPOpJnApM25oyLXoAkYTQhbUUVI71UEBQHjHSD8XXhdx+IkJQnLTVJiR+jYUIjipEy0sCuak/E+paIPPe0F3AWyklsPn2V3+tW7uWXzsCuOXVnCrhM3DmpgTmaA/vLCznOYpIozJCUfddJla+RUBQzkle8TJIU4TEakr6hCYqJ9PX0lhweGyWEERfmJQpO1d8dGsWyWNFUxkiN5KJXiP95/UxFF76mSZopkuDZoChjUHFYBANDKghWbGIIwoKaXSEeIYGwMvFVTAju4snLpHNad526e3dWa7jzOMrgCFTBCXDBOWiAG9AEbYDBI3gGr+DNerJerHfrY1ZasuY9h+APrM8fX/mbzg==</latexit><latexit sha1_base64="sNLRzsYezG0FoZzNLBU03KQxvfY=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIoBuh4kZwU6Ev6Iwlk8m0oZnJkGSEEmbvxl9x40IRt/6AO//GTNuFth4IOZxzL/feE6SMSuU431ZpZXVtfaO8Wdna3tnds/cPOpJnApM25oyLXoAkYTQhbUUVI71UEBQHjHSD8XXhdx+IkJQnLTVJiR+jYUIjipEy0sCuak/E+paIPPe0F3AWyklsPn2V3+tW7uWXzsCuOXVnCrhM3DmpgTmaA/vLCznOYpIozJCUfddJla+RUBQzkle8TJIU4TEakr6hCYqJ9PX0lhweGyWEERfmJQpO1d8dGsWyWNFUxkiN5KJXiP95/UxFF76mSZopkuDZoChjUHFYBANDKghWbGIIwoKaXSEeIYGwMvFVTAju4snLpHNad526e3dWa7jzOMrgCFTBCXDBOWiAG9AEbYDBI3gGr+DNerJerHfrY1ZasuY9h+APrM8fX/mbzg==</latexit><latexit sha1_base64="sNLRzsYezG0FoZzNLBU03KQxvfY=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIoBuh4kZwU6Ev6Iwlk8m0oZnJkGSEEmbvxl9x40IRt/6AO//GTNuFth4IOZxzL/feE6SMSuU431ZpZXVtfaO8Wdna3tnds/cPOpJnApM25oyLXoAkYTQhbUUVI71UEBQHjHSD8XXhdx+IkJQnLTVJiR+jYUIjipEy0sCuak/E+paIPPe0F3AWyklsPn2V3+tW7uWXzsCuOXVnCrhM3DmpgTmaA/vLCznOYpIozJCUfddJla+RUBQzkle8TJIU4TEakr6hCYqJ9PX0lhweGyWEERfmJQpO1d8dGsWyWNFUxkiN5KJXiP95/UxFF76mSZopkuDZoChjUHFYBANDKghWbGIIwoKaXSEeIYGwMvFVTAju4snLpHNad526e3dWa7jzOMrgCFTBCXDBOWiAG9AEbYDBI3gGr+DNerJerHfrY1ZasuY9h+APrM8fX/mbzg==</latexit>

kykY1  1

�
kfkY0

2
8 f 2 Y 0

2.
<latexit sha1_base64="BTlahwY205P4AWzFnoCQ/yQ/BiU="></latexit><latexit sha1_base64="BTlahwY205P4AWzFnoCQ/yQ/BiU="></latexit><latexit sha1_base64="BTlahwY205P4AWzFnoCQ/yQ/BiU="></latexit><latexit sha1_base64="BTlahwY205P4AWzFnoCQ/yQ/BiU="></latexit>
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Noncoercive Problems

Recall that 

In other words     is the minimum eigenvalue of 

How can we interpret the inf-sup constant    ?  

↵
<latexit sha1_base64="N1xRgvR8IqW9NkH5M7g/gJPRib0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0Y0GPAi8cI5gHJEnons8mQ2dlhZlYIIR/hxYMiXv0eb/6Nk2QPmljQUFR1090VKcGN9f1vb2Nza3tnt7BX3D84PDounZy2TJppypo0FanuRGiY4JI1LbeCdZRmmESCtaPx3dxvPzFteCof7USxMMGh5DGnaJ3U7qFQIyT9Utmv+AuQdRLkpAw5Gv3SV2+Q0ixh0lKBxnQDX9lwitpyKtis2MsMU0jHOGRdRyUmzITTxbkzcumUAYlT7UpaslB/T0wxMWaSRK4zQTsyq95c/M/rZja+DadcqswySZeL4kwQm5L572TANaNWTBxBqrm7ldARaqTWJVR0IQSrL6+TVrUSXFeqD7VyvZbHUYBzuIArCOAG6nAPDWgChTE8wyu8ecp78d69j2XrhpfPnMEfeJ8/4GmPOA==</latexit>

�
<latexit sha1_base64="+BBLL3+9+JhqWuKscRAD1V3v1t8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWMF0xbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ3dzvPHFtRKIecZryIKYjJSLBKFrJ74cc6aBSdWvuAmSdeAWpQoHWoPLVHyYsi7lCJqkxPc9NMcipRsEkn5X7meEpZRM64j1LFY25CfLFsTNyaZUhiRJtSyFZqL8nchobM41D2xlTHJtVby7+5/UyjG6DXKg0Q67YclGUSYIJmX9OhkJzhnJqCWVa2FsJG1NNGdp8yjYEb/XlddKu17zrWv2hUW02ijhKcA4XcAUe3EAT7qEFPjAQ8Ayv8OYo58V5dz6WrRtOMXMGf+B8/gDA7o6a</latexit>

↵ = inf
v2Y

a(v, v)

kvk2Y
= min

v2IRN

vTA v

vTY v
<latexit sha1_base64="qD9Wi0NyVS9QOBimw5oP2aJH0u8="></latexit><latexit sha1_base64="qD9Wi0NyVS9QOBimw5oP2aJH0u8="></latexit><latexit sha1_base64="qD9Wi0NyVS9QOBimw5oP2aJH0u8="></latexit><latexit sha1_base64="qD9Wi0NyVS9QOBimw5oP2aJH0u8="></latexit>

A' = �Y ' .
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Noncoercive Problems

Riesz Representation Theorem 

Let      be a Hilbert space, and            . Then there exists a  

unique element             such that 

Furthermore 

Y
<latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit>

f 2 Y 0
<latexit sha1_base64="t1AMV5Tl7FhoRrtMyZF+m4cFrcg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0GXBjcsK9iFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF41POE+hEeCxYygrWRhrYdekx4EdYTgnn2tLgc2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlGtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxuu03AfmvVWs6yjCmdwDlfgwg204B7a0AECM3iGV3izMuvFerc+lqMVq9w5hT+wPn8AgpKThA==</latexit><latexit sha1_base64="t1AMV5Tl7FhoRrtMyZF+m4cFrcg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0GXBjcsK9iFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF41POE+hEeCxYygrWRhrYdekx4EdYTgnn2tLgc2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlGtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxuu03AfmvVWs6yjCmdwDlfgwg204B7a0AECM3iGV3izMuvFerc+lqMVq9w5hT+wPn8AgpKThA==</latexit><latexit sha1_base64="t1AMV5Tl7FhoRrtMyZF+m4cFrcg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0GXBjcsK9iFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF41POE+hEeCxYygrWRhrYdekx4EdYTgnn2tLgc2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlGtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxuu03AfmvVWs6yjCmdwDlfgwg204B7a0AECM3iGV3izMuvFerc+lqMVq9w5hT+wPn8AgpKThA==</latexit><latexit sha1_base64="t1AMV5Tl7FhoRrtMyZF+m4cFrcg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0GXBjcsK9iFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF41POE+hEeCxYygrWRhrYdekx4EdYTgnn2tLgc2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlGtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxuu03AfmvVWs6yjCmdwDlfgwg204B7a0AECM3iGV3izMuvFerc+lqMVq9w5hT+wPn8AgpKThA==</latexit>

p 2 Y
<latexit sha1_base64="u+HaWQeVW1D4/gCtbLfheABM/vU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LblxWsA9pQplMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyn8/iOVisXiXmcJ9SM8ESxkBGsjjex64jHhRVhPCeb5w3xkN5ymswBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifZzLDUjnM5rXqpogskMT+jQUIEjqvx8EXyOzo0yRmEszRMaLdTfGzmOlMqiwEwWEdWqV4j/ecNUh9d+zkSSairI8lCYcqRjVLSAxkxSonlmCCaSmayITLHERJuuaqYEd/XL66R32XSdpnvXarRbZR1VOIUzuAAXrqANt9CBLhBI4Rle4c16sl6sd+tjOVqxyp0T+APr8wcr65Nd</latexit><latexit sha1_base64="u+HaWQeVW1D4/gCtbLfheABM/vU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LblxWsA9pQplMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyn8/iOVisXiXmcJ9SM8ESxkBGsjjex64jHhRVhPCeb5w3xkN5ymswBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifZzLDUjnM5rXqpogskMT+jQUIEjqvx8EXyOzo0yRmEszRMaLdTfGzmOlMqiwEwWEdWqV4j/ecNUh9d+zkSSairI8lCYcqRjVLSAxkxSonlmCCaSmayITLHERJuuaqYEd/XL66R32XSdpnvXarRbZR1VOIUzuAAXrqANt9CBLhBI4Rle4c16sl6sd+tjOVqxyp0T+APr8wcr65Nd</latexit><latexit sha1_base64="u+HaWQeVW1D4/gCtbLfheABM/vU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LblxWsA9pQplMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyn8/iOVisXiXmcJ9SM8ESxkBGsjjex64jHhRVhPCeb5w3xkN5ymswBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifZzLDUjnM5rXqpogskMT+jQUIEjqvx8EXyOzo0yRmEszRMaLdTfGzmOlMqiwEwWEdWqV4j/ecNUh9d+zkSSairI8lCYcqRjVLSAxkxSonlmCCaSmayITLHERJuuaqYEd/XL66R32XSdpnvXarRbZR1VOIUzuAAXrqANt9CBLhBI4Rle4c16sl6sd+tjOVqxyp0T+APr8wcr65Nd</latexit><latexit sha1_base64="u+HaWQeVW1D4/gCtbLfheABM/vU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LblxWsA9pQplMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyn8/iOVisXiXmcJ9SM8ESxkBGsjjex64jHhRVhPCeb5w3xkN5ymswBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifZzLDUjnM5rXqpogskMT+jQUIEjqvx8EXyOzo0yRmEszRMaLdTfGzmOlMqiwEwWEdWqV4j/ecNUh9d+zkSSairI8lCYcqRjVLSAxkxSonlmCCaSmayITLHERJuuaqYEd/XL66R32XSdpnvXarRbZR1VOIUzuAAXrqANt9CBLhBI4Rle4c16sl6sd+tjOVqxyp0T+APr8wcr65Nd</latexit>

f(v) = (v, p)Y 8 v 2 Y.
<latexit sha1_base64="gj0YhTws17kepfP983C510myIgI=">AAACI3icbVDLSgMxFM34rPVVdelmsAgtSJmRgmIRCm5cVrAPaUq5k2ba0ExmTDKFMvRf3PgrblwoxY0L/8X0saitBwKHc+4l5x4v4kxpx/m21tY3Nre2Uzvp3b39g8PM0XFNhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/m/j1AZWKheJRDyPaCqArmM8IaCO1Mzd+bpDHpVtcyg0uonw7wQHoHgGePI1G+DmGDvZDCZzj0gAzseAW2pmsU3CmsFeJOydZNEelnRnjTkjigApNOCjVdJ1ItxKQmhFOR2kcKxoB6UOXNg0VEFDVSqY3juxzo3Rsk8U8oe2puriRQKDUMPDM5CSjWvYm4n9eM9b+dSthIoo1FWT2kR9zW4f2pDC7wyQlmg8NASKZyWqTHkgg2tSaNiW4yyevktplwXUK7kMxWy7O60ihU3SGcshFV6iM7lEFVRFBL+gNfaBP69V6t8bW12x0zZrvnKA/sH5+ARuEpJI=</latexit><latexit sha1_base64="gj0YhTws17kepfP983C510myIgI=">AAACI3icbVDLSgMxFM34rPVVdelmsAgtSJmRgmIRCm5cVrAPaUq5k2ba0ExmTDKFMvRf3PgrblwoxY0L/8X0saitBwKHc+4l5x4v4kxpx/m21tY3Nre2Uzvp3b39g8PM0XFNhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/m/j1AZWKheJRDyPaCqArmM8IaCO1Mzd+bpDHpVtcyg0uonw7wQHoHgGePI1G+DmGDvZDCZzj0gAzseAW2pmsU3CmsFeJOydZNEelnRnjTkjigApNOCjVdJ1ItxKQmhFOR2kcKxoB6UOXNg0VEFDVSqY3juxzo3Rsk8U8oe2puriRQKDUMPDM5CSjWvYm4n9eM9b+dSthIoo1FWT2kR9zW4f2pDC7wyQlmg8NASKZyWqTHkgg2tSaNiW4yyevktplwXUK7kMxWy7O60ihU3SGcshFV6iM7lEFVRFBL+gNfaBP69V6t8bW12x0zZrvnKA/sH5+ARuEpJI=</latexit><latexit sha1_base64="gj0YhTws17kepfP983C510myIgI=">AAACI3icbVDLSgMxFM34rPVVdelmsAgtSJmRgmIRCm5cVrAPaUq5k2ba0ExmTDKFMvRf3PgrblwoxY0L/8X0saitBwKHc+4l5x4v4kxpx/m21tY3Nre2Uzvp3b39g8PM0XFNhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/m/j1AZWKheJRDyPaCqArmM8IaCO1Mzd+bpDHpVtcyg0uonw7wQHoHgGePI1G+DmGDvZDCZzj0gAzseAW2pmsU3CmsFeJOydZNEelnRnjTkjigApNOCjVdJ1ItxKQmhFOR2kcKxoB6UOXNg0VEFDVSqY3juxzo3Rsk8U8oe2puriRQKDUMPDM5CSjWvYm4n9eM9b+dSthIoo1FWT2kR9zW4f2pDC7wyQlmg8NASKZyWqTHkgg2tSaNiW4yyevktplwXUK7kMxWy7O60ihU3SGcshFV6iM7lEFVRFBL+gNfaBP69V6t8bW12x0zZrvnKA/sH5+ARuEpJI=</latexit><latexit sha1_base64="gj0YhTws17kepfP983C510myIgI=">AAACI3icbVDLSgMxFM34rPVVdelmsAgtSJmRgmIRCm5cVrAPaUq5k2ba0ExmTDKFMvRf3PgrblwoxY0L/8X0saitBwKHc+4l5x4v4kxpx/m21tY3Nre2Uzvp3b39g8PM0XFNhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/m/j1AZWKheJRDyPaCqArmM8IaCO1Mzd+bpDHpVtcyg0uonw7wQHoHgGePI1G+DmGDvZDCZzj0gAzseAW2pmsU3CmsFeJOydZNEelnRnjTkjigApNOCjVdJ1ItxKQmhFOR2kcKxoB6UOXNg0VEFDVSqY3juxzo3Rsk8U8oe2puriRQKDUMPDM5CSjWvYm4n9eM9b+dSthIoo1FWT2kR9zW4f2pDC7wyQlmg8NASKZyWqTHkgg2tSaNiW4yyevktplwXUK7kMxWy7O60ihU3SGcshFV6iM7lEFVRFBL+gNfaBP69V6t8bW12x0zZrvnKA/sH5+ARuEpJI=</latexit>

kfkY0 = sup
v2Y

f(v)

kvkY
= kpkY .
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Noncoercive Problems

Riesz Representation Theorem 

Let      be a Hilbert space, and            . Then there exists a  

unique element             such that 

Furthermore 

For given             , let                           … 

Y
<latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit><latexit sha1_base64="PjqpU9e87IzuOHbMo4/UPD+S25M=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIp6LLgxmUF+5A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Nve7T0wbruQDzhIWxGQsecQpQSv1BzHBCSUie5wPqzWv7i3grhO/IDUo0BpWvwYjRdOYSaSCGNP3vQSDjGjkVLB5ZZAalhA6JWPWt1SSmJkgW0SeuxdWGbmR0vZJdBfq742MxMbM4tBO5hHNqpeL/3n9FKObIOMySZFJuvwoSoWLys3vd0dcM4piZgmhmtusLp0QTSjaliq2BH/15HXSuar7Xt2/b9SajaKOMpzBOVyCD9fQhDtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx+QkJFh</latexit>

f 2 Y 0
<latexit sha1_base64="t1AMV5Tl7FhoRrtMyZF+m4cFrcg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0GXBjcsK9iFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF41POE+hEeCxYygrWRhrYdekx4EdYTgnn2tLgc2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlGtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxuu03AfmvVWs6yjCmdwDlfgwg204B7a0AECM3iGV3izMuvFerc+lqMVq9w5hT+wPn8AgpKThA==</latexit><latexit sha1_base64="t1AMV5Tl7FhoRrtMyZF+m4cFrcg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0GXBjcsK9iFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF41POE+hEeCxYygrWRhrYdekx4EdYTgnn2tLgc2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlGtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxuu03AfmvVWs6yjCmdwDlfgwg204B7a0AECM3iGV3izMuvFerc+lqMVq9w5hT+wPn8AgpKThA==</latexit><latexit sha1_base64="t1AMV5Tl7FhoRrtMyZF+m4cFrcg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0GXBjcsK9iFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF41POE+hEeCxYygrWRhrYdekx4EdYTgnn2tLgc2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlGtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxuu03AfmvVWs6yjCmdwDlfgwg204B7a0AECM3iGV3izMuvFerc+lqMVq9w5hT+wPn8AgpKThA==</latexit><latexit sha1_base64="t1AMV5Tl7FhoRrtMyZF+m4cFrcg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0GXBjcsK9iFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF41POE+hEeCxYygrWRhrYdekx4EdYTgnn2tLgc2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlGtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxuu03AfmvVWs6yjCmdwDlfgwg204B7a0AECM3iGV3izMuvFerc+lqMVq9w5hT+wPn8AgpKThA==</latexit>

p 2 Y
<latexit sha1_base64="u+HaWQeVW1D4/gCtbLfheABM/vU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LblxWsA9pQplMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyn8/iOVisXiXmcJ9SM8ESxkBGsjjex64jHhRVhPCeb5w3xkN5ymswBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifZzLDUjnM5rXqpogskMT+jQUIEjqvx8EXyOzo0yRmEszRMaLdTfGzmOlMqiwEwWEdWqV4j/ecNUh9d+zkSSairI8lCYcqRjVLSAxkxSonlmCCaSmayITLHERJuuaqYEd/XL66R32XSdpnvXarRbZR1VOIUzuAAXrqANt9CBLhBI4Rle4c16sl6sd+tjOVqxyp0T+APr8wcr65Nd</latexit><latexit sha1_base64="u+HaWQeVW1D4/gCtbLfheABM/vU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LblxWsA9pQplMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyn8/iOVisXiXmcJ9SM8ESxkBGsjjex64jHhRVhPCeb5w3xkN5ymswBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifZzLDUjnM5rXqpogskMT+jQUIEjqvx8EXyOzo0yRmEszRMaLdTfGzmOlMqiwEwWEdWqV4j/ecNUh9d+zkSSairI8lCYcqRjVLSAxkxSonlmCCaSmayITLHERJuuaqYEd/XL66R32XSdpnvXarRbZR1VOIUzuAAXrqANt9CBLhBI4Rle4c16sl6sd+tjOVqxyp0T+APr8wcr65Nd</latexit><latexit sha1_base64="u+HaWQeVW1D4/gCtbLfheABM/vU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LblxWsA9pQplMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyn8/iOVisXiXmcJ9SM8ESxkBGsjjex64jHhRVhPCeb5w3xkN5ymswBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifZzLDUjnM5rXqpogskMT+jQUIEjqvx8EXyOzo0yRmEszRMaLdTfGzmOlMqiwEwWEdWqV4j/ecNUh9d+zkSSairI8lCYcqRjVLSAxkxSonlmCCaSmayITLHERJuuaqYEd/XL66R32XSdpnvXarRbZR1VOIUzuAAXrqANt9CBLhBI4Rle4c16sl6sd+tjOVqxyp0T+APr8wcr65Nd</latexit><latexit sha1_base64="u+HaWQeVW1D4/gCtbLfheABM/vU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgi4LblxWsA9pQplMJ+3QySTMTIQY+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbVU2Nre2d6q7tb39g8O6fXTcU3EqCe2SmMdyEGBFORO0q5nmdJBIiqOA034wuyn8/iOVisXiXmcJ9SM8ESxkBGsjjex64jHhRVhPCeb5w3xkN5ymswBaJ25JGlCiM7K/vHFM0ogKTThWaug6ifZzLDUjnM5rXqpogskMT+jQUIEjqvx8EXyOzo0yRmEszRMaLdTfGzmOlMqiwEwWEdWqV4j/ecNUh9d+zkSSairI8lCYcqRjVLSAxkxSonlmCCaSmayITLHERJuuaqYEd/XL66R32XSdpnvXarRbZR1VOIUzuAAXrqANt9CBLhBI4Rle4c16sl6sd+tjOVqxyp0T+APr8wcr65Nd</latexit>

f(v) = (v, p)Y 8 v 2 Y.
<latexit sha1_base64="gj0YhTws17kepfP983C510myIgI=">AAACI3icbVDLSgMxFM34rPVVdelmsAgtSJmRgmIRCm5cVrAPaUq5k2ba0ExmTDKFMvRf3PgrblwoxY0L/8X0saitBwKHc+4l5x4v4kxpx/m21tY3Nre2Uzvp3b39g8PM0XFNhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/m/j1AZWKheJRDyPaCqArmM8IaCO1Mzd+bpDHpVtcyg0uonw7wQHoHgGePI1G+DmGDvZDCZzj0gAzseAW2pmsU3CmsFeJOydZNEelnRnjTkjigApNOCjVdJ1ItxKQmhFOR2kcKxoB6UOXNg0VEFDVSqY3juxzo3Rsk8U8oe2puriRQKDUMPDM5CSjWvYm4n9eM9b+dSthIoo1FWT2kR9zW4f2pDC7wyQlmg8NASKZyWqTHkgg2tSaNiW4yyevktplwXUK7kMxWy7O60ihU3SGcshFV6iM7lEFVRFBL+gNfaBP69V6t8bW12x0zZrvnKA/sH5+ARuEpJI=</latexit><latexit sha1_base64="gj0YhTws17kepfP983C510myIgI=">AAACI3icbVDLSgMxFM34rPVVdelmsAgtSJmRgmIRCm5cVrAPaUq5k2ba0ExmTDKFMvRf3PgrblwoxY0L/8X0saitBwKHc+4l5x4v4kxpx/m21tY3Nre2Uzvp3b39g8PM0XFNhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/m/j1AZWKheJRDyPaCqArmM8IaCO1Mzd+bpDHpVtcyg0uonw7wQHoHgGePI1G+DmGDvZDCZzj0gAzseAW2pmsU3CmsFeJOydZNEelnRnjTkjigApNOCjVdJ1ItxKQmhFOR2kcKxoB6UOXNg0VEFDVSqY3juxzo3Rsk8U8oe2puriRQKDUMPDM5CSjWvYm4n9eM9b+dSthIoo1FWT2kR9zW4f2pDC7wyQlmg8NASKZyWqTHkgg2tSaNiW4yyevktplwXUK7kMxWy7O60ihU3SGcshFV6iM7lEFVRFBL+gNfaBP69V6t8bW12x0zZrvnKA/sH5+ARuEpJI=</latexit><latexit sha1_base64="gj0YhTws17kepfP983C510myIgI=">AAACI3icbVDLSgMxFM34rPVVdelmsAgtSJmRgmIRCm5cVrAPaUq5k2ba0ExmTDKFMvRf3PgrblwoxY0L/8X0saitBwKHc+4l5x4v4kxpx/m21tY3Nre2Uzvp3b39g8PM0XFNhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/m/j1AZWKheJRDyPaCqArmM8IaCO1Mzd+bpDHpVtcyg0uonw7wQHoHgGePI1G+DmGDvZDCZzj0gAzseAW2pmsU3CmsFeJOydZNEelnRnjTkjigApNOCjVdJ1ItxKQmhFOR2kcKxoB6UOXNg0VEFDVSqY3juxzo3Rsk8U8oe2puriRQKDUMPDM5CSjWvYm4n9eM9b+dSthIoo1FWT2kR9zW4f2pDC7wyQlmg8NASKZyWqTHkgg2tSaNiW4yyevktplwXUK7kMxWy7O60ihU3SGcshFV6iM7lEFVRFBL+gNfaBP69V6t8bW12x0zZrvnKA/sH5+ARuEpJI=</latexit><latexit sha1_base64="gj0YhTws17kepfP983C510myIgI=">AAACI3icbVDLSgMxFM34rPVVdelmsAgtSJmRgmIRCm5cVrAPaUq5k2ba0ExmTDKFMvRf3PgrblwoxY0L/8X0saitBwKHc+4l5x4v4kxpx/m21tY3Nre2Uzvp3b39g8PM0XFNhbEktEpCHsqGB4pyJmhVM81pI5IUAo/Tute/m/j1AZWKheJRDyPaCqArmM8IaCO1Mzd+bpDHpVtcyg0uonw7wQHoHgGePI1G+DmGDvZDCZzj0gAzseAW2pmsU3CmsFeJOydZNEelnRnjTkjigApNOCjVdJ1ItxKQmhFOR2kcKxoB6UOXNg0VEFDVSqY3juxzo3Rsk8U8oe2puriRQKDUMPDM5CSjWvYm4n9eM9b+dSthIoo1FWT2kR9zW4f2pDC7wyQlmg8NASKZyWqTHkgg2tSaNiW4yyevktplwXUK7kMxWy7O60ihU3SGcshFV6iM7lEFVRFBL+gNfaBP69V6t8bW12x0zZrvnKA/sH5+ARuEpJI=</latexit>

w 2 Y
<latexit sha1_base64="w65S21CayC3QeW2uFikZLJrYLDo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRQl0W3LisYB/ShDKZTtqhk0mYmSg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gep37vQcqFYvFnZ4l1I/wWLCQEayNNLSrjx4TXoT1hGCe3c+Hds2pOwugdeIWpAYF2kP7yxvFJI2o0IRjpQauk2g/w1Izwum84qWKJphM8ZgODBU4osrPFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKJa9XLxP2+Q6vDKz5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtZdp+7eNmqtRlFHGU7hDC7AhSa04Aba0AECKTzDK7xZT9aL9W59LEdLVrFzAn9gff4ANumTZA==</latexit><latexit sha1_base64="w65S21CayC3QeW2uFikZLJrYLDo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRQl0W3LisYB/ShDKZTtqhk0mYmSg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gep37vQcqFYvFnZ4l1I/wWLCQEayNNLSrjx4TXoT1hGCe3c+Hds2pOwugdeIWpAYF2kP7yxvFJI2o0IRjpQauk2g/w1Izwum84qWKJphM8ZgODBU4osrPFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKJa9XLxP2+Q6vDKz5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtZdp+7eNmqtRlFHGU7hDC7AhSa04Aba0AECKTzDK7xZT9aL9W59LEdLVrFzAn9gff4ANumTZA==</latexit><latexit sha1_base64="w65S21CayC3QeW2uFikZLJrYLDo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRQl0W3LisYB/ShDKZTtqhk0mYmSg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gep37vQcqFYvFnZ4l1I/wWLCQEayNNLSrjx4TXoT1hGCe3c+Hds2pOwugdeIWpAYF2kP7yxvFJI2o0IRjpQauk2g/w1Izwum84qWKJphM8ZgODBU4osrPFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKJa9XLxP2+Q6vDKz5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtZdp+7eNmqtRlFHGU7hDC7AhSa04Aba0AECKTzDK7xZT9aL9W59LEdLVrFzAn9gff4ANumTZA==</latexit><latexit sha1_base64="w65S21CayC3QeW2uFikZLJrYLDo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRQl0W3LisYB/ShDKZTtqhk0mYmSg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gep37vQcqFYvFnZ4l1I/wWLCQEayNNLSrjx4TXoT1hGCe3c+Hds2pOwugdeIWpAYF2kP7yxvFJI2o0IRjpQauk2g/w1Izwum84qWKJphM8ZgODBU4osrPFsHn6NwoIxTG0jyh0UL9vZHhSKlZFJjJPKJa9XLxP2+Q6vDKz5hIUk0FWR4KU450jPIW0IhJSjSfGYKJZCYrIhMsMdGmq4opwV398jrpXtZdp+7eNmqtRlFHGU7hDC7AhSa04Aba0AECKTzDK7xZT9aL9W59LEdLVrFzAn9gff4ANumTZA==</latexit>

f(v) = a(w, v)
<latexit sha1_base64="fnXOeko8mEBaRPRwRreysKzXHso=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahBSm7UtCLUPDisYL9gO1Ssmm2Dc0mS5KtlNKf4cWDIl79Nd78N6btHrT1wcDjvRlm5oUJZ9q47reT29jc2t7J7xb29g8Oj4rHJy0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHQ399tjqjST4tFMEhrEeCBYxAg2VvKj8rhyi8tPl+NKr1hyq+4CaJ14GSlBhkav+NXtS5LGVBjCsda+5yYmmGJlGOF0VuimmiaYjPCA+pYKHFMdTBcnz9CFVfooksqWMGih/p6Y4ljrSRzazhiboV715uJ/np+a6CaYMpGkhgqyXBSlHBmJ5v+jPlOUGD6xBBPF7K2IDLHCxNiUCjYEb/XlddK6qnpu1Xuoleq1LI48nME5lMGDa6jDPTSgCQQkPMMrvDnGeXHenY9la87JZk7hD5zPH4pskA8=</latexit><latexit sha1_base64="fnXOeko8mEBaRPRwRreysKzXHso=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahBSm7UtCLUPDisYL9gO1Ssmm2Dc0mS5KtlNKf4cWDIl79Nd78N6btHrT1wcDjvRlm5oUJZ9q47reT29jc2t7J7xb29g8Oj4rHJy0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHQ399tjqjST4tFMEhrEeCBYxAg2VvKj8rhyi8tPl+NKr1hyq+4CaJ14GSlBhkav+NXtS5LGVBjCsda+5yYmmGJlGOF0VuimmiaYjPCA+pYKHFMdTBcnz9CFVfooksqWMGih/p6Y4ljrSRzazhiboV715uJ/np+a6CaYMpGkhgqyXBSlHBmJ5v+jPlOUGD6xBBPF7K2IDLHCxNiUCjYEb/XlddK6qnpu1Xuoleq1LI48nME5lMGDa6jDPTSgCQQkPMMrvDnGeXHenY9la87JZk7hD5zPH4pskA8=</latexit><latexit sha1_base64="fnXOeko8mEBaRPRwRreysKzXHso=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahBSm7UtCLUPDisYL9gO1Ssmm2Dc0mS5KtlNKf4cWDIl79Nd78N6btHrT1wcDjvRlm5oUJZ9q47reT29jc2t7J7xb29g8Oj4rHJy0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHQ399tjqjST4tFMEhrEeCBYxAg2VvKj8rhyi8tPl+NKr1hyq+4CaJ14GSlBhkav+NXtS5LGVBjCsda+5yYmmGJlGOF0VuimmiaYjPCA+pYKHFMdTBcnz9CFVfooksqWMGih/p6Y4ljrSRzazhiboV715uJ/np+a6CaYMpGkhgqyXBSlHBmJ5v+jPlOUGD6xBBPF7K2IDLHCxNiUCjYEb/XlddK6qnpu1Xuoleq1LI48nME5lMGDa6jDPTSgCQQkPMMrvDnGeXHenY9la87JZk7hD5zPH4pskA8=</latexit><latexit sha1_base64="fnXOeko8mEBaRPRwRreysKzXHso=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahBSm7UtCLUPDisYL9gO1Ssmm2Dc0mS5KtlNKf4cWDIl79Nd78N6btHrT1wcDjvRlm5oUJZ9q47reT29jc2t7J7xb29g8Oj4rHJy0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHQ399tjqjST4tFMEhrEeCBYxAg2VvKj8rhyi8tPl+NKr1hyq+4CaJ14GSlBhkav+NXtS5LGVBjCsda+5yYmmGJlGOF0VuimmiaYjPCA+pYKHFMdTBcnz9CFVfooksqWMGih/p6Y4ljrSRzazhiboV715uJ/np+a6CaYMpGkhgqyXBSlHBmJ5v+jPlOUGD6xBBPF7K2IDLHCxNiUCjYEb/XlddK6qnpu1Xuoleq1LI48nME5lMGDa6jDPTSgCQQkPMMrvDnGeXHenY9la87JZk7hD5zPH4pskA8=</latexit>

kfkY0 = sup
v2Y

f(v)

kvkY
= kpkY .
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Noncoercive Problems

If    is continuous, then for a given            , 

•   
• there exists a unique element 

• where 

a
<latexit sha1_base64="CnSZxB6B9ZvYt1F4bfD6IAF9lcQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUpINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2a+V6LY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AwHWM2w==</latexit>

w 2 Y
<latexit sha1_base64="x0od8n6YG/EFGEgX+8892VGN6oc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiS1oMuCG5cV7EOaUCbTSTt0Mgkzk0oJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRfXzSUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuc397pRKxWLxoGcJ9SM8EixkBGsjDWz7CXlMIC/CekwwR48Du+rUnAXQOnELUoUCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4XRe8VJFE0wmeET7hgocUeVni+RzdGGUIQpjaZ7QaKH+3shwpNQsCsxknlCtern4n9dPdXjjZ0wkqaaCLA+FKUc6RnkNaMgkJZrPDMFEMpMVkTGWmGhTVsWU4K5+eZ106jX3qla/b1SbjaKOMpzBOVyCC9fQhDtoQRsITOEZXuHNyqwX6936WI6WrGLnFP7A+vwBdfmS2g==</latexit>

Tw 2 Y s.t.
<latexit sha1_base64="/ts75XTN6iH+pV13GX1ZoccwbGI=">AAACFnicbVDLSsNAFJ34rPUVdelmsAhuDEktKLgpuHFZoS9pQphMJ+3QySTMTJQS+hVu/BU3LhRxK+78GydtEG09zMDhnHu5954gYVQq2/4ylpZXVtfWSxvlza3tnV1zb78t41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB0lfudOyIkjXlTjRPiRWjAaUgxUlryzVM3QmqIEYNN6N9Dl3L4o9xC9zJ/mSsiKC1lTXyzYlv2FHCROAWpgAIN3/x0+zFOI8IVZkjKnmMnysuQUBQzMim7qSQJwiM0ID1NOYqI9LLpWRN4rJU+DGOhP1dwqv7uyFAk5TgKdGW+spz3cvE/r5eq8MLLKE9SRTieDQpTBlUM84xgnwqCFRtrgrCgeleIh0ggrHSSZR2CM3/yImlXLefMqt7UKvVaEUcJHIIjcAIccA7q4Bo0QAtg8ACewAt4NR6NZ+PNeJ+VLhlFzwH4A+PjG+6NnUk=</latexit>

Tw = arg sup
v2Y

a(w, v)

kvkY
<latexit sha1_base64="sEPrWL+J4fLrJzx3sz7bsw9aU9E="></latexit>

(Tw, v)Y = a(w, v), 8v 2 Y,

a(w, ·) 2 Y 0,
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Noncoercive Problems

If    is continuous, then for a given            , 

•   
• there exists a unique element 

• where 

In matrix form,                            or                            .

a
<latexit sha1_base64="CnSZxB6B9ZvYt1F4bfD6IAF9lcQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUpINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2a+V6LY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8AwHWM2w==</latexit>

w 2 Y
<latexit sha1_base64="x0od8n6YG/EFGEgX+8892VGN6oc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiS1oMuCG5cV7EOaUCbTSTt0Mgkzk0oJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRfXzSUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wuc397pRKxWLxoGcJ9SM8EixkBGsjDWz7CXlMIC/CekwwR48Du+rUnAXQOnELUoUCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4XRe8VJFE0wmeET7hgocUeVni+RzdGGUIQpjaZ7QaKH+3shwpNQsCsxknlCtern4n9dPdXjjZ0wkqaaCLA+FKUc6RnkNaMgkJZrPDMFEMpMVkTGWmGhTVsWU4K5+eZ106jX3qla/b1SbjaKOMpzBOVyCC9fQhDtoQRsITOEZXuHNyqwX6936WI6WrGLnFP7A+vwBdfmS2g==</latexit>

Tw 2 Y s.t.
<latexit sha1_base64="/ts75XTN6iH+pV13GX1ZoccwbGI=">AAACFnicbVDLSsNAFJ34rPUVdelmsAhuDEktKLgpuHFZoS9pQphMJ+3QySTMTJQS+hVu/BU3LhRxK+78GydtEG09zMDhnHu5954gYVQq2/4ylpZXVtfWSxvlza3tnV1zb78t41Rg0sIxi0U3QJIwyklLUcVINxEERQEjnWB0lfudOyIkjXlTjRPiRWjAaUgxUlryzVM3QmqIEYNN6N9Dl3L4o9xC9zJ/mSsiKC1lTXyzYlv2FHCROAWpgAIN3/x0+zFOI8IVZkjKnmMnysuQUBQzMim7qSQJwiM0ID1NOYqI9LLpWRN4rJU+DGOhP1dwqv7uyFAk5TgKdGW+spz3cvE/r5eq8MLLKE9SRTieDQpTBlUM84xgnwqCFRtrgrCgeleIh0ggrHSSZR2CM3/yImlXLefMqt7UKvVaEUcJHIIjcAIccA7q4Bo0QAtg8ACewAt4NR6NZ+PNeJ+VLhlFzwH4A+PjG+6NnUk=</latexit>

Tw = arg sup
v2Y

a(w, v)

kvkY
<latexit sha1_base64="sEPrWL+J4fLrJzx3sz7bsw9aU9E="></latexit>

YT w = Aw
<latexit sha1_base64="4PPRGZBj8LzUS/kEGNdxCnzCDgM=">AAACTHicbVDLSgMxFM1UrbW+Rl26CRbBVZmpBQURKm5cVuhLOsOQyaRtaOZBkrGUYT7QjQt3foUbF4oIZtpZ2MeF5B7OPYfcHDdiVEjDeNcKG5tbxe3STnl3b//gUD867ogw5pi0cchC3nORIIwGpC2pZKQXcYJ8l5GuO77P5t1nwgUNg5acRsT20TCgA4qRVJSjY8sNmSemvmqJ5SM5wojBpxSu45NWmjoTaN3A2+xaK7lLF72TFDp6xagas4KrwMxBBeTVdPQ3ywtx7JNAYoaE6JtGJO0EcUkxI2nZigWJEB6jIekrGCCfCDuZhZHCc8V4cBBydQIJZ+x/R4J8ke2mlNnOYnmWketm/VgOru2EBlEsSYDnDw1iBmUIs2ShRznBkk0VQJhTtSvEI8QRlir/sgrBXP7yKujUquZltfZYrzTqeRwlcArOwAUwwRVogAfQBG2AwQv4AF/gW3vVPrUf7XcuLWi55wQsVKH4B4VhteQ=</latexit>

(Tw, v)Y = a(w, v), 8v 2 Y,

a(w, ·) 2 Y 0,

T w = Y�1Aw .
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Noncoercive Problems

Recall that 

�(µ) = inf
w2Y

sup
v2Y

a(w, v;µ)

kwkYkvkY
<latexit sha1_base64="v4Xq4mdNf7338vqQHJMxkXzKrhU="></latexit>
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Noncoercive Problems

Recall that 

�(µ) = inf
w2Y

sup
v2Y

a(w, v;w)

kwkYkvkY
= inf

w2Y

1

kwkY

✓
sup
v2Y

a(w, v;µ)

kvkY

◆

<latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit>
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Noncoercive Problems

Recall that 

�(µ) = inf
w2Y

sup
v2Y

a(w, v;w)

kwkYkvkY
= inf

w2Y

1

kwkY

✓
sup
v2Y

a(w, v;µ)

kvkY

◆

<latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit>

= inf
w2Y

a(w, Tw;µ)

kwkYkTwkY
<latexit sha1_base64="clQzoW/rBY30kJRpCLGUAcKdfPY="></latexit><latexit sha1_base64="clQzoW/rBY30kJRpCLGUAcKdfPY="></latexit><latexit sha1_base64="clQzoW/rBY30kJRpCLGUAcKdfPY="></latexit><latexit sha1_base64="clQzoW/rBY30kJRpCLGUAcKdfPY="></latexit>



Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

90

Noncoercive Problems

Recall that 

�(µ) = inf
w2Y

sup
v2Y

a(w, v;w)

kwkYkvkY
= inf

w2Y

1

kwkY

✓
sup
v2Y

a(w, v;µ)

kvkY

◆

<latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit>

= inf
w2Y

a(w, Tw;µ)

kwkYkTwkY
=

kTwkY
kwkY

<latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit>
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Noncoercive Problems

Recall that 

In matrix form, 

�(µ) = inf
w2Y

sup
v2Y

a(w, v;w)

kwkYkvkY
= inf

w2Y

1

kwkY

✓
sup
v2Y

a(w, v;µ)

kvkY

◆

<latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit>

= inf
w2Y

a(w, Tw;µ)

kwkYkTwkY
=

kTwkY
kwkY

<latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit>

�2(µ) = min
w2RN

wTA(µ)TY�1A(µ)w

wTYw
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Noncoercive Problems

Recall that 

In matrix form, 

In other words,            is the minimum eigenvalue of 

�(µ) = inf
w2Y

sup
v2Y

a(w, v;w)

kwkYkvkY
= inf

w2Y

1

kwkY

✓
sup
v2Y

a(w, v;µ)

kvkY

◆

<latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit><latexit sha1_base64="Tvh0TfAum0EokxuGm3ydFU1UpXE="></latexit>

= inf
w2Y

a(w, Tw;µ)

kwkYkTwkY
=

kTwkY
kwkY

<latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit><latexit sha1_base64="3STPFX7wGjZwo57wEQAQd0gxyoc="></latexit>

�2(µ)
<latexit sha1_base64="5dCXuvI6nIHWcGxKNq5ojW371U0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVUliqpKsFYiYWxSPQhNaFyHKe1ajuR7SBVUQYWfoWFAYRY+Qg2/ga3zQAtR7J8dM69uveeIGFUacf5tkobm1vbO+Xdyt7+weGRfXzSU3EqMenimMVyECBFGBWkq6lmZJBIgnjASD+YXs/9/gORisbiTs8S4nM0FjSiGGkjjeyqF8QsVDNuvswLiEb5fdbM6x5PL0Z2zWk4C8B14hakBgp0RvaXF8Y45URozJBSQ9dJtJ8hqSlmJK94qSIJwlM0JkNDBeJE+dniiByeGyWEUSzNExou1N8dGeJqvqep5EhP1Ko3F//zhqmOrvyMiiTVRODloChlUMdwnggMqSRYs5khCEtqdoV4giTC2uRWMSG4qyevk16z4ToN97ZVa7eKOMqgCs5AHbjgErTBDeiALsDgETyDV/BmPVkv1rv1sSwtWUXPKfgD6/MHCUeYRQ==</latexit><latexit sha1_base64="5dCXuvI6nIHWcGxKNq5ojW371U0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVUliqpKsFYiYWxSPQhNaFyHKe1ajuR7SBVUQYWfoWFAYRY+Qg2/ga3zQAtR7J8dM69uveeIGFUacf5tkobm1vbO+Xdyt7+weGRfXzSU3EqMenimMVyECBFGBWkq6lmZJBIgnjASD+YXs/9/gORisbiTs8S4nM0FjSiGGkjjeyqF8QsVDNuvswLiEb5fdbM6x5PL0Z2zWk4C8B14hakBgp0RvaXF8Y45URozJBSQ9dJtJ8hqSlmJK94qSIJwlM0JkNDBeJE+dniiByeGyWEUSzNExou1N8dGeJqvqep5EhP1Ko3F//zhqmOrvyMiiTVRODloChlUMdwnggMqSRYs5khCEtqdoV4giTC2uRWMSG4qyevk16z4ToN97ZVa7eKOMqgCs5AHbjgErTBDeiALsDgETyDV/BmPVkv1rv1sSwtWUXPKfgD6/MHCUeYRQ==</latexit><latexit sha1_base64="5dCXuvI6nIHWcGxKNq5ojW371U0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVUliqpKsFYiYWxSPQhNaFyHKe1ajuR7SBVUQYWfoWFAYRY+Qg2/ga3zQAtR7J8dM69uveeIGFUacf5tkobm1vbO+Xdyt7+weGRfXzSU3EqMenimMVyECBFGBWkq6lmZJBIgnjASD+YXs/9/gORisbiTs8S4nM0FjSiGGkjjeyqF8QsVDNuvswLiEb5fdbM6x5PL0Z2zWk4C8B14hakBgp0RvaXF8Y45URozJBSQ9dJtJ8hqSlmJK94qSIJwlM0JkNDBeJE+dniiByeGyWEUSzNExou1N8dGeJqvqep5EhP1Ko3F//zhqmOrvyMiiTVRODloChlUMdwnggMqSRYs5khCEtqdoV4giTC2uRWMSG4qyevk16z4ToN97ZVa7eKOMqgCs5AHbjgErTBDeiALsDgETyDV/BmPVkv1rv1sSwtWUXPKfgD6/MHCUeYRQ==</latexit><latexit sha1_base64="5dCXuvI6nIHWcGxKNq5ojW371U0=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVUliqpKsFYiYWxSPQhNaFyHKe1ajuR7SBVUQYWfoWFAYRY+Qg2/ga3zQAtR7J8dM69uveeIGFUacf5tkobm1vbO+Xdyt7+weGRfXzSU3EqMenimMVyECBFGBWkq6lmZJBIgnjASD+YXs/9/gORisbiTs8S4nM0FjSiGGkjjeyqF8QsVDNuvswLiEb5fdbM6x5PL0Z2zWk4C8B14hakBgp0RvaXF8Y45URozJBSQ9dJtJ8hqSlmJK94qSIJwlM0JkNDBeJE+dniiByeGyWEUSzNExou1N8dGeJqvqep5EhP1Ko3F//zhqmOrvyMiiTVRODloChlUMdwnggMqSRYs5khCEtqdoV4giTC2uRWMSG4qyevk16z4ToN97ZVa7eKOMqgCs5AHbjgErTBDeiALsDgETyDV/BmPVkv1rv1sSwtWUXPKfgD6/MHCUeYRQ==</latexit>

�2(µ) = min
w2RN

wTA(µ)TY�1A(µ)w

wTYw

A(µ)TY�1A(µ)' = �Y'
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Noncoercive Problems

Problem: Find                  such that 

Assume that 

RB Approximation: Find                        such that 

Is the RB Problem well-posed? 

y(µ) 2 Y
<latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit><latexit sha1_base64="WCnUFxFh3AYbfjYBqK6jKO4cfHA=">AAAB/XicbVDLSsNAFL3xWesrPnZugkWom5JIQZcFNy4r2Ic0oUym03bozCTMTIQYir/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE8aMKu2639bK6tr6xmZpq7y9s7u3bx8ctlWUSExaOGKR7IZIEUYFaWmqGenGkiAeMtIJJ9e533kgUtFI3Ok0JgFHI0GHFCNtpL59nFZ9npz7VPgc6TFGLLuf9u2KW3NncJaJV5AKFGj27S9/EOGEE6ExQ0r1PDfWQYakppiRadlPFIkRnqAR6RkqECcqyGbpp86ZUQbOMJLmCe3M1N8bGeJKpTw0k3lEtejl4n9eL9HDqyCjIk40EXh+aJgwR0dOXoUzoJJgzVJDEJbUZHXwGEmEtSmsbErwFr+8TNoXNc+tebf1SqNe1FGCEziFKnhwCQ24gSa0AMMjPMMrvFlP1ov1bn3MR1esYucI/sD6/AFr15Un</latexit>

yN (µ) 2 YN
<latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit>

a(y(µ), v;µ) = f(v;µ), 8 v 2 Y.
<latexit sha1_base64="WkXohkID0oEI24m1IeHpMlErR2s="></latexit><latexit sha1_base64="WkXohkID0oEI24m1IeHpMlErR2s="></latexit><latexit sha1_base64="WkXohkID0oEI24m1IeHpMlErR2s="></latexit><latexit sha1_base64="WkXohkID0oEI24m1IeHpMlErR2s="></latexit>

�(µ) = inf
w2Y

sup
v2Y

a(w, v;µ)

kwkYkvkY
� �0 > 0.

<latexit sha1_base64="aibWNx3gLmwlBHp9KLtQBY+gJMU="></latexit><latexit sha1_base64="aibWNx3gLmwlBHp9KLtQBY+gJMU="></latexit><latexit sha1_base64="aibWNx3gLmwlBHp9KLtQBY+gJMU="></latexit><latexit sha1_base64="aibWNx3gLmwlBHp9KLtQBY+gJMU="></latexit>

a(yN (µ), v;µ) = f(v;µ), 8 v 2 YN .
<latexit sha1_base64="DVf400tubvii4eLdzdXvvu1Jng0="></latexit><latexit sha1_base64="DVf400tubvii4eLdzdXvvu1Jng0="></latexit><latexit sha1_base64="DVf400tubvii4eLdzdXvvu1Jng0="></latexit><latexit sha1_base64="DVf400tubvii4eLdzdXvvu1Jng0="></latexit>
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Noncoercive Problems

One can show that for 

where  

then the following reduced basis problem: 

is well-posed with                           . 

YN := span{ y(µ1), . . . , y(µN ) },
<latexit sha1_base64="yWToDhqt4P6MptFmXT0D+YjIDXo="></latexit>

Find                        such that yN (µ) 2 YN
<latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit><latexit sha1_base64="Q/YXdyPrKMe9NidmyYSL0vSr1f8=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRgi4LblxJBfuQJoTJdNIOnZmEmYkQQjZu/BU3LhRx6z+482+ctFlo64ELh3Pu5d57gpgSqWz726isrK6tb1Q3a1vbO7t75v5BT0aJQLiLIhqJQQAlpoTjriKK4kEsMGQBxf1gelX4/QcsJIn4nUpj7DE45iQkCCot+eZx6mc3ecNlyZlLuMugmiBIs/u8kH2zbjftGaxl4pSkDkp0fPPLHUUoYZgrRKGUQ8eOlZdBoQiiOK+5icQxRFM4xkNNOWRYetnsi9w61crICiOhiytrpv6eyCCTMmWB7izOlIteIf7nDRMVXnoZ4XGiMEfzRWFCLRVZRSTWiAiMFE01gUgQfauFJlBApHRwNR2Cs/jyMumdNx276dy26u1WGUcVHIET0AAOuABtcA06oAsQeATP4BW8GU/Gi/FufMxbK0Y5cwj+wPj8Ad1amME=</latexit>

�N (µ) � �(µ)
<latexit sha1_base64="2BnjoXmVhjMwdacpwW+mnutjoYM=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbkpSC7osuHElFewDmhAm09t26OThzEQooRs3/oobF4q49R/c+TdO0yy09cCFM+fcy9x7/JgzqSzr2yisrK6tbxQ3S1vbO7t75v5BW0aJoNCiEY9E1ycSOAuhpZji0I0FkMDn0PHHVzO/8wBCsii8U5MY3IAMQzZglCgteeax44Mi3k3FCZIz7AzhHmdK9vbMslW1MuBlYuekjHI0PfPL6Uc0CSBUlBMpe7YVKzclQjHKYVpyEgkxoWMyhJ6mIQlAuml2xRSfaqWPB5HQFSqcqb8nUhJIOQl83RkQNZKL3kz8z+slanDppiyMEwUhnX80SDhWEZ5FgvtMAFV8ogmhguldMR0RQajSwZV0CPbiycukXava59Xabb3cqOdxFNEROkEVZKML1EDXqIlaiKJH9Ixe0ZvxZLwY78bHvLVg5DOH6A+Mzx+WOJdN</latexit>

Vµ
N := span{ Tµy(µn), n = 1, . . . , N },

<latexit sha1_base64="YKH0sGYPm5OxHlIqwq9lV1B2ia4="></latexit>

(Tµy(µn), v )Y = a(y(µn), v; , µ), 8v 2 Y ,

a(yN (µ), v;µ) = f(v;µ), 8 v 2 Vµ
N ,
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Saddle Point Problems

Problem Structure 

Ay = f vs.


A BT

B

� 
y
�

�
=


f
g

�

| {z }
A u = F

<latexit sha1_base64="U8kA4w/d5Og69gn0qgwIDDNSpDY="></latexit><latexit sha1_base64="U8kA4w/d5Og69gn0qgwIDDNSpDY="></latexit><latexit sha1_base64="U8kA4w/d5Og69gn0qgwIDDNSpDY="></latexit><latexit sha1_base64="U8kA4w/d5Og69gn0qgwIDDNSpDY="></latexit>
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Saddle Point Problems

RB Approximation 

Find                                        such that 

Issues: 
• Well-posedness of the approximate problem 

• Efficiently computable bounds for the errors

(µ)
<latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="P6CZTiC4I1x3Shn4wWfQTIYveng="></latexit><latexit sha1_base64="kvOwQ4X5wMeMF4Ucs57/h11OUiA="></latexit><latexit sha1_base64="kvOwQ4X5wMeMF4Ucs57/h11OUiA="></latexit><latexit sha1_base64="oCUgwNnUb5iDpnHz7K9GM1Ua/tM="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit><latexit sha1_base64="uCKBQVaUydqLuYoWXgIrN1E/b2g="></latexit>

and

(yN ,�N ) 2 YN ⇥ ZN
<latexit sha1_base64="yI8oQiOzc8oCt3zkrIR4wh/O8fk="></latexit><latexit sha1_base64="yI8oQiOzc8oCt3zkrIR4wh/O8fk="></latexit><latexit sha1_base64="yI8oQiOzc8oCt3zkrIR4wh/O8fk="></latexit><latexit sha1_base64="yI8oQiOzc8oCt3zkrIR4wh/O8fk="></latexit>

ky � yNkY
<latexit sha1_base64="jJFWEtj8caiXD6NDcTGh/7Qigec="></latexit><latexit sha1_base64="jJFWEtj8caiXD6NDcTGh/7Qigec="></latexit><latexit sha1_base64="jJFWEtj8caiXD6NDcTGh/7Qigec="></latexit><latexit sha1_base64="jJFWEtj8caiXD6NDcTGh/7Qigec="></latexit>

k�� �NkZ
<latexit sha1_base64="7Lmt3MUssl5tKRYBf8RQmO5TrWg="></latexit><latexit sha1_base64="7Lmt3MUssl5tKRYBf8RQmO5TrWg="></latexit><latexit sha1_base64="7Lmt3MUssl5tKRYBf8RQmO5TrWg="></latexit><latexit sha1_base64="7Lmt3MUssl5tKRYBf8RQmO5TrWg="></latexit>

a(yN , v) + b(v,�N ) = f(v) 8 v 2 YN

b(yN , q) = g(q) 8 q 2 ZN
<latexit sha1_base64="XDHFdaicFOStIBXYZbZaeWnBeIc="></latexit><latexit sha1_base64="XDHFdaicFOStIBXYZbZaeWnBeIc="></latexit><latexit sha1_base64="XDHFdaicFOStIBXYZbZaeWnBeIc="></latexit><latexit sha1_base64="XDHFdaicFOStIBXYZbZaeWnBeIc="></latexit>

[BREZZI], [ROVAS, 2003], [ROZZA & VEROY, 2007], [GERNER & VEROY, 2012]
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Saddle Point: Approximation

The spaces               constitute a stable pair if for all  

For any                      must contain “supremizing" functions. 

µ 2 D
<latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit><latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit><latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit><latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit>

[BREZZI]

YN ,ZN
<latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit><latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit><latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit><latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit>

�N (µ) := inf
q2ZN

sup
v2YN

hB(µ)v, qi
kvkYkqkZ

> 0
<latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit><latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit><latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit><latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit>

q 2 ZN ,YN
<latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit><latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit><latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit><latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit>
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Saddle Point: Approximation

The spaces               constitute a stable pair if for all  

For any                      must contain “supremizing" functions. 

Pressure Space: 

For                                       and 

µ 2 D
<latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit><latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit><latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit><latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit>

[BREZZI]

YN ,ZN
<latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit><latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit><latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit><latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit>

�N (µ) := inf
q2ZN

sup
v2YN

hB(µ)v, qi
kvkYkqkZ

> 0
<latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit><latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit><latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit><latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit>

q 2 ZN ,YN
<latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit><latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit><latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit><latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit>

µi 2 D, i = 1, . . . , N,
<latexit sha1_base64="K95KmYCsgicwK8IpHFfR9otk2cE="></latexit><latexit sha1_base64="K95KmYCsgicwK8IpHFfR9otk2cE="></latexit><latexit sha1_base64="K95KmYCsgicwK8IpHFfR9otk2cE="></latexit><latexit sha1_base64="K95KmYCsgicwK8IpHFfR9otk2cE="></latexit>

ZN := span{�(µi), i = 1 to N}
<latexit sha1_base64="XYDvyE6aoHGEr8xodKV5SbNFdKE="></latexit><latexit sha1_base64="XYDvyE6aoHGEr8xodKV5SbNFdKE="></latexit><latexit sha1_base64="XYDvyE6aoHGEr8xodKV5SbNFdKE="></latexit><latexit sha1_base64="XYDvyE6aoHGEr8xodKV5SbNFdKE="></latexit>
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Saddle Point: Approximation

The spaces               constitute a stable pair if for all  

For any                      must contain “supremizing" functions. 

Pressure Space: 

For                                       and 

Velocity Space: 
Option 0: The Naive Choice

µ 2 D
<latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit><latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit><latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit><latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit>

[BREZZI]

YN ,ZN
<latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit><latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit><latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit><latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit>

�N (µ) := inf
q2ZN

sup
v2YN

hB(µ)v, qi
kvkYkqkZ

> 0
<latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit><latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit><latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit><latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit>

q 2 ZN ,YN
<latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit><latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit><latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit><latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit>

µi 2 D, i = 1, . . . , N,
<latexit sha1_base64="K95KmYCsgicwK8IpHFfR9otk2cE="></latexit><latexit sha1_base64="K95KmYCsgicwK8IpHFfR9otk2cE="></latexit><latexit sha1_base64="K95KmYCsgicwK8IpHFfR9otk2cE="></latexit><latexit sha1_base64="K95KmYCsgicwK8IpHFfR9otk2cE="></latexit>

ZN := span{�(µi), i = 1 to N}
<latexit sha1_base64="XYDvyE6aoHGEr8xodKV5SbNFdKE="></latexit><latexit sha1_base64="XYDvyE6aoHGEr8xodKV5SbNFdKE="></latexit><latexit sha1_base64="XYDvyE6aoHGEr8xodKV5SbNFdKE="></latexit><latexit sha1_base64="XYDvyE6aoHGEr8xodKV5SbNFdKE="></latexit>

Y0
N := span{y(µi), i = 1 to N}

<latexit sha1_base64="UFwHIqnjP5EJArEV8fnCtra9arU="></latexit><latexit sha1_base64="UFwHIqnjP5EJArEV8fnCtra9arU="></latexit><latexit sha1_base64="UFwHIqnjP5EJArEV8fnCtra9arU="></latexit><latexit sha1_base64="UFwHIqnjP5EJArEV8fnCtra9arU="></latexit>
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Saddle Point: Approximation

The spaces               constitute a stable pair if for all  

For any                      must contain “supremizing" functions. 

Pressure Space: 

For                                       and 

Velocity Space: 
Option 0: The Naive Choice

µ 2 D
<latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit><latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit><latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit><latexit sha1_base64="7vLRn4JP0F/zS7v/VYEsPrVgV+8="></latexit>

[BREZZI]
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YN ,ZN
<latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit><latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit><latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit><latexit sha1_base64="R4k5MveOOKFFno9tFcJ1cv9ZXsI="></latexit>

�N (µ) := inf
q2ZN

sup
v2YN

hB(µ)v, qi
kvkYkqkZ

> 0
<latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit><latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit><latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit><latexit sha1_base64="b7MBCaPRNJH3kyTkSOgtXi+Lme8="></latexit>

q 2 ZN ,YN
<latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit><latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit><latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit><latexit sha1_base64="uKvDuQcVPVi77NBDkoFIMcZoiPc="></latexit>

N
<latexit sha1_base64="pzgOKI2arTZldTzF0tB56Jh7tOA="></latexit><latexit sha1_base64="pzgOKI2arTZldTzF0tB56Jh7tOA="></latexit><latexit sha1_base64="pzgOKI2arTZldTzF0tB56Jh7tOA="></latexit><latexit sha1_base64="pzgOKI2arTZldTzF0tB56Jh7tOA="></latexit>

µi 2 D, i = 1, . . . , N,
<latexit sha1_base64="K95KmYCsgicwK8IpHFfR9otk2cE="></latexit><latexit sha1_base64="K95KmYCsgicwK8IpHFfR9otk2cE="></latexit><latexit sha1_base64="K95KmYCsgicwK8IpHFfR9otk2cE="></latexit><latexit sha1_base64="K95KmYCsgicwK8IpHFfR9otk2cE="></latexit>

ZN := span{�(µi), i = 1 to N}
<latexit sha1_base64="XYDvyE6aoHGEr8xodKV5SbNFdKE="></latexit><latexit sha1_base64="XYDvyE6aoHGEr8xodKV5SbNFdKE="></latexit><latexit sha1_base64="XYDvyE6aoHGEr8xodKV5SbNFdKE="></latexit><latexit sha1_base64="XYDvyE6aoHGEr8xodKV5SbNFdKE="></latexit>

Y0
N := span{y(µi), i = 1 to N}

<latexit sha1_base64="UFwHIqnjP5EJArEV8fnCtra9arU="></latexit><latexit sha1_base64="UFwHIqnjP5EJArEV8fnCtra9arU="></latexit><latexit sha1_base64="UFwHIqnjP5EJArEV8fnCtra9arU="></latexit><latexit sha1_base64="UFwHIqnjP5EJArEV8fnCtra9arU="></latexit>
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Velocity Space 

For                       and 

• Option 1*                 provably stable 

101

Saddle Point: Approximation

q = 1, . . . , Qb
<latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit>

)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

______ 
*[ROVAS, 2003], [ROZZA & VEROY, 2007]     [GERNER & VEROY, 2012]†

<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>

i = 1, . . . , N
<latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit>
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Velocity Space 

For                       and 

• Option 1*                 provably stable 

where 

and 

102

Saddle Point: Approximation

q = 1, . . . , Qb
<latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit>

)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

______ 
*[ROVAS, 2003], [ROZZA & VEROY, 2007]     [GERNER & VEROY, 2012]†

<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>

B(µ) =
QbP
q=1

✓qb (µ)B
q

<latexit sha1_base64="dMXKM7In+DjUtt79H6X3HvJJuNA="></latexit><latexit sha1_base64="dMXKM7In+DjUtt79H6X3HvJJuNA="></latexit><latexit sha1_base64="dMXKM7In+DjUtt79H6X3HvJJuNA="></latexit><latexit sha1_base64="dMXKM7In+DjUtt79H6X3HvJJuNA="></latexit>

i = 1, . . . , N
<latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit>

Y1
N := span{ y(µi) , T q�(µi)}

<latexit sha1_base64="31pBNjzO1B9m24nXmQqw6EI4iGA="></latexit><latexit sha1_base64="31pBNjzO1B9m24nXmQqw6EI4iGA="></latexit><latexit sha1_base64="31pBNjzO1B9m24nXmQqw6EI4iGA="></latexit><latexit sha1_base64="31pBNjzO1B9m24nXmQqw6EI4iGA="></latexit>

T qp = arg sup
v2YN

hBqv, pi
kvkY

<latexit sha1_base64="pLQowMhoT7sFzkFGhUwEf4/Ly5c="></latexit><latexit sha1_base64="pLQowMhoT7sFzkFGhUwEf4/Ly5c="></latexit><latexit sha1_base64="pLQowMhoT7sFzkFGhUwEf4/Ly5c="></latexit><latexit sha1_base64="pLQowMhoT7sFzkFGhUwEf4/Ly5c="></latexit>
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Velocity Space 

For                       and 

• Option 1*                 provably stable 

103

Saddle Point: Approximation

q = 1, . . . , Qb
<latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit>

)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

______ 
*[ROVAS, 2003], [ROZZA & VEROY, 2007]     [GERNER & VEROY, 2012]†

<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>

Velocity error vs

Pressure error vs

i = 1, . . . , N
<latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit>

Y1
N := span{ y(µi) , T q�(µi)| {z }

Qb

}

<latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit>

SUPREMIZERS

Ntotal
<latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit>

Ntotal
<latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit>
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Saddle Point: Approximation
Velocity Space 

For                       and 

• Option 1*                 provably stable 

• Option 2                   justifiably stable 

q = 1, . . . , Qb
<latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit>

)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

†
<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>

______ 
*[ROVAS, 2003], [ROZZA & VEROY, 2007]     [GERNER & VEROY, 2012]†

<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>

Velocity error vs

Pressure error vs

i = 1, . . . , N
<latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit>

Y1
N := span{ y(µi) , T q�(µi)| {z }

Qb

}

<latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit>

SUPREMIZERS

Ntotal
<latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit>

Ntotal
<latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit>

Y2
N := span{ y(µi) , Tµi�(µi)| {z }

}
<latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit><latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit><latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit><latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit>

SUPREMIZER SNAPSHOTS



Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

105

Saddle Point: Approximation
Velocity Space 

For                       and 

• Option 1*                 provably stable 

• Option 2                   justifiably stable 

• Option 3                  empirically stable

q = 1, . . . , Qb
<latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit><latexit sha1_base64="w+HeDaJQP1XwTNhQCkM1/1xeEaE="></latexit>

)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

)
<latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit><latexit sha1_base64="YaXLuuBp/qzIHVT1TiTrWq9MX10="></latexit>

†
<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>

†
<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>

______ 
*[ROVAS, 2003], [ROZZA & VEROY, 2007]     [GERNER & VEROY, 2012]†

<latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit><latexit sha1_base64="McntM7GGHipHV7/DK/97QNkqTaI="></latexit>
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Velocity error vs

Pressure error vs

i = 1, . . . , N
<latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit><latexit sha1_base64="EvZtd7JdrF+u2mnn4EW8vjBBUdg="></latexit>

Ntotal
<latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit>

Ntotal
<latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit><latexit sha1_base64="ft7mU6NK5H+5M0jPqoClodce6nU="></latexit>

Y1
N := span{ y(µi) , T q�(µi)| {z }

Qb

}

<latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit><latexit sha1_base64="5B9cpLiJK+wjnUGnueiW/6rE4rw="></latexit>

SUPREMIZERS

Y2
N := span{ y(µi) , Tµi�(µi)| {z }

}
<latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit><latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit><latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit><latexit sha1_base64="enFe/xsdSvzY3Ah0OccPnAfAZWY="></latexit>

SUPREMIZER SNAPSHOTS

Y3
N := span{y(µi), y(µ0

i)| {z } }
<latexit sha1_base64="OM2bmS00z5Jt/u+U+Q1zB+QBHoo="></latexit><latexit sha1_base64="OM2bmS00z5Jt/u+U+Q1zB+QBHoo="></latexit><latexit sha1_base64="OM2bmS00z5Jt/u+U+Q1zB+QBHoo="></latexit><latexit sha1_base64="OM2bmS00z5Jt/u+U+Q1zB+QBHoo="></latexit>

VELOCITY SNAPSHOTS
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1. Treat entire system as a general noncoercive problem 

Let                be the residual, 

2. Treat the system as a saddle point problem

106

Saddle Point: Error Estimation

R(V ;µ)
<latexit sha1_base64="CbkQbul18uPQg60uEtwpwTaIN14="></latexit><latexit sha1_base64="CbkQbul18uPQg60uEtwpwTaIN14="></latexit><latexit sha1_base64="CbkQbul18uPQg60uEtwpwTaIN14="></latexit><latexit sha1_base64="CbkQbul18uPQg60uEtwpwTaIN14="></latexit>

[BANACH-NECAS-BABUSKA]

[VEROY, PRUD’HOMME, ROVAS & PATERA, 2003] 
and, e.g., [ROZZA, HUYNH & MANZONI, 2013]

[BREZZI]

[GERNER & VEROY, 2012]

ky � yNkX 
kr1NkX 0

↵LB
+
⇣
1 + �UB

↵LB

⌘ kr2NkX 0

�b
LB

=: �y
N

k�� �NkX 
kr1NkX 0

�b
LB

+ �UB

�b
LB

�y
N =: ��

N
<latexit sha1_base64="F8JmTnSj2o4hG4MM/pE/oDjeJAg="></latexit><latexit sha1_base64="F8JmTnSj2o4hG4MM/pE/oDjeJAg="></latexit><latexit sha1_base64="F8JmTnSj2o4hG4MM/pE/oDjeJAg="></latexit><latexit sha1_base64="F8JmTnSj2o4hG4MM/pE/oDjeJAg="></latexit>

A(U(µ), V ;µ) = F(V ;µ), 8 V 2 X ,

kU(µ)� UN (µ)kX  kR( · ;µ)kX 0

�A
LB(µ)

=: �U
N (µ) .
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Saddle Point: Error Estimation

Pressure Error Bound Velocity Error Bound
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Saddle Point: Error Estimation

Pressure Error Bound Velocity Error Bound
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ke�k / k�k
<latexit sha1_base64="BdLbQ4kPt26R7ZlHlbhsdZbmJrA=">AAACE3icbZC7TsMwFIadcivlFmBksahAiKEkBQkklkosjEWiF6kJleM4rVXHiWwHqQp9BxZehYUBhFhZ2HgbnDQDtBzJ1qf/nF/2+b2YUaks69soLSwuLa+UVytr6xubW+b2TltGicCkhSMWia6HJGGUk5aiipFuLAgKPUY63ugq63fuiZA04rdqHBM3RANOA4qR0lLfPHYeIIF3MHWYNvloArXgXMKT7Mp5qmvsm1WrZuUF58EuoAqKavbNL8ePcBISrjBDUvZsK1ZuioSimJFJxUkkiREeoQHpaeQoJNJN850m8EArPgwioQ9XMFd/O1IUSjkOPT0ZIjWUs71M/K/XS1Rw4aaUx4kiHE8fChIGVQSzgKBPBcGKjTUgLKj+K8RDJBBWOsaKDsGeXXke2vWafVqr35xVG4dFHGWwB/bBEbDBOWiAa9AELYDBI3gGr+DNeDJejHfjYzpaMgrPLvhTxucP1nubiQ==</latexit>

�� / k�k
<latexit sha1_base64="u9D37ZZckwxBMhWLg5Sp57NMkQs=">AAACEnicbVC7TsMwFHXKq5RXgJHFogLBUpKCBBJLJRgYi0QfUhMqx3Fbq85D9g1SFfoNLPwKCwMIsTKx8Tc4bQYoHMnW0Tn3yL7HiwVXYFlfRmFufmFxqbhcWlldW98wN7eaKkokZQ0aiUi2PaKY4CFrAAfB2rFkJPAEa3nDi8xv3TGpeBTewChmbkD6Ie9xSkBLXfPQuWQCCL5NHaFTPhlj5xwfZRd27nEuZrRrlq2KNQH+S+yclFGOetf8dPyIJgELgQqiVMe2YnBTIoFTwcYlJ1EsJnRI+qyjaUgCptx0stIY72nFx71I6hMCnqg/EykJlBoFnp4MCAzUrJeJ/3mdBHpnbsrDOAEW0ulDvURgiHDWD/a5ZBTESBNCJdd/xXRAJKGgWyzpEuzZlf+SZrViH1eq1yfl2n5eRxHtoF10gGx0imroCtVRA1H0gJ7QC3o1Ho1n4814n44WjDyzjX7B+PgGm92bcA==</latexit>

�Ba / k�k
<latexit sha1_base64="k+TFBUtABERABv+lKbQ/peL+n+g=">AAACD3icbVC7TsMwFHXKq5RXgZHFoqJiKklBAomlAgbGItGH1JTqxnFaq44T2Q5SFfoHLPwKCwMIsbKy8Te4jwFajmTr6Jx7r32PF3OmtG1/W5mFxaXllexqbm19Y3Mrv71TV1EiCa2RiEey6YGinAla00xz2owlhdDjtOH1L0d+455KxSJxqwcxbYfQFSxgBLSROvmie0W5BnyXujLEFzDE7jk+Gl3uA3a5GeSDoZ18wS7ZY+B54kxJAU1R7eS/XD8iSUiFJhyUajl2rNspSM0Ip8OcmygaA+lDl7YMFRBS1U7H+wzxgVF8HETSHKHxWP3dkUKo1CD0TGUIuqdmvZH4n9dKdHDWTpmIE00FmTwUJBzrCI/CwT6TlGg+MASIZOavmPRAAtEmwpwJwZldeZ7UyyXnuFS+OSlUitM4smgP7aND5KBTVEHXqIpqiKBH9Ixe0Zv1ZL1Y79bHpDRjTXt20R9Ynz96+5pT</latexit>

keyk / kyk
<latexit sha1_base64="BhW9KxrV/ATr0rDOLWGHFHc0flU=">AAACBnicbZBNS8MwGMfT+TbnW9WjCMGheJrtFBS8DLx4nOBeYK0jzdItLE1Lkgql7uTFr+LFgyJe/Qze/DamXQ+6+UDCj///eUievxcxKpVlfRulhcWl5ZXyamVtfWNzy9zeacswFpi0cMhC0fWQJIxy0lJUMdKNBEGBx0jHG19lfueeCElDfquSiLgBGnLqU4yUlvrmvvMACbyDCdTgXMKT7Mo4F/pm1apZecF5sAuogqKaffPLGYQ4DghXmCEpe7YVKTdFQlHMyKTixJJECI/RkPQ0chQQ6ab5GhN4qJUB9EOhD1cwV39PpCiQMgk83RkgNZKzXib+5/Vi5V+4KeVRrAjH04f8mEEVwiwTOKCCYMUSDQgLqv8K8QgJhJVOrqJDsGdXnod2vWaf1uo3Z9XGURFHGeyBA3AMbHAOGuAaNEELYPAInsEreDOejBfj3fiYtpaMYmYX/Cnj8wcrl5Wn</latexit>

�y / kyk
<latexit sha1_base64="Ai2tTnG+batpbSLFuFTCJwjY3dE=">AAACA3icbVC7TsMwFHXKq5RXgA0WiwrEVJKCBBJLJRgYi0QfUhMqx3Vaq44T2Q5SlFZi4VdYGECIlZ9g429w2gzQciRbx+fcq+t7vIhRqSzr2ygsLC4trxRXS2vrG5tb5vZOU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CrzWw9ESBryO5VExA1Qn1OfYqS01DX3nGvCFIL3CXQu4Ul2QWcE9WvUNctWxZoAzhM7J2WQo941v5xeiOOAcIUZkrJjW5FyUyQUxYyMS04sSYTwEPVJR1OOAiLddLLDGB5qpQf9UOjDFZyovztSFEiZBJ6uDJAayFkvE//zOrHyL9yU8ihWhOPpID9mUIUwCwT2qCBYsUQThAXVf4V4gATCSsdW0iHYsyvPk2a1Yp9Wqrdn5dpRHkcR7IMDcAxscA5q4AbUQQNg8AiewSt4M56MF+Pd+JiWFoy8Zxf8gfH5AzUplTo=</latexit>

�Ba / kyk
<latexit sha1_base64="EUlKj4fsQBH1w9IOMinyEabD6lM=">AAACCXicbVC7TsMwFHV4lvIKMLJYVCCmkhQkkFgqYGAsEn1ITagc122t2k5kO0hR6MrCr7AwgBArf8DG3+C0GaDlSL46OudeXd8TRIwq7Tjf1tz8wuLScmGluLq2vrFpb203VBhLTOo4ZKFsBUgRRgWpa6oZaUWSIB4w0gyGl5nfvCdS0VDc6iQiPkd9QXsUI22kjg29K8I0gnepJzm8QCPoncOjrHgPMDGlY5ecsjMGnCVuTkogR61jf3ndEMecCI0ZUqrtOpH2UyQ1xYyMil6sSITwEPVJ21CBOFF+Or5kBPeN0oW9UJonNByrvydSxJVKeGA6OdIDNe1l4n9eO9a9Mz+lIoo1EXiyqBczqEOYxQK7VBKsWWIIwpKav0I8QBJhbcIrmhDc6ZNnSaNSdo/LlZuTUvUgj6MAdsEeOAQuOAVVcA1qoA4weATP4BW8WU/Wi/VufUxa56x8Zgf8gfX5A+mfl9M=</latexit>
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ke�k / k�k
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Key Result: 

We provide separate error bounds for  
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Nonaffine problems

Concentration of pollutant governed by scalar convection-diffusion equation 

with source term modeled by 

Goal: Identify source location        parameter                       

gPS(x;µ) =
50

⇡
e�50((x1�xs

1)
2+(x2�xs

2)
2).
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y(x, t = 0;µ) = 0
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@

@t
y(t;µ) +U ·ry(t;µ) = r2y(t;µ) + gPS(x;µ) g(t),
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Contaminant Transport
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Given                        , evaluate 

where                        satisfies 

for                                                  with        nonaffine.

µ 2 D ⇢ IRP
<latexit sha1_base64="leRrMPj3gzA94VGPnDSiARVM1ig="></latexit><latexit sha1_base64="leRrMPj3gzA94VGPnDSiARVM1ig="></latexit><latexit sha1_base64="leRrMPj3gzA94VGPnDSiARVM1ig="></latexit><latexit sha1_base64="leRrMPj3gzA94VGPnDSiARVM1ig="></latexit>

gPS
<latexit sha1_base64="vSiNc1jAkgNvEvo6Iqp9gLS4DL8="></latexit><latexit sha1_base64="vSiNc1jAkgNvEvo6Iqp9gLS4DL8="></latexit><latexit sha1_base64="vSiNc1jAkgNvEvo6Iqp9gLS4DL8="></latexit><latexit sha1_base64="vSiNc1jAkgNvEvo6Iqp9gLS4DL8="></latexit>

gPS(x;µ) =
50

⇡
e�50((x1�xs

1)
2+(x2�xs

2)
2).

<latexit sha1_base64="nE4MuejPmJFbKVKjqquUYlbKCWE="></latexit><latexit sha1_base64="nE4MuejPmJFbKVKjqquUYlbKCWE="></latexit><latexit sha1_base64="nE4MuejPmJFbKVKjqquUYlbKCWE="></latexit><latexit sha1_base64="nE4MuejPmJFbKVKjqquUYlbKCWE="></latexit>

s(tk;µ) = `(y(tk;µ))
<latexit sha1_base64="ZOM+HlCGi9OUW5p7MjTEHA47l8o="></latexit><latexit sha1_base64="ZOM+HlCGi9OUW5p7MjTEHA47l8o="></latexit><latexit sha1_base64="ZOM+HlCGi9OUW5p7MjTEHA47l8o="></latexit><latexit sha1_base64="ZOM+HlCGi9OUW5p7MjTEHA47l8o="></latexit>

y(tk;µ) 2 X
<latexit sha1_base64="NLJvE7/INdG3JYbGt6Isd2/sc9g="></latexit><latexit sha1_base64="NLJvE7/INdG3JYbGt6Isd2/sc9g="></latexit><latexit sha1_base64="NLJvE7/INdG3JYbGt6Isd2/sc9g="></latexit><latexit sha1_base64="NLJvE7/INdG3JYbGt6Isd2/sc9g="></latexit>

y(t0;µ) = 0
<latexit sha1_base64="IfJg9xwG/NBDOCSWv1GCcK+VYJE="></latexit><latexit sha1_base64="IfJg9xwG/NBDOCSWv1GCcK+VYJE="></latexit><latexit sha1_base64="IfJg9xwG/NBDOCSWv1GCcK+VYJE="></latexit><latexit sha1_base64="IfJg9xwG/NBDOCSWv1GCcK+VYJE="></latexit>

m

✓
y(tk;µ)� y(tk�1;µ)

�t
, v;µ

◆
+

1
2 a(y(tk;µ) + y(tk�1;µ), v;µ)
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Contaminant Transport - Truth Problem Statement

8 k 2 K
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Evaluation of RB quantities                   (                                      ): 

requires even in the online stage 

operations. 

Difficulty: 

There is no (     -independent) affine representation of                 .

v = ⇣i, 1  i  Nmax
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b(⇣i;µ) =

Z

⌦
gPS(x;µ) ⇣i

=
50

⇡

Z

⌦
e�50((x1�µ2)

2+(x2�µ3)
2) ⇣i

<latexit sha1_base64="1Wc7TkKTa/Yk7OlgdmeeQySxU2Y="></latexit><latexit sha1_base64="1Wc7TkKTa/Yk7OlgdmeeQySxU2Y="></latexit><latexit sha1_base64="1Wc7TkKTa/Yk7OlgdmeeQySxU2Y="></latexit><latexit sha1_base64="1Wc7TkKTa/Yk7OlgdmeeQySxU2Y="></latexit>

O(NN)
<latexit sha1_base64="VG6EhysYVUn8hGfGPTD6fmgeeg8="></latexit><latexit sha1_base64="VG6EhysYVUn8hGfGPTD6fmgeeg8="></latexit><latexit sha1_base64="VG6EhysYVUn8hGfGPTD6fmgeeg8="></latexit><latexit sha1_base64="VG6EhysYVUn8hGfGPTD6fmgeeg8="></latexit>

N
<latexit sha1_base64="mqOHmPix0Vbjc9HWr6/++T1wzVA="></latexit><latexit sha1_base64="mqOHmPix0Vbjc9HWr6/++T1wzVA="></latexit><latexit sha1_base64="mqOHmPix0Vbjc9HWr6/++T1wzVA="></latexit><latexit sha1_base64="mqOHmPix0Vbjc9HWr6/++T1wzVA="></latexit>

gPS(x;µ)
<latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="hhy50aM42hwKOm0qK+I8h/9aMP0="></latexit><latexit sha1_base64="CAJbbC+ra5pDn+GSBoZuyNKeEs8="></latexit><latexit sha1_base64="CAJbbC+ra5pDn+GSBoZuyNKeEs8="></latexit><latexit sha1_base64="CBE1f6qDAv89RUX0x2uBQQ5QztI="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit><latexit sha1_base64="Tc4KIPIVmB4xOS+JU8PsRlV5bGM="></latexit>

Nonaffine Source Term
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Model Problem: 

Given                                                        evaluate 

where                                               satisfies 

with 

µ = (µ1, µ2) 2 D ⌘ [0.01, 10]2,
<latexit sha1_base64="lOJOtlFWSM81aLrcZvh17qO933w="></latexit>

sk(µ) =

Z

⌦
ykN,M (µ)

<latexit sha1_base64="ofoRdGC+Vn1WERt8pmE73G5j+WI=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVpCRS0I1QcONGrWAf0MQwmU7boTOTMDMRQsgvuPFX3LhQxK07d/6NSZuFth64cDjnXu69xw8ZVdqyvo2FxaXlldXSWnl9Y3Nr29zZbasgkpi0cMAC2fWRIowK0tJUM9INJUHcZ6Tjjy9yv/NApKKBuNNxSFyOhoIOKEY6kzyzqu7HVYdHR/AcOlRoL3FuOBmiFMZecn18lRZ22TMrVs2aAM4TuyAVUKDpmV9OP8ARJ0JjhpTq2Vao3QRJTTEjadmJFAkRHqMh6WVUIE6Um0w+SuFhpvThIJBZCQ0n6u+JBHGlYu5nnRzpkZr1cvE/rxfpwZmbUBFGmgg8XTSIGNQBzOOBfSoJ1izOCMKSZrdCPEISYZ2FmIdgz748T9onNduq2bf1SqNexFEC++AAVIENTkEDXIImaAEMHsEzeAVvxpPxYrwbH9PWBaOY2QN/YHz+AAf5m9E=</latexit><latexit sha1_base64="ofoRdGC+Vn1WERt8pmE73G5j+WI=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVpCRS0I1QcONGrWAf0MQwmU7boTOTMDMRQsgvuPFX3LhQxK07d/6NSZuFth64cDjnXu69xw8ZVdqyvo2FxaXlldXSWnl9Y3Nr29zZbasgkpi0cMAC2fWRIowK0tJUM9INJUHcZ6Tjjy9yv/NApKKBuNNxSFyOhoIOKEY6kzyzqu7HVYdHR/AcOlRoL3FuOBmiFMZecn18lRZ22TMrVs2aAM4TuyAVUKDpmV9OP8ARJ0JjhpTq2Vao3QRJTTEjadmJFAkRHqMh6WVUIE6Um0w+SuFhpvThIJBZCQ0n6u+JBHGlYu5nnRzpkZr1cvE/rxfpwZmbUBFGmgg8XTSIGNQBzOOBfSoJ1izOCMKSZrdCPEISYZ2FmIdgz748T9onNduq2bf1SqNexFEC++AAVIENTkEDXIImaAEMHsEzeAVvxpPxYrwbH9PWBaOY2QN/YHz+AAf5m9E=</latexit><latexit sha1_base64="ofoRdGC+Vn1WERt8pmE73G5j+WI=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVpCRS0I1QcONGrWAf0MQwmU7boTOTMDMRQsgvuPFX3LhQxK07d/6NSZuFth64cDjnXu69xw8ZVdqyvo2FxaXlldXSWnl9Y3Nr29zZbasgkpi0cMAC2fWRIowK0tJUM9INJUHcZ6Tjjy9yv/NApKKBuNNxSFyOhoIOKEY6kzyzqu7HVYdHR/AcOlRoL3FuOBmiFMZecn18lRZ22TMrVs2aAM4TuyAVUKDpmV9OP8ARJ0JjhpTq2Vao3QRJTTEjadmJFAkRHqMh6WVUIE6Um0w+SuFhpvThIJBZCQ0n6u+JBHGlYu5nnRzpkZr1cvE/rxfpwZmbUBFGmgg8XTSIGNQBzOOBfSoJ1izOCMKSZrdCPEISYZ2FmIdgz748T9onNduq2bf1SqNexFEC++AAVIENTkEDXIImaAEMHsEzeAVvxpPxYrwbH9PWBaOY2QN/YHz+AAf5m9E=</latexit><latexit sha1_base64="ofoRdGC+Vn1WERt8pmE73G5j+WI=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVpCRS0I1QcONGrWAf0MQwmU7boTOTMDMRQsgvuPFX3LhQxK07d/6NSZuFth64cDjnXu69xw8ZVdqyvo2FxaXlldXSWnl9Y3Nr29zZbasgkpi0cMAC2fWRIowK0tJUM9INJUHcZ6Tjjy9yv/NApKKBuNNxSFyOhoIOKEY6kzyzqu7HVYdHR/AcOlRoL3FuOBmiFMZecn18lRZ22TMrVs2aAM4TuyAVUKDpmV9OP8ARJ0JjhpTq2Vao3QRJTTEjadmJFAkRHqMh6WVUIE6Um0w+SuFhpvThIJBZCQ0n6u+JBHGlYu5nnRzpkZr1cvE/rxfpwZmbUBFGmgg8XTSIGNQBzOOBfSoJ1izOCMKSZrdCPEISYZ2FmIdgz748T9onNduq2bf1SqNexFEC++AAVIENTkEDXIImaAEMHsEzeAVvxpPxYrwbH9PWBaOY2QN/YHz+AAf5m9E=</latexit>

ykN,M (µ) 2 Y, 1  k  K,
<latexit sha1_base64="9Qn8ezF76ZwYtt3S1f7aN9orp9c=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtlJJIQcFNwY0gSgX7kCaGyXTSDplM4sxECKHf4MZfceNCEbeu3Pk3Jm0X2nrgcg/n3MvMPW7EqFSG8a0tLC4tr6wW1orrG5tb2/rObluGscCkhUMWiq6LJGGUk5aiipFuJAgKXEY6rn+W+50HIiQN+Y1KImIHaMCpRzFSmeTolcRJr6qXozu/bAVxBVqUw9uqdQpNaDFyD/1Ju6gWHb1k1Iwx4Dwxp6QEpmg6+pfVD3EcEK4wQ1L2TCNSdoqEopiRUdGKJYkQ9tGA9DLKUUCknY5PGsHDTOlDLxRZcQXH6u+NFAVSJoGbTQZIDeWsl4v/eb1YeSd2SnkUK8Lx5CEvZlCFMM8H9qkgWLEkIwgLmv0V4iESCKssxTwEc/bkedI+qplGzbyulxr1aRwFsA8OQBmY4Bg0wDloghbA4BE8g1fwpj1pL9q79jEZXdCmO3vgD7TPH2Dumq4=</latexit><latexit sha1_base64="9Qn8ezF76ZwYtt3S1f7aN9orp9c=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtlJJIQcFNwY0gSgX7kCaGyXTSDplM4sxECKHf4MZfceNCEbeu3Pk3Jm0X2nrgcg/n3MvMPW7EqFSG8a0tLC4tr6wW1orrG5tb2/rObluGscCkhUMWiq6LJGGUk5aiipFuJAgKXEY6rn+W+50HIiQN+Y1KImIHaMCpRzFSmeTolcRJr6qXozu/bAVxBVqUw9uqdQpNaDFyD/1Ju6gWHb1k1Iwx4Dwxp6QEpmg6+pfVD3EcEK4wQ1L2TCNSdoqEopiRUdGKJYkQ9tGA9DLKUUCknY5PGsHDTOlDLxRZcQXH6u+NFAVSJoGbTQZIDeWsl4v/eb1YeSd2SnkUK8Lx5CEvZlCFMM8H9qkgWLEkIwgLmv0V4iESCKssxTwEc/bkedI+qplGzbyulxr1aRwFsA8OQBmY4Bg0wDloghbA4BE8g1fwpj1pL9q79jEZXdCmO3vgD7TPH2Dumq4=</latexit><latexit sha1_base64="9Qn8ezF76ZwYtt3S1f7aN9orp9c=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtlJJIQcFNwY0gSgX7kCaGyXTSDplM4sxECKHf4MZfceNCEbeu3Pk3Jm0X2nrgcg/n3MvMPW7EqFSG8a0tLC4tr6wW1orrG5tb2/rObluGscCkhUMWiq6LJGGUk5aiipFuJAgKXEY6rn+W+50HIiQN+Y1KImIHaMCpRzFSmeTolcRJr6qXozu/bAVxBVqUw9uqdQpNaDFyD/1Ju6gWHb1k1Iwx4Dwxp6QEpmg6+pfVD3EcEK4wQ1L2TCNSdoqEopiRUdGKJYkQ9tGA9DLKUUCknY5PGsHDTOlDLxRZcQXH6u+NFAVSJoGbTQZIDeWsl4v/eb1YeSd2SnkUK8Lx5CEvZlCFMM8H9qkgWLEkIwgLmv0V4iESCKssxTwEc/bkedI+qplGzbyulxr1aRwFsA8OQBmY4Bg0wDloghbA4BE8g1fwpj1pL9q79jEZXdCmO3vgD7TPH2Dumq4=</latexit><latexit sha1_base64="9Qn8ezF76ZwYtt3S1f7aN9orp9c=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtlJJIQcFNwY0gSgX7kCaGyXTSDplM4sxECKHf4MZfceNCEbeu3Pk3Jm0X2nrgcg/n3MvMPW7EqFSG8a0tLC4tr6wW1orrG5tb2/rObluGscCkhUMWiq6LJGGUk5aiipFuJAgKXEY6rn+W+50HIiQN+Y1KImIHaMCpRzFSmeTolcRJr6qXozu/bAVxBVqUw9uqdQpNaDFyD/1Ju6gWHb1k1Iwx4Dwxp6QEpmg6+pfVD3EcEK4wQ1L2TCNSdoqEopiRUdGKJYkQ9tGA9DLKUUCknY5PGsHDTOlDLxRZcQXH6u+NFAVSJoGbTQZIDeWsl4v/eb1YeSd2SnkUK8Lx5CEvZlCFMM8H9qkgWLEkIwgLmv0V4iESCKssxTwEc/bkedI+qplGzbyulxr1aRwFsA8OQBmY4Bg0wDloghbA4BE8g1fwpj1pL9q79jEZXdCmO3vgD7TPH2Dumq4=</latexit>

y0(µ) = 0
<latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit><latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit><latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit><latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit>

1

�t
m(ykN,M (µ)� yk�1

N,M (µ), v) + a(ykN,M (µ), v)
<latexit sha1_base64="Rrf2YV22qUaLnrkq+PRtJr2nANo="></latexit><latexit sha1_base64="Rrf2YV22qUaLnrkq+PRtJr2nANo="></latexit><latexit sha1_base64="Rrf2YV22qUaLnrkq+PRtJr2nANo="></latexit><latexit sha1_base64="Rrf2YV22qUaLnrkq+PRtJr2nANo="></latexit>

+

Z

⌦
gnl(yk(µ);x;µ) v = b(v) sin(2⇡tk), 8 v 2 Y,

<latexit sha1_base64="iC6j5KYtlsJyC4XDp70WFvdmFMI="></latexit><latexit sha1_base64="iC6j5KYtlsJyC4XDp70WFvdmFMI="></latexit><latexit sha1_base64="iC6j5KYtlsJyC4XDp70WFvdmFMI="></latexit><latexit sha1_base64="iC6j5KYtlsJyC4XDp70WFvdmFMI="></latexit>

gnl(yk(µ);x;µ) = µ1
eµ2 yk(µ) � 1

µ2
.

<latexit sha1_base64="+IOeFT7mq0Sbaka3AIse6qFk1IU="></latexit><latexit sha1_base64="+IOeFT7mq0Sbaka3AIse6qFk1IU="></latexit><latexit sha1_base64="+IOeFT7mq0Sbaka3AIse6qFk1IU="></latexit><latexit sha1_base64="+IOeFT7mq0Sbaka3AIse6qFk1IU="></latexit>
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Given              evaluate 

where                                          satisfies  

                                          

Note: 

µ 2 D
<latexit sha1_base64="ANXb0pkU0rZxXd0krb41oOaYPk4=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlqQZcFXbisYB/QhDKZTtqhk0mYmYgl9FfcuFDErT/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dH9nG1q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepP7vUcqFYvFg54l1I/wWLCQEayNNLSrXpQijwnkRVhPCObodmjXnLqzAFonbkFqUKA9tL+8UUzSiApNOFZq4DqJ9jMsNSOcziteqmiCyRSP6cBQgSOq/GyRfY7OjTJCYSzNExot1N8bGY6UmkWBmcwTqlUvF//zBqkOr/2MiSTVVJDloTDlSMcoLwKNmKRE85khmEhmsiIywRITbeqqmBLc1S+vk26j7l7WG/fNWqtZ1FGGUziDC3DhClpwB23oAIEneIZXeLPm1ov1bn0sR0tWsXMCf2B9/gDa4pOg</latexit>

8 k 2 K
<latexit sha1_base64="92R/dQsuVSRaQXI9evlGL7be8/A=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBhZSkFnRZcCO4qWAf0IQymU7boZNJmJkIJXThxl9x40IRt36EO//GSZuFth4YOJxzL3PuCWLOlHacb6uwtr6xuVXcLu3s7u0f2IdHbRUlktAWiXgkuwFWlDNBW5ppTruxpDgMOO0Ek+vM7zxQqVgk7vU0pn6IR4INGcHaSH277A0jiTlH3jmaII8J5IVYj4MA3Zb6dsWpOnOgVeLmpAI5mn37yxtEJAmp0IRjpXquE2s/xVIzwums5CWKxphM8Ij2DBU4pMpP50fM0KlRBsikMU9oNFd/b6Q4VGoaBmYyS6iWvUz8z+slenjlp0zEiaaCLD4aJhzpCGWNoAGTlGg+NQQTyUxWRMZYYqJNb1kJ7vLJq6Rdq7oX1dpdvdKo53UUoQwncAYuXEIDbqAJLSDwCM/wCm/Wk/VivVsfi9GCle8cwx9Ynz8mE5Zw</latexit>

sk(µ) = `(yk(µ))
<latexit sha1_base64="yJsUW2vnWMfXfQSWwh6BoZB5F1c=">AAACA3icbVDLSgMxFM34rPU16k43wSK0mzIjBd0IBTcuK9gHdMaSSTNtaJIZkowwDAU3/oobF4q49Sfc+Tdm2llo64ELJ+fcS+49Qcyo0o7zba2srq1vbJa2yts7u3v79sFhR0WJxKSNIxbJXoAUYVSQtqaakV4sCeIBI91gcp373QciFY3EnU5j4nM0EjSkGGkjDexjdT+pejypwSvoEcaqafGulQd2xak7M8Bl4hakAgq0BvaXN4xwwonQmCGl+q4Taz9DUlPMyLTsJYrECE/QiPQNFYgT5WezG6bwzChDGEbSlNBwpv6eyBBXKuWB6eRIj9Wil4v/ef1Eh5d+RkWcaCLw/KMwYVBHMA8EDqkkWLPUEIQlNbtCPEYSYW1iy0NwF09eJp3zuuvU3dtGpdko4iiBE3AKqsAFF6AJbkALtAEGj+AZvII368l6sd6tj3nrilXMHIE/sD5/AODLla4=</latexit><latexit sha1_base64="yJsUW2vnWMfXfQSWwh6BoZB5F1c=">AAACA3icbVDLSgMxFM34rPU16k43wSK0mzIjBd0IBTcuK9gHdMaSSTNtaJIZkowwDAU3/oobF4q49Sfc+Tdm2llo64ELJ+fcS+49Qcyo0o7zba2srq1vbJa2yts7u3v79sFhR0WJxKSNIxbJXoAUYVSQtqaakV4sCeIBI91gcp373QciFY3EnU5j4nM0EjSkGGkjDexjdT+pejypwSvoEcaqafGulQd2xak7M8Bl4hakAgq0BvaXN4xwwonQmCGl+q4Taz9DUlPMyLTsJYrECE/QiPQNFYgT5WezG6bwzChDGEbSlNBwpv6eyBBXKuWB6eRIj9Wil4v/ef1Eh5d+RkWcaCLw/KMwYVBHMA8EDqkkWLPUEIQlNbtCPEYSYW1iy0NwF09eJp3zuuvU3dtGpdko4iiBE3AKqsAFF6AJbkALtAEGj+AZvII368l6sd6tj3nrilXMHIE/sD5/AODLla4=</latexit><latexit sha1_base64="yJsUW2vnWMfXfQSWwh6BoZB5F1c=">AAACA3icbVDLSgMxFM34rPU16k43wSK0mzIjBd0IBTcuK9gHdMaSSTNtaJIZkowwDAU3/oobF4q49Sfc+Tdm2llo64ELJ+fcS+49Qcyo0o7zba2srq1vbJa2yts7u3v79sFhR0WJxKSNIxbJXoAUYVSQtqaakV4sCeIBI91gcp373QciFY3EnU5j4nM0EjSkGGkjDexjdT+pejypwSvoEcaqafGulQd2xak7M8Bl4hakAgq0BvaXN4xwwonQmCGl+q4Taz9DUlPMyLTsJYrECE/QiPQNFYgT5WezG6bwzChDGEbSlNBwpv6eyBBXKuWB6eRIj9Wil4v/ef1Eh5d+RkWcaCLw/KMwYVBHMA8EDqkkWLPUEIQlNbtCPEYSYW1iy0NwF09eJp3zuuvU3dtGpdko4iiBE3AKqsAFF6AJbkALtAEGj+AZvII368l6sd6tj3nrilXMHIE/sD5/AODLla4=</latexit><latexit sha1_base64="yJsUW2vnWMfXfQSWwh6BoZB5F1c=">AAACA3icbVDLSgMxFM34rPU16k43wSK0mzIjBd0IBTcuK9gHdMaSSTNtaJIZkowwDAU3/oobF4q49Sfc+Tdm2llo64ELJ+fcS+49Qcyo0o7zba2srq1vbJa2yts7u3v79sFhR0WJxKSNIxbJXoAUYVSQtqaakV4sCeIBI91gcp373QciFY3EnU5j4nM0EjSkGGkjDexjdT+pejypwSvoEcaqafGulQd2xak7M8Bl4hakAgq0BvaXN4xwwonQmCGl+q4Taz9DUlPMyLTsJYrECE/QiPQNFYgT5WezG6bwzChDGEbSlNBwpv6eyBBXKuWB6eRIj9Wil4v/ef1Eh5d+RkWcaCLw/KMwYVBHMA8EDqkkWLPUEIQlNbtCPEYSYW1iy0NwF09eJp3zuuvU3dtGpdko4iiBE3AKqsAFF6AJbkALtAEGj+AZvII368l6sd6tj3nrilXMHIE/sD5/AODLla4=</latexit>

yk(µ) 2 Y, 1  k  K,
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y0(µ) = 0
<latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit><latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit><latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit><latexit sha1_base64="iRI4ppCp8/zkKwFGGrABy1XiPLI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS8lKQS9CwYvHCvYD2rVk02wbmuyuSbawlP4OLx4U8eqP8ea/MdvuQVsfDDzem2Fmnh8Lrg3G387a+sbm1nZhp7i7t39wWDo6bukoUZQ1aSQi1fGJZoKHrGm4EawTK0akL1jbH99mfnvClOZR+GDSmHmSDEMecEqMlbz0EVd6MrlANwgX+6UyruI50Cpxc1KGHI1+6as3iGgiWWioIFp3XRwbb0qU4VSwWbGXaBYTOiZD1rU0JJJpbzo/eobOrTJAQaRshQbN1d8TUyK1TqVvOyUxI73sZeJ/XjcxwbU35WGcGBbSxaIgEchEKEsADbhi1IjUEkIVt7ciOiKKUGNzykJwl19eJa3Lqour7n2tXK/lcRTgFM6gAi5cQR3uoAFNoPAEz/AKb87EeXHenY9F65qTz5zAHzifPwB/kDs=</latexit>

1

�t
m(yk(µ)� yk�1(µ), v) + a(yk(µ), v;µ)

<latexit sha1_base64="ZyhACBP4otEN+PLw2wJQWtLz+BQ="></latexit><latexit sha1_base64="ZyhACBP4otEN+PLw2wJQWtLz+BQ="></latexit><latexit sha1_base64="ZyhACBP4otEN+PLw2wJQWtLz+BQ="></latexit><latexit sha1_base64="ZyhACBP4otEN+PLw2wJQWtLz+BQ="></latexit>

+

Z

⌦
gnl(yk(µ);x;µ) v = b(v)y(tk), 8v 2 Y.

<latexit sha1_base64="+v8M1NGM9DWynlZM1od6FZj/qIY="></latexit><latexit sha1_base64="+v8M1NGM9DWynlZM1od6FZj/qIY="></latexit><latexit sha1_base64="+v8M1NGM9DWynlZM1od6FZj/qIY="></latexit><latexit sha1_base64="+v8M1NGM9DWynlZM1od6FZj/qIY="></latexit>

• Standard RB-Galerkin recipe suffices for (at most) quadratic 

nonlinearities:              online cost ([VPP03, VP05, NVP05]...)  

• Higher order or nonpolynomial nonlinearities 

O(N4)
<latexit sha1_base64="croIknrKt4OOwyIDj50f0/8/TdU=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiS1oMuCG1dawT6gjWUynbRDJ5MwMymU0D9x40IRt/6JO//GSZuFth4YOJxzL/fM8WPOlHacb2ttfWNza7uwU9zd2z84tI+OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xzeZ355QqVgkHvU0pl6Ih4IFjGBtpL5t90KsRwRzdF++e6pdFPt2yak4c6BV4uakBDkaffurN4hIElKhCcdKdV0n1l6KpWaE01mxlygaYzLGQ9o1VOCQKi+dJ5+hc6MMUBBJ84RGc/X3RopDpaahbyaznGrZy8T/vG6ig2svZSJONBVkcShIONIRympAAyYp0XxqCCaSmayIjLDERJuyshLc5S+vkla14l5Wqg+1Ur2W11GAUziDMrhwBXW4hQY0gcAEnuEV3qzUerHerY/F6JqV75zAH1ifP17EkiE=</latexit>

) EIM
<latexit sha1_base64="ZNQznBpnmRTvhovt1LJeSWOIn8g=">AAACEHicbVDJSgNBEO2JW4xb1KOXxiB6CjMxoMeACHoQopgFMkPo6akkTXoWumvUMOQTvPgrXjwo4tWjN//GyXLQxAcFj/eququeG0mh0TS/jczC4tLySnY1t7a+sbmV396p6zBWHGo8lKFqukyDFAHUUKCEZqSA+a6Ehts/G/mNO1BahMEtDiJwfNYNREdwhqnUzh/aCA84fidR4A1pYt+Ibg+ZUuE9pbby6fnl1TDXzhfMojkGnSfWlBTIFNV2/sv2Qh77ECCXTOuWZUboJEyh4BKGOTvWEDHeZ11opTRgPmgnGS8ypAep4tFOqNIKkI7V3xMJ87Ue+G7a6TPs6VlvJP7ntWLsnDqJCKIYIeCTjzqxpBjSUTrUEwo4ykFKGFci3ZXyHlOMY5rhKARr9uR5Ui8VreNi6bpcqJSncWTJHtknR8QiJ6RCLkiV1Agnj+SZvJI348l4Md6Nj0lrxpjO7JI/MD5/AGXRnLc=</latexit>
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Empirical Interpolation Method
Main Idea 

Recall: 

If we can calculate the                 efficiently, we can again follow an offline-online 

computational procedure, but 

• how do we calculate the            and the                ? 

• (what is the interpolation error introduced?)

b(⇣i;µ) =

Z

⌦
gPS(x;µ) ⇣i ⇡

Z

⌦
gPS
M (x;µ) ⇣i

=
MP

m=1
'Mm(µ)

Z

⌦
qm(x) ⇣i ,

<latexit sha1_base64="QTmMu6IjP8+ETJj4DxUNZP9cFHQ="></latexit><latexit sha1_base64="QTmMu6IjP8+ETJj4DxUNZP9cFHQ="></latexit><latexit sha1_base64="QTmMu6IjP8+ETJj4DxUNZP9cFHQ="></latexit><latexit sha1_base64="QTmMu6IjP8+ETJj4DxUNZP9cFHQ="></latexit>

'Mm(µ)
<latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit><latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit><latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit><latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit>

qm(x)
<latexit sha1_base64="IIjJ287cODiyKmyggl5b6tyENas="></latexit><latexit sha1_base64="IIjJ287cODiyKmyggl5b6tyENas="></latexit><latexit sha1_base64="IIjJ287cODiyKmyggl5b6tyENas="></latexit><latexit sha1_base64="IIjJ287cODiyKmyggl5b6tyENas="></latexit>

'Mm(µ)
<latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit><latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit><latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit><latexit sha1_base64="eKH0IWSzAvuNUa9d/BVnfDBAhuQ="></latexit>

gPS(x;µ) ⇡ gPS
M (x;µ) =

MX

m=1

'Mm(µ)| {z } qm(x)| {z }
<latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="hhy50aM42hwKOm0qK+I8h/9aMP0="></latexit><latexit sha1_base64="hI01aKQyIIRyr0AOC/Arm3iFUz8="></latexit><latexit sha1_base64="hI01aKQyIIRyr0AOC/Arm3iFUz8="></latexit><latexit sha1_base64="s6g6hK2jibVfx4Y0AaodjqxyUXk="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit><latexit sha1_base64="HLdxFGcc4TDRIT18I+Eb6mFRszE="></latexit>

EIM Collateral RB

[BARRAULT, MADAY, NGUYEN & PATERA, 2004], [GREPL, MADAY, NGUYEN & PATERA, 2007]
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Empirical Interpolation Method: Example / Demo

We consider the nonaffine function 

for                           and                                .

g(x;µ) ⌘ 10p
2⇡

e�
1
2 (

x�µ
0.1 )

2

<latexit sha1_base64="N1JPEgiGEm4X17HAa83b42yaQLA="></latexit><latexit sha1_base64="N1JPEgiGEm4X17HAa83b42yaQLA="></latexit><latexit sha1_base64="N1JPEgiGEm4X17HAa83b42yaQLA="></latexit><latexit sha1_base64="N1JPEgiGEm4X17HAa83b42yaQLA="></latexit>

x 2 ⌦ ⌘ [0, 1]
<latexit sha1_base64="HW+zpzMcoCiuzKt6sOPiD2zkq4U="></latexit><latexit sha1_base64="HW+zpzMcoCiuzKt6sOPiD2zkq4U="></latexit><latexit sha1_base64="HW+zpzMcoCiuzKt6sOPiD2zkq4U="></latexit><latexit sha1_base64="HW+zpzMcoCiuzKt6sOPiD2zkq4U="></latexit>

µ 2 D ⌘ [0.4, 0.6]
<latexit sha1_base64="IZSnJiCnJq2lK8iCeMR86x6yfiI="></latexit><latexit sha1_base64="IZSnJiCnJq2lK8iCeMR86x6yfiI="></latexit><latexit sha1_base64="IZSnJiCnJq2lK8iCeMR86x6yfiI="></latexit><latexit sha1_base64="IZSnJiCnJq2lK8iCeMR86x6yfiI="></latexit>
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Empirical Interpolation Method: Example / Demo
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Nonaffine Problems

Nonlinear Problems

Nonlinear Reaction Diffusion Problems

Problem Statement
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Numerical Results

Model Problem
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Figure 2. Convergence of the reduced-basis approximation for the nonaffine elliptic example.

Table 3. Maximum relative error in the energy norm and output for the nonaffine elliptic example.

N M ϵu
N,M,max,rel ϵs

N,M,max,rel

4 15 1.20 E– 02 5.96 E– 03
8 20 1.14 E– 03 2.42 E– 04
12 25 2.54 E– 04 1.76 E– 04
16 30 3.82 E– 05 7.92 E– 06

computational savings in the online stage relative to classical discretization and solution approaches and relative
to standard Galerkin reduced-basis approaches built upon (28).

3.2.4. Numerical results
We present here numerical results for the model problem of Section 3.1.2. We first define (w, v)X =

∫
Ω ∇w·∇v;

thanks to the Dirichlet conditions on the boundary, (w, v)X is appropriately coercive. We note that for our
particular function, g(x; µ) = G(x; µ) of (20), Sg

M , W g
M , and hence TM and BM are already constructed in

Section 2.3. The sample set Su
N and associated reduced-basis space Wu

N are developed based on the adaptive
sampling procedure described in [23, 40].

We now introduce a parameter sample ΞTest ⊂D of size 225 (in fact, a regular 15×15 grid over D), and define
ϵu
N,M,max,rel = maxµ∈ΞTest ∥u(µ) − uN,M (µ)∥X/∥umax∥X and ϵs

N,M,max,rel = maxµ∈ΞTest |s(µ) − sN,M (µ)|/|smax|;
here ∥umax∥X = maxµ∈ΞTest ∥u(µ)∥X and |smax| = maxµ∈ΞTest |s(µ)|. We present in Figure 2 ϵu

N,M,max,rel as
a function of N and M . We observe that the reduced-basis approximation converges very rapidly. We also
note, consistent with Proposition 3.1, the “plateau” in the curves for M fixed and the “drops” in the N → ∞
asymptotes as M is increased: for fixed M the error in our coefficient function approximation gM (x; µ) to
g(x; µ) will ultimately dominate for large N ; increasing M renders the coefficient function approximation more
accurate, which in turn leads to the drops in the asymptotic error. Figure 2 clearly suggests (for this particular
problem) the optimal “N − M” strategy. We tabulate in Table 3 ϵu

N,M,max,rel and ϵs
N,M,max,rel for M chosen

roughly optimally – but conservatively, to ensure that we are not on a “plateau” for each N . We observe very
rapid convergence of the reduced-basis approximation with N, M . (Note that the convergence of the output
can be further improved by the introduction of adjoint techniques [23, 24, 29].)

Finally, we present in Table 4 the online computational times to calculate sN,M(µ) as a function of (N, M);
the values are normalized with respect to the computational time for the direct calculation of the truth approx-
imation output s(µ) = ℓ(u(µ)). We achieve significant computational savings: for a relative accuracy of close
to 0.024 percent (corresponding to N = 8, M = 20 in Tab. 3) in the output, the online saving is more than a
factor of 2000.

39 / 66

119



The Reduced Basis Method

120 Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

Part I: Theoretical Introduction 
Motivation 

RB for the Simplest Case 

Extensions 

Part II: Applications 

Data Assimilation and Experimental Design 
Cancer Treatment Planning



Introduction to Reduced Basis Methods: Theory and Applications

Karen Veroy-Grepl

1



Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

122

PART II



Overview

123 Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

Part I: Introduction to the Reduced Basis Method 
  Motivation 

  RB for the Simplest Case 

  Extensions 

  EIM for Non-Affine and Nonlinear Problems 

Part II: Applications 



Overview

124 Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

Part I: Introduction to the Reduced Basis Method 

Part II: Applications 

Theoretical: State Estimation 

Generalized EIM and PBDW method 

Optimal Control + Data Assimilation (4DVAR) 

Data Assimilation (3DVAR) + Sensor Placement 

Industrial: Cancer Treatment Planning



Recall: EIM

Function space interpolation 

Approximate the function 

with its interpolation 

where the coefficients                are chosen such that

125 Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

' 2 F
<latexit sha1_base64="3ucNFFHRL8XNczgoe/IXmeAp89s=">AAAB9HicbVBNSwMxEJ3Ur1q/qh69BIvgqezWgh4LgnisYD+gu5Rsmm1Ds9k1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBYng2jjONypsbG5t7xR3S3v7B4dH5eOTto5TRVmLxiJW3YBoJrhkLcONYN1EMRIFgnWC8e3c70yY0jyWj2aaMD8iQ8lDTomxku9NiEpGHHtc4rt+ueJUnQXwOnFzUoEczX75yxvENI2YNFQQrXuukxg/I8pwKtis5KWaJYSOyZD1LJUkYtrPFkfP8IVVBjiMlS1p8EL9PZGRSOtpFNjOiJiRXvXm4n9eLzXhjZ9xmaSGSbpcFKYCmxjPE8ADrhg1YmoJoYrbWzEdEUWosTmVbAju6svrpF2rulfV2kO90qjncRThDM7hEly4hgbcQxNaQOEJnuEV3tAEvaB39LFsLaB85hT+AH3+AAhrkZE=</latexit>

A set of functions, e.g. 
solutions from different models 
with different parameters

Interpolation functions

Interpolation coefficients

IM ['] :=
MX

i=1

↵̃M
j (')q̃j

<latexit sha1_base64="jjn20E6NZTfiq08+eINtIVOjhPA="></latexit>

↵̃M
j (')

<latexit sha1_base64="uQnvLqRDp82P2dL3OcsgTXuooBo=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoMQm7AbA1oGbGyECOYB2XW5OzvJjpl9MDMbCEsaG3/FxkIRW//Bzr9x8ig08cCFwzn3cu89XsKZVKb5beRWVtfWN/Kbha3tnd294v5BS8apILRJYh6LjgeSchbRpmKK004iKIQep21vcDXx20MqJIujOzVKqBNCP2I9RkBpyS0e24pxn2Y28CSA8f2N+4DL9hBEErAzt1gyK+YUeJlYc1JCczTc4pftxyQNaaQIBym7lpkoJwOhGOF0XLBTSRMgA+jTrqYRhFQ62fSLMT7Vio97sdAVKTxVf09kEEo5Cj3dGYIK5KI3Ef/zuqnqXToZi5JU0YjMFvVSjlWMJ5FgnwlKFB9pAkQwfSsmAQggSgdX0CFYiy8vk1a1Yp1Xqre1Ur02jyOPjtAJKiMLXaA6ukYN1EQEPaJn9IrejCfjxXg3PmatOWM+c4j+wPj8ASoRmEw=</latexit>

Interpolation points Data
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Linear functionals Data, e.g., measurements

[MADAY & MULA, 2013]
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Iterative Procedure 

Suppose                              and                                 have been constructed. 
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{�1, . . . ,�M�1}
<latexit sha1_base64="QCjO0LdTv4qON2B3yu/FYA6mKxY=">AAACC3icbVBNS8MwGE79nPWr6tFL2BA86GjnQI8DL16ECe4D1lLSLN3C0rQkqTBK7178K148KOLVP+DNf2PW9aCbD4Q8PM/7vsn7BAmjUtn2t7Gyura+sVnZMrd3dvf2rYPDroxTgUkHxywW/QBJwignHUUVI/1EEBQFjPSCyfXM7z0QIWnM79U0IV6ERpyGFCOlJd+qupkr6ShCvnMG3WGspL4KwfSz23Mnd3Pfqtl1uwBcJk5JaqBE27e+9CCcRoQrzJCUA8dOlJchoShmJDfdVJIE4QkakYGmHEVEelmxSw5PtDKEYSz04QoW6u+ODEVSTqNAV0ZIjeWiNxP/8wapCq+8jPIkVYTj+UNhyqCK4SwYOKSCYMWmmiAsqP4rxGMkEFY6PlOH4CyuvEy6jbpzUW/cNWutZhlHBRyDKjgFDrgELXAD2qADMHgEz+AVvBlPxovxbnzMS1eMsucI/IHx+QMibpnJ</latexit>

Function that is currently  
worst approximated

Next measurement functional

Next interpolation function

[MADAY & MULA, 2013]

'̃M := argmax
'2F

||'� IM�1[']||
<latexit sha1_base64="Mi9SJWjRM6E/BU58usTfvou0mJM="></latexit>

�M := arg sup
�2⌃

|�('̃M � IM�1['])|
<latexit sha1_base64="+OxqAk4mJA1PkOgBkyQy5+vlMCw="></latexit>

q̃M :=
'̃M � IM�1[']

�M ('̃M � IM�1['])
<latexit sha1_base64="t7wJz/NoguWSb3BNkBYISa5I6aM="></latexit>



Generalized EIM

{q̃1, . . . , q̃M�1}
<latexit sha1_base64="rSTX1Gw4pNwdIyTNvtZyJG+WFwI=">AAACEHicbVDLSgMxFM34rPVVdekmWEQXWmZqQZcFN26ECvYBnTJkMmkbmsmMyR2hDPMJbvwVNy4UcevSnX9j+kC09UDI4Zx7b3KPHwuuwba/rIXFpeWV1dxafn1jc2u7sLPb0FGiKKvTSESq5RPNBJesDhwEa8WKkdAXrOkPLkd+854pzSN5C8OYdULSk7zLKQEjeYUjN3WBi4Cld5nnnGA3iECb60dLr0+dzM28QtEu2WPgeeJMSRFNUfMKn2YUTUImgQqidduxY+ikRAGngmV5N9EsJnRAeqxtqCQh0510vFCGD40S4G6kzJGAx+rvjpSEWg9D31SGBPp61huJ/3ntBLoXnZTLOAEm6eShbiIwRHiUDg64YhTE0BBCFTd/xbRPFKFgMsybEJzZledJo1xyzkrlm0qxWpnGkUP76AAdIwedoyq6QjVURxQ9oCf0gl6tR+vZerPeJ6UL1rRnD/2B9fENaG6cxQ==</latexit>

Iterative Procedure 

Suppose                              and                                 have been constructed. 
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{�1, . . . ,�M�1}
<latexit sha1_base64="QCjO0LdTv4qON2B3yu/FYA6mKxY=">AAACC3icbVBNS8MwGE79nPWr6tFL2BA86GjnQI8DL16ECe4D1lLSLN3C0rQkqTBK7178K148KOLVP+DNf2PW9aCbD4Q8PM/7vsn7BAmjUtn2t7Gyura+sVnZMrd3dvf2rYPDroxTgUkHxywW/QBJwignHUUVI/1EEBQFjPSCyfXM7z0QIWnM79U0IV6ERpyGFCOlJd+qupkr6ShCvnMG3WGspL4KwfSz23Mnd3Pfqtl1uwBcJk5JaqBE27e+9CCcRoQrzJCUA8dOlJchoShmJDfdVJIE4QkakYGmHEVEelmxSw5PtDKEYSz04QoW6u+ODEVSTqNAV0ZIjeWiNxP/8wapCq+8jPIkVYTj+UNhyqCK4SwYOKSCYMWmmiAsqP4rxGMkEFY6PlOH4CyuvEy6jbpzUW/cNWutZhlHBRyDKjgFDrgELXAD2qADMHgEz+AVvBlPxovxbnzMS1eMsucI/IHx+QMibpnJ</latexit>

Function that is currently  
worst approximated

Next measurement functional

Next interpolation function

[MADAY & MULA, 2013]

'̃M := argmax
'2F

||'� IM�1[']||
<latexit sha1_base64="Mi9SJWjRM6E/BU58usTfvou0mJM="></latexit>

�M := arg sup
�2⌃

|�('̃M � IM�1['])|
<latexit sha1_base64="+OxqAk4mJA1PkOgBkyQy5+vlMCw="></latexit>

q̃M :=
'̃M � IM�1[']

�M ('̃M � IM�1['])
<latexit sha1_base64="t7wJz/NoguWSb3BNkBYISa5I6aM="></latexit>



Parametrized-Background Data-Weak (PBDW) Formulation
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[Maday, Patera, Penn & Yano 2014, 2015], [Taddei 2017], [Maday & Taddei 2017(p)],  
[Taddei & Patera 2018], [Hammond, Chaqir, Bourquin & Maday 2018(p)] 



Unlimited-observations PBDW statement 

Find 

Subject to
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(yN ,�) = (ytrue,�) 8� 2 Y.
<latexit sha1_base64="anyq+6RaZOUzcil5WdDMqQL4TNQ="></latexit>

[Maday, Patera, Penn & Yano 2014, 2015], [Taddei 2017], [Maday & Taddei 2019],  
[Taddei & Patera 2018], [Hammond, Chaqir, Bourquin & Maday 2019] 

y⇤N 2 Y, z⇤N 2 ZN , d⇤N 2 Y s.t.
<latexit sha1_base64="iHs58ulgGi5HQ4TrxBDh9NT2/Wg="></latexit><latexit sha1_base64="iHs58ulgGi5HQ4TrxBDh9NT2/Wg="></latexit><latexit sha1_base64="iHs58ulgGi5HQ4TrxBDh9NT2/Wg="></latexit><latexit sha1_base64="iHs58ulgGi5HQ4TrxBDh9NT2/Wg="></latexit>

(yN , v) = (dN , v) + (zN , v) 8v 2 Y,
<latexit sha1_base64="HTVn86wJWvFGMv5msisp4ignf4Q="></latexit><latexit sha1_base64="HTVn86wJWvFGMv5msisp4ignf4Q="></latexit><latexit sha1_base64="HTVn86wJWvFGMv5msisp4ignf4Q="></latexit><latexit sha1_base64="HTVn86wJWvFGMv5msisp4ignf4Q="></latexit>

Parametrized-Background Data-Weak (PBDW) Formulation

state 
prediction

model 
prior

data 
misfit

(y⇤N , z⇤N , d⇤N ) = arg inf
yN 2 Y
zN 2 ZN

dN 2 Y

kdNk2

<latexit sha1_base64="2T861Dt/paXl7S+Hi9kjNZ8xQgQ="></latexit>

misfit with data prediction of background model



Limited-observations PBDW statement 

Introduce library of observation functionals 

where (for example) 

Let 

where

`�m(v) = Gauss (v;xc
m, rm)

<latexit sha1_base64="kYlXR5kMXEHkNsU8cHVzjSt9Thg="></latexit>

133 Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

L = {` 2 Y 0 | ` = `om}
<latexit sha1_base64="GyWtHeojNL31OYd/D/+tBRMgicI="></latexit>

[Maday, Patera, Penn & Yano 2014, 2015], [Taddei 2017], [Maday & Taddei 2017(p)],  
[Taddei & Patera 2018], [Hammond, Chaqir, Bourquin & Maday 2018(p)] 

(v, RY `�m) = `�m(v) 8v 2 Y.
<latexit sha1_base64="zn3zahfqD5th5SBZoIqsL7gPutk="></latexit><latexit sha1_base64="zn3zahfqD5th5SBZoIqsL7gPutk="></latexit><latexit sha1_base64="zn3zahfqD5th5SBZoIqsL7gPutk="></latexit><latexit sha1_base64="zn3zahfqD5th5SBZoIqsL7gPutk="></latexit>

TM = span {RY `�m}Mm=1 , M = 1, . . . ,Mmax
<latexit sha1_base64="9YNThXwBLvvIMAfnTxaqYMF5YoA="></latexit><latexit sha1_base64="9YNThXwBLvvIMAfnTxaqYMF5YoA="></latexit><latexit sha1_base64="9YNThXwBLvvIMAfnTxaqYMF5YoA="></latexit><latexit sha1_base64="9YNThXwBLvvIMAfnTxaqYMF5YoA="></latexit>

Riesz representation

Parametrized-Background Data-Weak  (PBDW) Formulation



Unlimited-observations PBDW statement 

Find 

Subject to
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(yN ,�) = (ytrue,�) 8� 2 Y.
<latexit sha1_base64="anyq+6RaZOUzcil5WdDMqQL4TNQ="></latexit>

[Maday, Patera, Penn & Yano 2014, 2015], [Taddei 2017], [Maday & Taddei 2019],  
[Taddei & Patera 2018], [Hammond, Chaqir, Bourquin & Maday 2019] 

y⇤N 2 Y, z⇤N 2 ZN , d⇤N 2 Y s.t.
<latexit sha1_base64="iHs58ulgGi5HQ4TrxBDh9NT2/Wg="></latexit><latexit sha1_base64="iHs58ulgGi5HQ4TrxBDh9NT2/Wg="></latexit><latexit sha1_base64="iHs58ulgGi5HQ4TrxBDh9NT2/Wg="></latexit><latexit sha1_base64="iHs58ulgGi5HQ4TrxBDh9NT2/Wg="></latexit>

(yN , v) = (dN , v) + (zN , v) 8v 2 Y,
<latexit sha1_base64="HTVn86wJWvFGMv5msisp4ignf4Q="></latexit><latexit sha1_base64="HTVn86wJWvFGMv5msisp4ignf4Q="></latexit><latexit sha1_base64="HTVn86wJWvFGMv5msisp4ignf4Q="></latexit><latexit sha1_base64="HTVn86wJWvFGMv5msisp4ignf4Q="></latexit>

Parametrized-Background Data-Weak (PBDW) Formulation

state 
prediction

model 
prior

data 
misfit

(y⇤N , z⇤N , d⇤N ) = arg inf
yN 2 Y
zN 2 ZN

dN 2 Y

kdNk2

<latexit sha1_base64="2T861Dt/paXl7S+Hi9kjNZ8xQgQ="></latexit>

misfit with data prediction of background model



Limited-observations PBDW statement 

Find 

Subject to
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[Maday, Patera, Penn & Yano 2014, 2015], [Taddei 2017], [Maday & Taddei 2019],  
[Taddei & Patera 2018], [Hammond, Chaqir, Bourquin & Maday 2019] 

Parametrized-Background Data-Weak (PBDW) Formulation

state 
prediction

model 
prior

data 
misfit

misfit with data prediction of background model

y⇤N,M 2 Y, z⇤N,M 2 ZN , d⇤N,M 2 Y s.t.
<latexit sha1_base64="M7TxPkwmp91z0aqycJYAVeh0cz4="></latexit>

(y⇤N,M , z⇤N,M , d⇤N,M ) = arg inf
yN,M 2 Y
zN,M 2 ZN

dN,M 2 Y

kdN,Mk2

<latexit sha1_base64="xo7W3/zJWPzok2rHAiabgw1PrJk="></latexit><latexit sha1_base64="xo7W3/zJWPzok2rHAiabgw1PrJk="></latexit><latexit sha1_base64="xo7W3/zJWPzok2rHAiabgw1PrJk="></latexit><latexit sha1_base64="xo7W3/zJWPzok2rHAiabgw1PrJk="></latexit>

(yN,M , v) = (dN,M , v) + (zN,M , v) 8v 2 Y,

(yN,M ,�) = (ytrue,�) 8� 2 TM .
<latexit sha1_base64="gRZ9u8MZuovM3yecvwFWhDBYZlY="></latexit><latexit sha1_base64="gRZ9u8MZuovM3yecvwFWhDBYZlY="></latexit><latexit sha1_base64="gRZ9u8MZuovM3yecvwFWhDBYZlY="></latexit><latexit sha1_base64="gRZ9u8MZuovM3yecvwFWhDBYZlY="></latexit>



PBDW Formulation
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Limited-observations PBDW  

The PBDW approximation error satisfies  

where the stability constant            is defined by

�N,M ⌘ inf
z2ZN

sup
q2TM

(z, q)

kzkkqk .
<latexit sha1_base64="DE6wn+4RB/niFfrajEmIPYW+NLo="></latexit>

�N,M
<latexit sha1_base64="809Cxwug0+j8wvfbEaKeoxTgF8U=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuDOgx4MWLEsE8IFnC7KQ3GTL7cGY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13lxcLrrRtf1u5tfWNza38dmFnd2//oHh41FRRIhk2WCQi2faoQsFDbGiuBbZjiTTwBLa80c3Mb41RKh6Fj3oSoxvQQch9zqg2ktv1UNNeen9B7qakVyzZZXsOskqcjJQgQ71X/Or2I5YEGGomqFIdx461m1KpORM4LXQThTFlIzrAjqEhDVC56fzoKTkzSp/4kTQVajJXf0+kNFBqEnimM6B6qJa9mfif10m0f+2mPIwTjSFbLPITQXREZgmQPpfItJgYQpnk5lbChlRSpk1OBROCs/zyKmlWys5lufJQLdWqWRx5OIFTOAcHrqAGt1CHBjB4gmd4hTdrbL1Y79bHojVnZTPH8AfW5w+YMZFI</latexit>

��y true � y⇤N,M

�� 6
✓
1 +

1

�N,M

◆
inf

q2TM\Z?
N

inf
z2ZN

��y true � z � q
�� ,

<latexit sha1_base64="QIIEAIJlhRHhSZK1f6624l73gvQ="></latexit>

��z⇤N � z⇤N,M

�� 6 1

�N,M
inf

q2TM\Z?
N

inf
z2ZN

��ytrue � z � q
�� ,

<latexit sha1_base64="rsdKGOpZBSP6OU7UcFgAwkEzC3w="></latexit>

��d⇤N � d⇤N,M

�� 6 inf
q2TM\Z?

N

inf
z2ZN

��y true � z � q
�� ,

<latexit sha1_base64="EqEqgX0fzX/1Cm9smroLDhfwMjY="></latexit><latexit sha1_base64="EqEqgX0fzX/1Cm9smroLDhfwMjY="></latexit><latexit sha1_base64="EqEqgX0fzX/1Cm9smroLDhfwMjY="></latexit><latexit sha1_base64="EqEqgX0fzX/1Cm9smroLDhfwMjY="></latexit>

[MPPY14,15], [T17], [MT19]  
[TP18], [HCBM19] 



PBDW Formulation
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Limited-observations PBDW  

The PBDW approximation error satisfies  

where the stability constant            is defined by

�N,M ⌘ inf
z2ZN

sup
q2TM

(z, q)

kzkkqk .
<latexit sha1_base64="DE6wn+4RB/niFfrajEmIPYW+NLo="></latexit>

�N,M
<latexit sha1_base64="809Cxwug0+j8wvfbEaKeoxTgF8U=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuDOgx4MWLEsE8IFnC7KQ3GTL7cGY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13lxcLrrRtf1u5tfWNza38dmFnd2//oHh41FRRIhk2WCQi2faoQsFDbGiuBbZjiTTwBLa80c3Mb41RKh6Fj3oSoxvQQch9zqg2ktv1UNNeen9B7qakVyzZZXsOskqcjJQgQ71X/Or2I5YEGGomqFIdx461m1KpORM4LXQThTFlIzrAjqEhDVC56fzoKTkzSp/4kTQVajJXf0+kNFBqEnimM6B6qJa9mfif10m0f+2mPIwTjSFbLPITQXREZgmQPpfItJgYQpnk5lbChlRSpk1OBROCs/zyKmlWys5lufJQLdWqWRx5OIFTOAcHrqAGt1CHBjB4gmd4hTdrbL1Y79bHojVnZTPH8AfW5w+YMZFI</latexit>

��y true � y⇤N,M

�� 6
✓
1 +

1

�N,M

◆
inf

q2TM\Z?
N

inf
z2ZN

��y true � z � q
�� ,

<latexit sha1_base64="QIIEAIJlhRHhSZK1f6624l73gvQ="></latexit>

��z⇤N � z⇤N,M

�� 6 1

�N,M
inf

q2TM\Z?
N

inf
z2ZN

��ytrue � z � q
�� ,

<latexit sha1_base64="rsdKGOpZBSP6OU7UcFgAwkEzC3w="></latexit>

��d⇤N � d⇤N,M

�� 6 inf
q2TM\Z?

N

inf
z2ZN

��y true � z � q
�� ,

<latexit sha1_base64="EqEqgX0fzX/1Cm9smroLDhfwMjY="></latexit><latexit sha1_base64="EqEqgX0fzX/1Cm9smroLDhfwMjY="></latexit><latexit sha1_base64="EqEqgX0fzX/1Cm9smroLDhfwMjY="></latexit><latexit sha1_base64="EqEqgX0fzX/1Cm9smroLDhfwMjY="></latexit>

[MPPY14,15], [T17], [MT19]  
[TP18], [HCBM19] 



PBDW Formulation
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Limited-observations PBDW  

The PBDW approximation error satisfies  

where the stability constant            is defined by

�N,M ⌘ inf
z2ZN

sup
q2TM

(z, q)

kzkkqk .
<latexit sha1_base64="DE6wn+4RB/niFfrajEmIPYW+NLo="></latexit>

�N,M
<latexit sha1_base64="809Cxwug0+j8wvfbEaKeoxTgF8U=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuDOgx4MWLEsE8IFnC7KQ3GTL7cGY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13lxcLrrRtf1u5tfWNza38dmFnd2//oHh41FRRIhk2WCQi2faoQsFDbGiuBbZjiTTwBLa80c3Mb41RKh6Fj3oSoxvQQch9zqg2ktv1UNNeen9B7qakVyzZZXsOskqcjJQgQ71X/Or2I5YEGGomqFIdx461m1KpORM4LXQThTFlIzrAjqEhDVC56fzoKTkzSp/4kTQVajJXf0+kNFBqEnimM6B6qJa9mfif10m0f+2mPIwTjSFbLPITQXREZgmQPpfItJgYQpnk5lbChlRSpk1OBROCs/zyKmlWys5lufJQLdWqWRx5OIFTOAcHrqAGt1CHBjB4gmd4hTdrbL1Y79bHojVnZTPH8AfW5w+YMZFI</latexit>

��y true � y⇤N,M

�� 6
✓
1 +

1

�N,M

◆
inf

q2TM\Z?
N

inf
z2ZN

��y true � z � q
�� ,

<latexit sha1_base64="QIIEAIJlhRHhSZK1f6624l73gvQ="></latexit>

��z⇤N � z⇤N,M

�� 6 1

�N,M
inf

q2TM\Z?
N

inf
z2ZN

��ytrue � z � q
�� ,

<latexit sha1_base64="rsdKGOpZBSP6OU7UcFgAwkEzC3w="></latexit>

��d⇤N � d⇤N,M

�� 6 inf
q2TM\Z?

N

inf
z2ZN

��y true � z � q
�� ,

<latexit sha1_base64="EqEqgX0fzX/1Cm9smroLDhfwMjY="></latexit><latexit sha1_base64="EqEqgX0fzX/1Cm9smroLDhfwMjY="></latexit><latexit sha1_base64="EqEqgX0fzX/1Cm9smroLDhfwMjY="></latexit><latexit sha1_base64="EqEqgX0fzX/1Cm9smroLDhfwMjY="></latexit>

[MPPY14,15], [T17], [MT19]  
[TP18], [HCBM19] 



PBDW Formulation
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Limited-observations PBDW statement 

Find 

subject to

[Maday, Patera, Penn & Yano 2014, 2015], [Taddei 2017], [Maday & Taddei 2017(p)],  
[Taddei & Patera 2018], [Hammond, Chaqir, Bourquin & Maday 2018(p)] 

misfit with data prediction of background model

(y⇤N,M 2 Y, z⇤N,M 2 ZN , d⇤N,M 2 Y)
<latexit sha1_base64="34ZyDF0vxQClxs2YsrDoTJ8snkc="></latexit><latexit sha1_base64="34ZyDF0vxQClxs2YsrDoTJ8snkc="></latexit><latexit sha1_base64="34ZyDF0vxQClxs2YsrDoTJ8snkc="></latexit><latexit sha1_base64="34ZyDF0vxQClxs2YsrDoTJ8snkc="></latexit>

(y⇤N,M , z⇤N,M , d⇤N,M ) = arg inf
yN,M 2 Y
zN,M 2 ZN

dN,M 2 Y

kdN,Mk2

<latexit sha1_base64="xo7W3/zJWPzok2rHAiabgw1PrJk="></latexit><latexit sha1_base64="xo7W3/zJWPzok2rHAiabgw1PrJk="></latexit><latexit sha1_base64="xo7W3/zJWPzok2rHAiabgw1PrJk="></latexit><latexit sha1_base64="xo7W3/zJWPzok2rHAiabgw1PrJk="></latexit>

(yN,M , v) = (dN,M , v) + (zN,M , v) 8v 2 Y,

(yN,M ,�) = (ytrue,�) 8� 2 TM .
<latexit sha1_base64="gRZ9u8MZuovM3yecvwFWhDBYZlY="></latexit><latexit sha1_base64="gRZ9u8MZuovM3yecvwFWhDBYZlY="></latexit><latexit sha1_base64="gRZ9u8MZuovM3yecvwFWhDBYZlY="></latexit><latexit sha1_base64="gRZ9u8MZuovM3yecvwFWhDBYZlY="></latexit>
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Problem Statement 

Desired state 

Distributed control 

PDE-constraint                        state    is governed by a   -PDE

yd(x), x 2 ⌦
<latexit sha1_base64="LXpdwEqdB5o5JQVrdMbxvi4sLbY=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKUgu6LLhxZwX7gCaEyWTaDp2ZhJmJNIRu/BU3LhRx62e4829M2iy0euDC4Zx7ufceP2JUacv6Mkorq2vrG+XNytb2zu6euX/QVWEsMengkIWy7yNFGBWko6lmpB9JgrjPSM+fXOd+74FIRUNxr5OIuByNBB1SjHQmeeZR4gW16dk5dOAUOlRA55aTEap4ZtWqW3PAv8QuSBUUaHvmpxOEOOZEaMyQUgPbirSbIqkpZmRWcWJFIoQnaEQGGRWIE+Wm8wdm8DRTAjgMZVZCw7n6cyJFXKmE+1knR3qslr1c/M8bxHp45aZURLEmAi8WDWMGdQjzNGBAJcGaJRlBWNLsVojHSCKss8zyEOzll/+SbqNuX9Qbd81qq1nEUQbH4ATUgA0uQQvcgDboAAxm4Am8gFfj0Xg23oz3RWvJKGYOwS8YH9/IupSO</latexit>

u(x), x 2 ⌦
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y
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µ
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min
u2U

J(y, u) =
�

2
ky � ydk2L2(D) +

1

2
kuk2U

s.t. a(y, v) = f(v) + b(u, v), 8v 2 Y,
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Reduced Basis Approximation 

RB approximation as surrogate 

Error estimation

yN , uN
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min
uN2UN

J(yN , uN ) =
�

2
kyN � ydk2L2(D) +

1

2
kuNk2U

s.t. a(yN , v) = b(uN , v) + f(v), 8v 2 YN ,
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Background 

• Scalar Optimal Control 

-  sharp (POD) error bounds, but requires FE-solves  
[TRÖLTZSCH & VOLKWEIN, 2009] 

- online-efficient error estimates  
[DEDÈ, 2010a], [DEDÈ, 2012] 

- online-efficient, error bounds 
[GREPL & KÄRCHER, 2011], [KÄRCHER & GREPL, 2014]
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Background:  Distributed optimal control 

•  Perturbation Bound in [KÄRCHER, 2011] 

-  based on [TV09], [GK11], [KG14] 

-  online-efficient, separate error bounds for state, control, and adjoint  

-  depends only on             and 

-  bound for error in    contains terms which scale as

↵a, �c,
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Status:  Distributed optimal control 

•  BNB Bound in [NEGRI, ROZZA, MANZONI & QUARTERONI, 2013] 

-  based on the Banach-Nečas-Babuška Theorem 

 and RB for general non-coercive problems 

-  consider the entire optimality system 

and introduce                                to obtain 

-  online-efficient error bounds that depends on 

-  provides only combined bounds for state, control, adjoint

x = (y, u, p) 2 Z
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Motivation 

•  Analyze the optimal control problem as a saddle point problem 

•  Saddle point results not directly applicable: 

- “   -block” is coercive only on kernel of the “   -block”  

- online-efficient, rigorous error bounds on 

•  But perhaps we can use some elements of the proof …
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•   Alternative Bound in [KÄRCHER, TOKOUTSI, GREPL & VEROY, 2018] 

-  by direct manipulation of the error residual equations, we obtain 

- bounds for error in               as in perturbation bound 
- online-efficient, separate error bounds for state, control, and adjoint 
- depends only on             and 
- bound for error in    contains terms which scale as
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⇠
p
�krykY0

<latexit sha1_base64="8VvbtBD4Z4IGjDQGG4by/wh0zvE=">AAACFnicbVC7TsMwFHXKq5RXgJHFokKwUCWoEoyVWBiLRB+oiSLHcVurjhNsBykK+QoWfoWFAYRYERt/g9NmgJYrWT465x7de48fMyqVZX0blaXlldW16nptY3Nre8fc3evKKBGYdHDEItH3kSSMctJRVDHSjwVBoc9Iz59cFnrvnghJI36j0pi4IRpxOqQYKU155qkjaQgdeSdU5jDtC1AOnQcovFR/XuaESI0xYtltfpzXPLNuNaxpwUVgl6AOymp75pcTRDgJCVeYISkHthUrN0NCUcxIXnMSSWKEJ2hEBhpyFBLpZtOzcnikmQAOI6EfV3DK/nZkKJQyDX3dWWwp57WC/E8bJGp44WaUx4kiHM8GDRMGVQSLjGBABcGKpRogLKjeFeIxEggrnWQRgj1/8iLonjVsq2FfN+utZhlHFRyAQ3ACbHAOWuAKtEEHYPAInsEreDOejBfj3fiYtVaM0rMP/pTx+QNXQJ9o</latexit><latexit sha1_base64="8VvbtBD4Z4IGjDQGG4by/wh0zvE=">AAACFnicbVC7TsMwFHXKq5RXgJHFokKwUCWoEoyVWBiLRB+oiSLHcVurjhNsBykK+QoWfoWFAYRYERt/g9NmgJYrWT465x7de48fMyqVZX0blaXlldW16nptY3Nre8fc3evKKBGYdHDEItH3kSSMctJRVDHSjwVBoc9Iz59cFnrvnghJI36j0pi4IRpxOqQYKU155qkjaQgdeSdU5jDtC1AOnQcovFR/XuaESI0xYtltfpzXPLNuNaxpwUVgl6AOymp75pcTRDgJCVeYISkHthUrN0NCUcxIXnMSSWKEJ2hEBhpyFBLpZtOzcnikmQAOI6EfV3DK/nZkKJQyDX3dWWwp57WC/E8bJGp44WaUx4kiHM8GDRMGVQSLjGBABcGKpRogLKjeFeIxEggrnWQRgj1/8iLonjVsq2FfN+utZhlHFRyAQ3ACbHAOWuAKtEEHYPAInsEreDOejBfj3fiYtVaM0rMP/pTx+QNXQJ9o</latexit><latexit sha1_base64="8VvbtBD4Z4IGjDQGG4by/wh0zvE=">AAACFnicbVC7TsMwFHXKq5RXgJHFokKwUCWoEoyVWBiLRB+oiSLHcVurjhNsBykK+QoWfoWFAYRYERt/g9NmgJYrWT465x7de48fMyqVZX0blaXlldW16nptY3Nre8fc3evKKBGYdHDEItH3kSSMctJRVDHSjwVBoc9Iz59cFnrvnghJI36j0pi4IRpxOqQYKU155qkjaQgdeSdU5jDtC1AOnQcovFR/XuaESI0xYtltfpzXPLNuNaxpwUVgl6AOymp75pcTRDgJCVeYISkHthUrN0NCUcxIXnMSSWKEJ2hEBhpyFBLpZtOzcnikmQAOI6EfV3DK/nZkKJQyDX3dWWwp57WC/E8bJGp44WaUx4kiHM8GDRMGVQSLjGBABcGKpRogLKjeFeIxEggrnWQRgj1/8iLonjVsq2FfN+utZhlHFRyAQ3ACbHAOWuAKtEEHYPAInsEreDOejBfj3fiYtVaM0rMP/pTx+QNXQJ9o</latexit><latexit sha1_base64="8VvbtBD4Z4IGjDQGG4by/wh0zvE=">AAACFnicbVC7TsMwFHXKq5RXgJHFokKwUCWoEoyVWBiLRB+oiSLHcVurjhNsBykK+QoWfoWFAYRYERt/g9NmgJYrWT465x7de48fMyqVZX0blaXlldW16nptY3Nre8fc3evKKBGYdHDEItH3kSSMctJRVDHSjwVBoc9Iz59cFnrvnghJI36j0pi4IRpxOqQYKU155qkjaQgdeSdU5jDtC1AOnQcovFR/XuaESI0xYtltfpzXPLNuNaxpwUVgl6AOymp75pcTRDgJCVeYISkHthUrN0NCUcxIXnMSSWKEJ2hEBhpyFBLpZtOzcnikmQAOI6EfV3DK/nZkKJQyDX3dWWwp57WC/E8bJGp44WaUx4kiHM8GDRMGVQSLjGBABcGKpRogLKjeFeIxEggrnWQRgj1/8iLonjVsq2FfN+utZhlHFRyAQ3ACbHAOWuAKtEEHYPAInsEreDOejBfj3fiYtVaM0rMP/pTx+QNXQJ9o</latexit>



Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

Data Assimilation 

S. Boyaval, M. Grepl, and M. Kärcher

with 

148



(Variational) Data Assimilation 
3D-/4D-VAR                                     [Lorenc '81], [Le Dimet '81], [Courtier '85], …   
                                       [Le Dimet & Talagrand '86], … [Navon et al] … 
+ Kalman Filter, Bayesian Methods      [Law & Stuart '15], [Reich '15], … 

MOR + Data Assimilation (+Sensor Placement) 
Gappy-POD          
GEIM            
PGD (+ EIM )      
PBDW          
            
            
OMP                           

MOR + Optimal Control  
RB + OC          [Negri, Rozza, Manzoni, Quarteroni '13],  
           [Tröltzsch & Volkwein '09], [Kärcher, Tokoutsi, Grepl & V. '18]  

Background

149 Introduction to Reduced Basis Methods: Theory and Applications  |   
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[Everson & Sirovich ’95], [Willcox '06] … 
[Maday & Mula '13] … 
[Nadal, Chinesta, Diez, Fuenmayor & Denia '15] … 
[Maday, Patera, Penn & Yano ’14, ’15], [Taddei ’17], 
[Maday & Taddei ’19], [Taddei & Patera ’18], 
[Hammond, Chaqir, Bourquin & Maday ’18(p)] 

… [Binev, Cohen, Mula & Nichols ’18] …



Data Assimilation

4DVAR 

Solve for      and the estimate 
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s.t. m(yk, ⌫) = m(yk�1, ⌫)��t a(yk, ⌫;µ) +�t f(⌫),
<latexit sha1_base64="fPGcfyTW8VMepTStIwzVpWcGrMo="></latexit><latexit sha1_base64="fPGcfyTW8VMepTStIwzVpWcGrMo="></latexit><latexit sha1_base64="fPGcfyTW8VMepTStIwzVpWcGrMo="></latexit><latexit sha1_base64="fPGcfyTW8VMepTStIwzVpWcGrMo="></latexit>

8 ⌫ 2 Y, k = 1, . . . ,K
<latexit sha1_base64="5y6Szl20CLHNgsMQpNsyFZx07yU=">AAACDXicbVDLSgMxFM3UV62vUZduglVwUcqMFBREKLgR3FSwD+kMJZOmbWgmMyR3hFL6A278FTcuFHHr3p1/Y6adhbYeCJycew/33hPEgmtwnG8rt7S8srqWXy9sbG5t79i7ew0dJYqyOo1EpFoB0UxwyerAQbBWrBgJA8GawfAqrTcfmNI8kncwipkfkr7kPU4JGKljH3m9SBEhsHeBPZlgj0t8X0p/w0u35HUj0KWbjl10ys4UeJG4GSmiDLWO/WWcNAmZBCqI1m3XicEfEwWcCjYpeIlmMaFD0mdtQyUJmfbH02sm+NgoXWzWMk8Cnqq/HWMSaj0KA9MZEhjo+Voq/ldrJ9A798dcxgkwSWeDeonAEOE0GtzlilEQI0MIVdzsiumAKELBBFgwIbjzJy+SxmnZdcrubaVYrWRx5NEBOkQnyEVnqIquUQ3VEUWP6Bm9ojfryXqx3q2PWWvOyjz76A+szx+vDplY</latexit><latexit sha1_base64="5y6Szl20CLHNgsMQpNsyFZx07yU=">AAACDXicbVDLSgMxFM3UV62vUZduglVwUcqMFBREKLgR3FSwD+kMJZOmbWgmMyR3hFL6A278FTcuFHHr3p1/Y6adhbYeCJycew/33hPEgmtwnG8rt7S8srqWXy9sbG5t79i7ew0dJYqyOo1EpFoB0UxwyerAQbBWrBgJA8GawfAqrTcfmNI8kncwipkfkr7kPU4JGKljH3m9SBEhsHeBPZlgj0t8X0p/w0u35HUj0KWbjl10ys4UeJG4GSmiDLWO/WWcNAmZBCqI1m3XicEfEwWcCjYpeIlmMaFD0mdtQyUJmfbH02sm+NgoXWzWMk8Cnqq/HWMSaj0KA9MZEhjo+Voq/ldrJ9A798dcxgkwSWeDeonAEOE0GtzlilEQI0MIVdzsiumAKELBBFgwIbjzJy+SxmnZdcrubaVYrWRx5NEBOkQnyEVnqIquUQ3VEUWP6Bm9ojfryXqx3q2PWWvOyjz76A+szx+vDplY</latexit><latexit sha1_base64="5y6Szl20CLHNgsMQpNsyFZx07yU=">AAACDXicbVDLSgMxFM3UV62vUZduglVwUcqMFBREKLgR3FSwD+kMJZOmbWgmMyR3hFL6A278FTcuFHHr3p1/Y6adhbYeCJycew/33hPEgmtwnG8rt7S8srqWXy9sbG5t79i7ew0dJYqyOo1EpFoB0UxwyerAQbBWrBgJA8GawfAqrTcfmNI8kncwipkfkr7kPU4JGKljH3m9SBEhsHeBPZlgj0t8X0p/w0u35HUj0KWbjl10ys4UeJG4GSmiDLWO/WWcNAmZBCqI1m3XicEfEwWcCjYpeIlmMaFD0mdtQyUJmfbH02sm+NgoXWzWMk8Cnqq/HWMSaj0KA9MZEhjo+Voq/ldrJ9A798dcxgkwSWeDeonAEOE0GtzlilEQI0MIVdzsiumAKELBBFgwIbjzJy+SxmnZdcrubaVYrWRx5NEBOkQnyEVnqIquUQ3VEUWP6Bm9ojfryXqx3q2PWWvOyjz76A+szx+vDplY</latexit><latexit sha1_base64="5y6Szl20CLHNgsMQpNsyFZx07yU=">AAACDXicbVDLSgMxFM3UV62vUZduglVwUcqMFBREKLgR3FSwD+kMJZOmbWgmMyR3hFL6A278FTcuFHHr3p1/Y6adhbYeCJycew/33hPEgmtwnG8rt7S8srqWXy9sbG5t79i7ew0dJYqyOo1EpFoB0UxwyerAQbBWrBgJA8GawfAqrTcfmNI8kncwipkfkr7kPU4JGKljH3m9SBEhsHeBPZlgj0t8X0p/w0u35HUj0KWbjl10ys4UeJG4GSmiDLWO/WWcNAmZBCqI1m3XicEfEwWcCjYpeIlmMaFD0mdtQyUJmfbH02sm+NgoXWzWMk8Cnqq/HWMSaj0KA9MZEhjo+Voq/ldrJ9A798dcxgkwSWeDeonAEOE0GtzlilEQI0MIVdzsiumAKELBBFgwIbjzJy+SxmnZdcrubaVYrWRx5NEBOkQnyEVnqIquUQ3VEUWP6Bm9ojfryXqx3q2PWWvOyjz76A+szx+vDplY</latexit>

y0 = u
<latexit sha1_base64="VTa0DHkWgJElhlfTBchKT67QGKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgv2ANpbNdtIu3WzC7kYIoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M78zhMqzWP5YLIE/YiOJA85o8ZKnewxd6c36aBac+vuHGSVeAWpQYHmoPrVH8YsjVAaJqjWPc9NjJ9TZTgTOK30U40JZRM6wp6lkkao/Xx+7pScWWVIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCa/9nMskNSjZYlGYCmJiMvudDLlCZkRmCWWK21sJG1NFmbEJVWwI3vLLq6R9Uffcund/WWtcFnGU4QRO4Rw8uIIG3EETWsBgAs/wCm9O4rw4787HorXkFDPH8AfO5w8mh49j</latexit><latexit sha1_base64="VTa0DHkWgJElhlfTBchKT67QGKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgv2ANpbNdtIu3WzC7kYIoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M78zhMqzWP5YLIE/YiOJA85o8ZKnewxd6c36aBac+vuHGSVeAWpQYHmoPrVH8YsjVAaJqjWPc9NjJ9TZTgTOK30U40JZRM6wp6lkkao/Xx+7pScWWVIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCa/9nMskNSjZYlGYCmJiMvudDLlCZkRmCWWK21sJG1NFmbEJVWwI3vLLq6R9Uffcund/WWtcFnGU4QRO4Rw8uIIG3EETWsBgAs/wCm9O4rw4787HorXkFDPH8AfO5w8mh49j</latexit><latexit sha1_base64="VTa0DHkWgJElhlfTBchKT67QGKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgv2ANpbNdtIu3WzC7kYIoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M78zhMqzWP5YLIE/YiOJA85o8ZKnewxd6c36aBac+vuHGSVeAWpQYHmoPrVH8YsjVAaJqjWPc9NjJ9TZTgTOK30U40JZRM6wp6lkkao/Xx+7pScWWVIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCa/9nMskNSjZYlGYCmJiMvudDLlCZkRmCWWK21sJG1NFmbEJVWwI3vLLq6R9Uffcund/WWtcFnGU4QRO4Rw8uIIG3EETWsBgAs/wCm9O4rw4787HorXkFDPH8AfO5w8mh49j</latexit><latexit sha1_base64="VTa0DHkWgJElhlfTBchKT67QGKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgv2ANpbNdtIu3WzC7kYIoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M78zhMqzWP5YLIE/YiOJA85o8ZKnewxd6c36aBac+vuHGSVeAWpQYHmoPrVH8YsjVAaJqjWPc9NjJ9TZTgTOK30U40JZRM6wp6lkkao/Xx+7pScWWVIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCa/9nMskNSjZYlGYCmJiMvudDLlCZkRmCWWK21sJG1NFmbEJVWwI3vLLq6R9Uffcund/WWtcFnGU4QRO4Rw8uIIG3EETWsBgAs/wCm9O4rw4787HorXkFDPH8AfO5w8mh49j</latexit>

µ⇤
<latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit>

(u⇤(µ⇤), y⇤(µ⇤)).
<latexit sha1_base64="5N87gZ1N9ZmK9qDowJ+dbtLpyao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMFHRZcOOygn1AO5ZMmmlDk8yQZIRh6NqNv+LGhSJu/QJ3/o3pdBa2eiDk5Jx7ubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vEn1zO/80CkoqG400lEPI5GggYUI22kgX1cie/Ts2mlz7O7eg6ThXe1NrDLTs3JAP8SNydlkKM5sL/6wxDHnAiNGVKq5zqR9lIkNcWMTEv9WJEI4QkakZ6hAnGivDRbZQpPjTKEQSjNERpm6u+OFHGlEu6bSo70WC17M/E/rxfr4MpLqYhiTQSeDwpiBnUIZ7nAIZUEa5YYgrCk5q8Qj5FEWJv0SiYEd3nlv6R9UXOdmntbLzfqeRxFcAROQAW44BI0wA1oghbA4BE8g1fwZj1ZL9a79TEvLVh5zyFYgPX5A2gtmL4=</latexit><latexit sha1_base64="5N87gZ1N9ZmK9qDowJ+dbtLpyao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMFHRZcOOygn1AO5ZMmmlDk8yQZIRh6NqNv+LGhSJu/QJ3/o3pdBa2eiDk5Jx7ubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vEn1zO/80CkoqG400lEPI5GggYUI22kgX1cie/Ts2mlz7O7eg6ThXe1NrDLTs3JAP8SNydlkKM5sL/6wxDHnAiNGVKq5zqR9lIkNcWMTEv9WJEI4QkakZ6hAnGivDRbZQpPjTKEQSjNERpm6u+OFHGlEu6bSo70WC17M/E/rxfr4MpLqYhiTQSeDwpiBnUIZ7nAIZUEa5YYgrCk5q8Qj5FEWJv0SiYEd3nlv6R9UXOdmntbLzfqeRxFcAROQAW44BI0wA1oghbA4BE8g1fwZj1ZL9a79TEvLVh5zyFYgPX5A2gtmL4=</latexit><latexit sha1_base64="5N87gZ1N9ZmK9qDowJ+dbtLpyao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMFHRZcOOygn1AO5ZMmmlDk8yQZIRh6NqNv+LGhSJu/QJ3/o3pdBa2eiDk5Jx7ubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vEn1zO/80CkoqG400lEPI5GggYUI22kgX1cie/Ts2mlz7O7eg6ThXe1NrDLTs3JAP8SNydlkKM5sL/6wxDHnAiNGVKq5zqR9lIkNcWMTEv9WJEI4QkakZ6hAnGivDRbZQpPjTKEQSjNERpm6u+OFHGlEu6bSo70WC17M/E/rxfr4MpLqYhiTQSeDwpiBnUIZ7nAIZUEa5YYgrCk5q8Qj5FEWJv0SiYEd3nlv6R9UXOdmntbLzfqeRxFcAROQAW44BI0wA1oghbA4BE8g1fwZj1ZL9a79TEvLVh5zyFYgPX5A2gtmL4=</latexit><latexit sha1_base64="5N87gZ1N9ZmK9qDowJ+dbtLpyao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMFHRZcOOygn1AO5ZMmmlDk8yQZIRh6NqNv+LGhSJu/QJ3/o3pdBa2eiDk5Jx7ubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vEn1zO/80CkoqG400lEPI5GggYUI22kgX1cie/Ts2mlz7O7eg6ThXe1NrDLTs3JAP8SNydlkKM5sL/6wxDHnAiNGVKq5zqR9lIkNcWMTEv9WJEI4QkakZ6hAnGivDRbZQpPjTKEQSjNERpm6u+OFHGlEu6bSo70WC17M/E/rxfr4MpLqYhiTQSeDwpiBnUIZ7nAIZUEa5YYgrCk5q8Qj5FEWJv0SiYEd3nlv6R9UXOdmntbLzfqeRxFcAROQAW44BI0wA1oghbA4BE8g1fwZj1ZL9a79TEvLVh5zyFYgPX5A2gtmL4=</latexit>
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s.t. m(ykN , ⌫) = m(yk�1
N , ⌫)��t a(ykN , ⌫;µ) +�t f(⌫),
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• PDE governing model dynamics 
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<latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="B3E0Y3FLYqXaHXzkJXROg3qO2Vs=">AAAB5HicbZDNSgMxFIXv1L9aq1a3boJFEBdlxo0uBTcuK9gfaMeSSe+0oUlmTDJCGfoSblwo4jO5821Mp11o64HAxzkJufdEqeDG+v63V9rY3NreKe9W9qr7B4e1o2rbJJlm2GKJSHQ3ogYFV9iy3ArsphqpjAR2osntPO88ozY8UQ92mmIo6UjxmDNqndXN+zKbPV6QQa3uN/xCZB2CJdRhqeag9tUfJiyTqCwT1Jhe4Kc2zKm2nAmcVfqZwZSyCR1hz6GiEk2YF/POyJlzhiROtDvKksL9/SKn0pipjNxNSe3YrGZz87+sl9n4Osy5SjOLii0+ijNBbELmy5Mh18ismDqgTHM3K2FjqimzrqKKKyFYXXkd2peNwG8E9z6U4QRO4RwCuIIbuIMmtICBgBd4g3fvyXv1PhZ1lbxlb8fwR97nD2aRjk4=</latexit><latexit sha1_base64="B3E0Y3FLYqXaHXzkJXROg3qO2Vs=">AAAB5HicbZDNSgMxFIXv1L9aq1a3boJFEBdlxo0uBTcuK9gfaMeSSe+0oUlmTDJCGfoSblwo4jO5821Mp11o64HAxzkJufdEqeDG+v63V9rY3NreKe9W9qr7B4e1o2rbJJlm2GKJSHQ3ogYFV9iy3ArsphqpjAR2osntPO88ozY8UQ92mmIo6UjxmDNqndXN+zKbPV6QQa3uN/xCZB2CJdRhqeag9tUfJiyTqCwT1Jhe4Kc2zKm2nAmcVfqZwZSyCR1hz6GiEk2YF/POyJlzhiROtDvKksL9/SKn0pipjNxNSe3YrGZz87+sl9n4Osy5SjOLii0+ijNBbELmy5Mh18ismDqgTHM3K2FjqimzrqKKKyFYXXkd2peNwG8E9z6U4QRO4RwCuIIbuIMmtICBgBd4g3fvyXv1PhZ1lbxlb8fwR97nD2aRjk4=</latexit><latexit sha1_base64="fpmTp9AS4G3UJB3fZLHv6YXz+FM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDEQ9gVQY8BLx4jmAcka5iddJIhM7PrzKwQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYeJUM6yzWMS6FVGDgiusW24FthKNVEYCm9HoZuo3n1AbHqt7O04wlHSgeJ8zap3UyjoynTyck26p7Ff8GcgyCXJShhy1bumr04tZKlFZJqgx7cBPbJhRbTkTOCl2UoMJZSM6wLajiko0YTa7d0JOndIj/Vi7UpbM1N8TGZXGjGXkOiW1Q7PoTcX/vHZq+9dhxlWSWlRsvqifCmJjMn2e9LhGZsXYEco0d7cSNqSaMusiKroQgsWXl0njohL4leDOL1cv8zgKcAwncAYBXEEVbqEGdWAg4Ble4c179F68d+9j3rri5TNH8Afe5w+R44+W</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit>

(u⇤(µ⇤), y⇤(µ⇤)).
<latexit sha1_base64="5N87gZ1N9ZmK9qDowJ+dbtLpyao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMFHRZcOOygn1AO5ZMmmlDk8yQZIRh6NqNv+LGhSJu/QJ3/o3pdBa2eiDk5Jx7ubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vEn1zO/80CkoqG400lEPI5GggYUI22kgX1cie/Ts2mlz7O7eg6ThXe1NrDLTs3JAP8SNydlkKM5sL/6wxDHnAiNGVKq5zqR9lIkNcWMTEv9WJEI4QkakZ6hAnGivDRbZQpPjTKEQSjNERpm6u+OFHGlEu6bSo70WC17M/E/rxfr4MpLqYhiTQSeDwpiBnUIZ7nAIZUEa5YYgrCk5q8Qj5FEWJv0SiYEd3nlv6R9UXOdmntbLzfqeRxFcAROQAW44BI0wA1oghbA4BE8g1fwZj1ZL9a79TEvLVh5zyFYgPX5A2gtmL4=</latexit><latexit sha1_base64="5N87gZ1N9ZmK9qDowJ+dbtLpyao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMFHRZcOOygn1AO5ZMmmlDk8yQZIRh6NqNv+LGhSJu/QJ3/o3pdBa2eiDk5Jx7ubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vEn1zO/80CkoqG400lEPI5GggYUI22kgX1cie/Ts2mlz7O7eg6ThXe1NrDLTs3JAP8SNydlkKM5sL/6wxDHnAiNGVKq5zqR9lIkNcWMTEv9WJEI4QkakZ6hAnGivDRbZQpPjTKEQSjNERpm6u+OFHGlEu6bSo70WC17M/E/rxfr4MpLqYhiTQSeDwpiBnUIZ7nAIZUEa5YYgrCk5q8Qj5FEWJv0SiYEd3nlv6R9UXOdmntbLzfqeRxFcAROQAW44BI0wA1oghbA4BE8g1fwZj1ZL9a79TEvLVh5zyFYgPX5A2gtmL4=</latexit><latexit sha1_base64="5N87gZ1N9ZmK9qDowJ+dbtLpyao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMFHRZcOOygn1AO5ZMmmlDk8yQZIRh6NqNv+LGhSJu/QJ3/o3pdBa2eiDk5Jx7ubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vEn1zO/80CkoqG400lEPI5GggYUI22kgX1cie/Ts2mlz7O7eg6ThXe1NrDLTs3JAP8SNydlkKM5sL/6wxDHnAiNGVKq5zqR9lIkNcWMTEv9WJEI4QkakZ6hAnGivDRbZQpPjTKEQSjNERpm6u+OFHGlEu6bSo70WC17M/E/rxfr4MpLqYhiTQSeDwpiBnUIZ7nAIZUEa5YYgrCk5q8Qj5FEWJv0SiYEd3nlv6R9UXOdmntbLzfqeRxFcAROQAW44BI0wA1oghbA4BE8g1fwZj1ZL9a79TEvLVh5zyFYgPX5A2gtmL4=</latexit><latexit sha1_base64="5N87gZ1N9ZmK9qDowJ+dbtLpyao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMFHRZcOOygn1AO5ZMmmlDk8yQZIRh6NqNv+LGhSJu/QJ3/o3pdBa2eiDk5Jx7ubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vEn1zO/80CkoqG400lEPI5GggYUI22kgX1cie/Ts2mlz7O7eg6ThXe1NrDLTs3JAP8SNydlkKM5sL/6wxDHnAiNGVKq5zqR9lIkNcWMTEv9WJEI4QkakZ6hAnGivDRbZQpPjTKEQSjNERpm6u+OFHGlEu6bSo70WC17M/E/rxfr4MpLqYhiTQSeDwpiBnUIZ7nAIZUEa5YYgrCk5q8Qj5FEWJv0SiYEd3nlv6R9UXOdmntbLzfqeRxFcAROQAW44BI0wA1oghbA4BE8g1fwZj1ZL9a79TEvLVh5zyFYgPX5A2gtmL4=</latexit>

min
µ2D

min
uN2UN

1

2
kuN � ubk2U +

�

2

KX

k=1

�t
��CykN � Cyktrue

��2
D

<latexit sha1_base64="hgLRkVxXhXIeSAxuQuCaQJPVyPc="></latexit>
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4D-Var 

Solve

yo = u
<latexit sha1_base64="hWl1kzwZ6zxcM+0JpxK48S4kiEA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKezGgF6EgBePEUwMZNcwO5lNhsxjmYcQlvyGFw+KePVnvPk3ziZ70MSChqKqm+6uOGVUG9//9kpr6xubW+Xtys7u3v5B9fCoq6VVmHSwZFL1YqQJo4J0DDWM9FJFEI8ZeYgnN7n/8ESUplLcm2lKIo5GgiYUI+OkcPqYhYpDObu2lUG15tf9OeAqCQpSAwXag+pXOJTYciIMZkjrfuCnJsqQMhQzMquEVpMU4Qkakb6jAnGio2x+8wyeOWUIE6lcCQPn6u+JDHGtpzx2nRyZsV72cvE/r29NchVlVKTWEIEXixLLoJEwDwAOqSLYsKkjCCvqboV4jBTCxsWUhxAsv7xKuo16cFFv3DVrrWYRRxmcgFNwDgJwCVrgFrRBB2CQgmfwCt486714797HorXkFTPH4A+8zx9vd5E9</latexit>

for     and the correspondingµ⇤
<latexit sha1_base64="WebJf4PguxUZmvw+97oK8+Tw2VQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRZBPJTdtqDHghePFewHtGvJptk2NMkuSVYoS3+EFw+KePX3ePPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDCzmPoCjyULGcHGSt2BSNDjVWlYrrhVdwG0TrycVCBHa1j+GowikggqDeFY677nxsZPsTKMcDovDRJNY0ymeEz7lkosqPbTxblzdGGVEQojZUsatFB/T6RYaD0Tge0U2Ez0qpeJ/3n9xIQ3fspknBgqyXJRmHBkIpT9jkZMUWL4zBJMFLO3IjLBChNjE8pC8FZfXiedWtWrV2v3jUqzkcdRhDM4h0vw4BqacActaAOBKTzDK7w5sfPivDsfy9aCk8+cwh84nz8CRo6m</latexit>

(u⇤(µ⇤), y⇤(µ⇤)).
<latexit sha1_base64="GgMs2pdlGtSqubtTAZ+QhB6OloM=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahLVKSWtBlwY3LCvYBbVom00k7OJmEeQghdOPGX3HjQhG3/oM7/8akDaitBy6cOede5t7jhoxKZVlfRm5ldW19I79Z2Nre2d0z9w/aMtACkxYOWCC6LpKEUU5aiipGuqEgyHcZ6bh3V6nfuSdC0oDfqigkjo/GnHoUI5VIQ/O4pAeVUt/XcFApn8Ho51GuFoZm0apaM8BlYmekCDI0h+ZnfxRg7ROuMENS9mwrVE6MhKKYkWmhryUJEb5DY9JLKEc+kU48u2IKTxNlBL1AJMUVnKm/J2LkSxn5btLpIzWRi14q/uf1tPIunZjyUCvC8fwjTzOoAphGAkdUEKxYlBCEBU12hXiCBMIqCS4NwV48eZm0a1X7vFq7qRcb9SyOPDgCJ6AEbHABGuAaNEELYPAAnsALeDUejWfjzXift+aMbOYQ/IHx8Q32WpT6</latexit>

Lagrangian 

+
KX

k=1

m(yk, pk)�m(yk�1, pk) +�ta(yk, pk)��tf(pk),
<latexit sha1_base64="SwG6qLL/tMUOVFOsMAHhmO/dmB4="></latexit>

L(y, p, u;µ) = 1

2
ku� ubk2U +

�

2

KX

k=1

�tkCyk � ykdk2D
<latexit sha1_base64="zKLaLN05QLzroBP2IigbYVcRxHA="></latexit>

8 v 2 Y, 1  k  K
<latexit sha1_base64="rGxfsm7Wbb/oLpdnr8F44hn8YzU=">AAACD3icbVC7SgNBFL0bXzG+Vi1tBoNiIWFXAgo2ARvBJoJ5SHYJs5NJMmR2dp2ZDYQlf2Djr9hYKGJra+ffOEm20MQDwxzOuZd77wlizpR2nG8rt7S8srqWXy9sbG5t79i7e3UVJZLQGol4JJsBVpQzQWuaaU6bsaQ4DDhtBIOrid8YUqlYJO70KKZ+iHuCdRnB2kht+7jgdSOJOUfeJRoijwl0f2qoizxOH9Bg9t207aJTcqZAi8TNSBEyVNv2l9eJSBJSoQnHSrVcJ9Z+iqVmhNNxwUsUjTEZ4B5tGSpwSJWfTu8ZoyOjdJDZyzyh0VT93ZHiUKlRGJjKEOu+mvcm4n9eK9HdCz9lIk40FWQ2qJtwpCM0CQd1mKRE85EhmEhmdkWkjyUm2kRYMCG48ycvkvpZyXVK7m25WClnceThAA7hBFw4hwpcQxVqQOARnuEV3qwn68V6tz5mpTkr69mHP7A+fwBOypme</latexit><latexit sha1_base64="rGxfsm7Wbb/oLpdnr8F44hn8YzU=">AAACD3icbVC7SgNBFL0bXzG+Vi1tBoNiIWFXAgo2ARvBJoJ5SHYJs5NJMmR2dp2ZDYQlf2Djr9hYKGJra+ffOEm20MQDwxzOuZd77wlizpR2nG8rt7S8srqWXy9sbG5t79i7e3UVJZLQGol4JJsBVpQzQWuaaU6bsaQ4DDhtBIOrid8YUqlYJO70KKZ+iHuCdRnB2kht+7jgdSOJOUfeJRoijwl0f2qoizxOH9Bg9t207aJTcqZAi8TNSBEyVNv2l9eJSBJSoQnHSrVcJ9Z+iqVmhNNxwUsUjTEZ4B5tGSpwSJWfTu8ZoyOjdJDZyzyh0VT93ZHiUKlRGJjKEOu+mvcm4n9eK9HdCz9lIk40FWQ2qJtwpCM0CQd1mKRE85EhmEhmdkWkjyUm2kRYMCG48ycvkvpZyXVK7m25WClnceThAA7hBFw4hwpcQxVqQOARnuEV3qwn68V6tz5mpTkr69mHP7A+fwBOypme</latexit><latexit sha1_base64="rGxfsm7Wbb/oLpdnr8F44hn8YzU=">AAACD3icbVC7SgNBFL0bXzG+Vi1tBoNiIWFXAgo2ARvBJoJ5SHYJs5NJMmR2dp2ZDYQlf2Djr9hYKGJra+ffOEm20MQDwxzOuZd77wlizpR2nG8rt7S8srqWXy9sbG5t79i7e3UVJZLQGol4JJsBVpQzQWuaaU6bsaQ4DDhtBIOrid8YUqlYJO70KKZ+iHuCdRnB2kht+7jgdSOJOUfeJRoijwl0f2qoizxOH9Bg9t207aJTcqZAi8TNSBEyVNv2l9eJSBJSoQnHSrVcJ9Z+iqVmhNNxwUsUjTEZ4B5tGSpwSJWfTu8ZoyOjdJDZyzyh0VT93ZHiUKlRGJjKEOu+mvcm4n9eK9HdCz9lIk40FWQ2qJtwpCM0CQd1mKRE85EhmEhmdkWkjyUm2kRYMCG48ycvkvpZyXVK7m25WClnceThAA7hBFw4hwpcQxVqQOARnuEV3qwn68V6tz5mpTkr69mHP7A+fwBOypme</latexit><latexit sha1_base64="rGxfsm7Wbb/oLpdnr8F44hn8YzU=">AAACD3icbVC7SgNBFL0bXzG+Vi1tBoNiIWFXAgo2ARvBJoJ5SHYJs5NJMmR2dp2ZDYQlf2Djr9hYKGJra+ffOEm20MQDwxzOuZd77wlizpR2nG8rt7S8srqWXy9sbG5t79i7e3UVJZLQGol4JJsBVpQzQWuaaU6bsaQ4DDhtBIOrid8YUqlYJO70KKZ+iHuCdRnB2kht+7jgdSOJOUfeJRoijwl0f2qoizxOH9Bg9t207aJTcqZAi8TNSBEyVNv2l9eJSBJSoQnHSrVcJ9Z+iqVmhNNxwUsUjTEZ4B5tGSpwSJWfTu8ZoyOjdJDZyzyh0VT93ZHiUKlRGJjKEOu+mvcm4n9eK9HdCz9lIk40FWQ2qJtwpCM0CQd1mKRE85EhmEhmdkWkjyUm2kRYMCG48ycvkvpZyXVK7m25WClnceThAA7hBFw4hwpcQxVqQOARnuEV3qwn68V6tz5mpTkr69mHP7A+fwBOypme</latexit>

min
µ2D

min
u2U

1

2
ku(µ)� ubk2U +

�

2

KX

k=1

�t
��Cyk � Cỹktrue

��2

s.t. m(yk+1, v) = m(yk, v)��ta(yk, v;µ) +�tf(v),
<latexit sha1_base64="B8T4I3RuOuB28J8YB8WYTW4dxr8="></latexit>
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Reduced Optimality Conditions 

for all                                                  where

CONTROL

STATE/ADJOINT
i = 1, . . . , N }

<latexit sha1_base64="HyTtrE1Hm7Y/H5ze6BYL5DG/nj8=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KCWpBd0IBTeupIJ9QBPKZDpph04ezNyIJRTc+CtuXCji1p9w5984abPQ1gMXDufcO3Pv8WLBFVjWt7G0vLK6tl7YKG5ube/smnv7LRUlkrImjUQkOx5RTPCQNYGDYJ1YMhJ4grW90VXmt++ZVDwK72AcMzcgg5D7nBLQUs885PgS22UH2AOkTj8CNSnfOGXsTIo9s2RVrCnwIrFzUkI5Gj3zSz9Ak4CFQAVRqmtbMbgpkcCpYJOikygWEzoiA9bVNCQBU246vWGCT7TSx34kdYWAp+rviZQESo0DT3cGBIZq3svE/7xuAv6Fm/IwToCFdPaRnwgMEc4CwX0uGQUx1oRQyfWumA6JJBR0bFkI9vzJi6RVrdhnleptrVSv5XEU0BE6RqfIRueojq5RAzURRY/oGb2iN+PJeDHejY9Z65KRzxygPzA+fwCBz5Yc</latexit>

� 2 YN , ' 2 YN ,  2 UN ,
<latexit sha1_base64="8tY3LrMFz8oKn2YUW/3rKcvwlAM=">AAACOHicdZBPS8MwGMZT/875r+rRS3AIHmS0MtDjwIsnnWC3yVpKmmVbWJqGJB2Mso/lxY/hTbx4UMSrn8B060E3fSHw8Pzel7zvEwlGlXacZ2tpeWV1bb20Ud7c2t7Ztff2mypJJSYeTlgi2xFShFFOPE01I20hCYojRlrR8DLnrRGRiib8To8FCWLU57RHMdLGCu0bXwwo9CmHfoz0ACOW3U/C61PoQ3+E5P9QqDni5aQc2hWn6kwLLgq3EBVQVCO0n/xugtOYcI0ZUqrjOkIHGZKaYkYmZT9VRCA8RH3SMZKjmKggmx4+gcfG6cJeIs3jGk7dnxMZipUax5HpzNdU8yw3/2KdVPcugoxykWrC8eyjXsqgTmCeIuxSSbBmYyMQltTsCvEASYS1yToPwZ0/eVE0z6quU3Vva5V6rYijBA7BETgBLjgHdXAFGsADGDyAF/AG3q1H69X6sD5nrUtWMXMAfpX19Q2UEKuV</latexit><latexit sha1_base64="8tY3LrMFz8oKn2YUW/3rKcvwlAM=">AAACOHicdZBPS8MwGMZT/875r+rRS3AIHmS0MtDjwIsnnWC3yVpKmmVbWJqGJB2Mso/lxY/hTbx4UMSrn8B060E3fSHw8Pzel7zvEwlGlXacZ2tpeWV1bb20Ud7c2t7Ztff2mypJJSYeTlgi2xFShFFOPE01I20hCYojRlrR8DLnrRGRiib8To8FCWLU57RHMdLGCu0bXwwo9CmHfoz0ACOW3U/C61PoQ3+E5P9QqDni5aQc2hWn6kwLLgq3EBVQVCO0n/xugtOYcI0ZUqrjOkIHGZKaYkYmZT9VRCA8RH3SMZKjmKggmx4+gcfG6cJeIs3jGk7dnxMZipUax5HpzNdU8yw3/2KdVPcugoxykWrC8eyjXsqgTmCeIuxSSbBmYyMQltTsCvEASYS1yToPwZ0/eVE0z6quU3Vva5V6rYijBA7BETgBLjgHdXAFGsADGDyAF/AG3q1H69X6sD5nrUtWMXMAfpX19Q2UEKuV</latexit><latexit sha1_base64="8tY3LrMFz8oKn2YUW/3rKcvwlAM=">AAACOHicdZBPS8MwGMZT/875r+rRS3AIHmS0MtDjwIsnnWC3yVpKmmVbWJqGJB2Mso/lxY/hTbx4UMSrn8B060E3fSHw8Pzel7zvEwlGlXacZ2tpeWV1bb20Ud7c2t7Ztff2mypJJSYeTlgi2xFShFFOPE01I20hCYojRlrR8DLnrRGRiib8To8FCWLU57RHMdLGCu0bXwwo9CmHfoz0ACOW3U/C61PoQ3+E5P9QqDni5aQc2hWn6kwLLgq3EBVQVCO0n/xugtOYcI0ZUqrjOkIHGZKaYkYmZT9VRCA8RH3SMZKjmKggmx4+gcfG6cJeIs3jGk7dnxMZipUax5HpzNdU8yw3/2KdVPcugoxykWrC8eyjXsqgTmCeIuxSSbBmYyMQltTsCvEASYS1yToPwZ0/eVE0z6quU3Vva5V6rYijBA7BETgBLjgHdXAFGsADGDyAF/AG3q1H69X6sD5nrUtWMXMAfpX19Q2UEKuV</latexit><latexit sha1_base64="8tY3LrMFz8oKn2YUW/3rKcvwlAM=">AAACOHicdZBPS8MwGMZT/875r+rRS3AIHmS0MtDjwIsnnWC3yVpKmmVbWJqGJB2Mso/lxY/hTbx4UMSrn8B060E3fSHw8Pzel7zvEwlGlXacZ2tpeWV1bb20Ud7c2t7Ztff2mypJJSYeTlgi2xFShFFOPE01I20hCYojRlrR8DLnrRGRiib8To8FCWLU57RHMdLGCu0bXwwo9CmHfoz0ACOW3U/C61PoQ3+E5P9QqDni5aQc2hWn6kwLLgq3EBVQVCO0n/xugtOYcI0ZUqrjOkIHGZKaYkYmZT9VRCA8RH3SMZKjmKggmx4+gcfG6cJeIs3jGk7dnxMZipUax5HpzNdU8yw3/2KdVPcugoxykWrC8eyjXsqgTmCeIuxSSbBmYyMQltTsCvEASYS1yToPwZ0/eVE0z6quU3Vva5V6rYijBA7BETgBLjgHdXAFGsADGDyAF/AG3q1H69X6sD5nrUtWMXMAfpX19Q2UEKuV</latexit>

UN = span{ u⇤(µi), i = 1, . . . , N }
<latexit sha1_base64="Y8aN49jYOi3nGxJvBCWtX3N/ekU="></latexit><latexit sha1_base64="Y8aN49jYOi3nGxJvBCWtX3N/ekU="></latexit><latexit sha1_base64="Y8aN49jYOi3nGxJvBCWtX3N/ekU="></latexit><latexit sha1_base64="Y8aN49jYOi3nGxJvBCWtX3N/ekU="></latexit>

YN = span{ PODY(y
⇤
(µi)), PODY(p

⇤
(µi)),

<latexit sha1_base64="dGrcyQuj08a8AhdCZ58ADpRnYtw="></latexit><latexit sha1_base64="dGrcyQuj08a8AhdCZ58ADpRnYtw="></latexit><latexit sha1_base64="dGrcyQuj08a8AhdCZ58ADpRnYtw="></latexit><latexit sha1_base64="dGrcyQuj08a8AhdCZ58ADpRnYtw="></latexit>

f(�)� a(ykN ,�)� 1

�t
m(ykN � yk�1

N ,�) = 0 Lp

�(CykN � Cyktrue, C')D � 1

�t
m(', pkN � pk+1

N ) + a(', pkN ;µ) = 0 Ly

m( , p1N )� (uN � ub, )U = 0 Lu
<latexit sha1_base64="0+ko5K/p0YLOYtYQyJKrbF7aIb8="></latexit>



   for     and the estimate
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Can we quantify the error? 

CONTROL 

STATE
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s.t. m(ykN , ⌫) = m(yk�1
N , ⌫)��t a(ykN , ⌫;µ) +�t f(⌫),

<latexit sha1_base64="Yp6P/duVQPK1AY6Oy5aN1c4AVqo="></latexit><latexit sha1_base64="Yp6P/duVQPK1AY6Oy5aN1c4AVqo="></latexit><latexit sha1_base64="Yp6P/duVQPK1AY6Oy5aN1c4AVqo="></latexit><latexit sha1_base64="Yp6P/duVQPK1AY6Oy5aN1c4AVqo="></latexit>

8 ⌫ 2 YN , k = 1, . . . ,K
<latexit sha1_base64="Xg+zllSInFtSQi4osUTLQ7gK1pE=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBFdlDIjBQURCm4EQSrYh3TKkEkzbWgmMyQZoQz9BDf+ihsXirh16c6/MW1noa0HAodz7iH3Hj/mTGnb/rYWFpeWV1Zza/n1jc2t7cLObkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/uBy7DcfqFQsEnd6GNNOiHuCBYxgbSSvcOQGkcScI/ccuSJBLhPo3ktvRiUjDC6cktuNtCpde4WiXbYnQPPEyUgRMtS8wpdJkiSkQhOOlWo7dqw7KZaaEU5HeTdRNMZkgHu0bajAIVWddHLQCB0apYvMZuYJjSbq70SKQ6WGoW8mQ6z7atYbi/957UQHZ52UiTjRVJDpR0HCkY7QuB3UZZISzYeGYCKZ2RWRPpaYaNNh3pTgzJ48TxonZccuO7eVYrWS1ZGDfTiAY3DgFKpwBTWoA4FHeIZXeLOerBfr3fqYji5YWWYP/sD6/AGaCpr7</latexit><latexit sha1_base64="Xg+zllSInFtSQi4osUTLQ7gK1pE=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBFdlDIjBQURCm4EQSrYh3TKkEkzbWgmMyQZoQz9BDf+ihsXirh16c6/MW1noa0HAodz7iH3Hj/mTGnb/rYWFpeWV1Zza/n1jc2t7cLObkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/uBy7DcfqFQsEnd6GNNOiHuCBYxgbSSvcOQGkcScI/ccuSJBLhPo3ktvRiUjDC6cktuNtCpde4WiXbYnQPPEyUgRMtS8wpdJkiSkQhOOlWo7dqw7KZaaEU5HeTdRNMZkgHu0bajAIVWddHLQCB0apYvMZuYJjSbq70SKQ6WGoW8mQ6z7atYbi/957UQHZ52UiTjRVJDpR0HCkY7QuB3UZZISzYeGYCKZ2RWRPpaYaNNh3pTgzJ48TxonZccuO7eVYrWS1ZGDfTiAY3DgFKpwBTWoA4FHeIZXeLOerBfr3fqYji5YWWYP/sD6/AGaCpr7</latexit><latexit sha1_base64="Xg+zllSInFtSQi4osUTLQ7gK1pE=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBFdlDIjBQURCm4EQSrYh3TKkEkzbWgmMyQZoQz9BDf+ihsXirh16c6/MW1noa0HAodz7iH3Hj/mTGnb/rYWFpeWV1Zza/n1jc2t7cLObkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/uBy7DcfqFQsEnd6GNNOiHuCBYxgbSSvcOQGkcScI/ccuSJBLhPo3ktvRiUjDC6cktuNtCpde4WiXbYnQPPEyUgRMtS8wpdJkiSkQhOOlWo7dqw7KZaaEU5HeTdRNMZkgHu0bajAIVWddHLQCB0apYvMZuYJjSbq70SKQ6WGoW8mQ6z7atYbi/957UQHZ52UiTjRVJDpR0HCkY7QuB3UZZISzYeGYCKZ2RWRPpaYaNNh3pTgzJ48TxonZccuO7eVYrWS1ZGDfTiAY3DgFKpwBTWoA4FHeIZXeLOerBfr3fqYji5YWWYP/sD6/AGaCpr7</latexit><latexit sha1_base64="Xg+zllSInFtSQi4osUTLQ7gK1pE=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBFdlDIjBQURCm4EQSrYh3TKkEkzbWgmMyQZoQz9BDf+ihsXirh16c6/MW1noa0HAodz7iH3Hj/mTGnb/rYWFpeWV1Zza/n1jc2t7cLObkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/uBy7DcfqFQsEnd6GNNOiHuCBYxgbSSvcOQGkcScI/ccuSJBLhPo3ktvRiUjDC6cktuNtCpde4WiXbYnQPPEyUgRMtS8wpdJkiSkQhOOlWo7dqw7KZaaEU5HeTdRNMZkgHu0bajAIVWddHLQCB0apYvMZuYJjSbq70SKQ6WGoW8mQ6z7atYbi/957UQHZ52UiTjRVJDpR0HCkY7QuB3UZZISzYeGYCKZ2RWRPpaYaNNh3pTgzJ48TxonZccuO7eVYrWS1ZGDfTiAY3DgFKpwBTWoA4FHeIZXeLOerBfr3fqYji5YWWYP/sD6/AGaCpr7</latexit>

y0N = uN
<latexit sha1_base64="WmEkTZJhnqYNeho4on6J1a66bto=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIQTdCwY0rqWAf0MYwmU7aoZNJmIcQQ77EjQtF3Pop7vwbJ20W2nrgXg7n3MvcOUHCqFSO821V1tY3Nreq27Wd3b39un1w2JOxFph0ccxiMQiQJIxy0lVUMTJIBEFRwEg/mF0Xfv+RCEljfq/ShHgRmnAaUoyUkXy7nj5kTu5nt/mVLrpvN5ymMwdcJW5JGqBEx7e/RuMY64hwhRmScug6ifIyJBTFjOS1kZYkQXiGJmRoKEcRkV42PzyHp0YZwzAWpriCc/X3RoYiKdMoMJMRUlO57BXif95Qq/DSyyhPtCIcLx4KNYMqhkUKcEwFwYqlhiAsqLkV4ikSCCuTVc2E4C5/eZX0zpuu03TvWo12q4yjCo7BCTgDLrgAbXADOqALMNDgGbyCN+vJerHerY/FaMUqd47AH1ifP+PWky4=</latexit><latexit sha1_base64="WmEkTZJhnqYNeho4on6J1a66bto=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIQTdCwY0rqWAf0MYwmU7aoZNJmIcQQ77EjQtF3Pop7vwbJ20W2nrgXg7n3MvcOUHCqFSO821V1tY3Nreq27Wd3b39un1w2JOxFph0ccxiMQiQJIxy0lVUMTJIBEFRwEg/mF0Xfv+RCEljfq/ShHgRmnAaUoyUkXy7nj5kTu5nt/mVLrpvN5ymMwdcJW5JGqBEx7e/RuMY64hwhRmScug6ifIyJBTFjOS1kZYkQXiGJmRoKEcRkV42PzyHp0YZwzAWpriCc/X3RoYiKdMoMJMRUlO57BXif95Qq/DSyyhPtCIcLx4KNYMqhkUKcEwFwYqlhiAsqLkV4ikSCCuTVc2E4C5/eZX0zpuu03TvWo12q4yjCo7BCTgDLrgAbXADOqALMNDgGbyCN+vJerHerY/FaMUqd47AH1ifP+PWky4=</latexit><latexit sha1_base64="WmEkTZJhnqYNeho4on6J1a66bto=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIQTdCwY0rqWAf0MYwmU7aoZNJmIcQQ77EjQtF3Pop7vwbJ20W2nrgXg7n3MvcOUHCqFSO821V1tY3Nreq27Wd3b39un1w2JOxFph0ccxiMQiQJIxy0lVUMTJIBEFRwEg/mF0Xfv+RCEljfq/ShHgRmnAaUoyUkXy7nj5kTu5nt/mVLrpvN5ymMwdcJW5JGqBEx7e/RuMY64hwhRmScug6ifIyJBTFjOS1kZYkQXiGJmRoKEcRkV42PzyHp0YZwzAWpriCc/X3RoYiKdMoMJMRUlO57BXif95Qq/DSyyhPtCIcLx4KNYMqhkUKcEwFwYqlhiAsqLkV4ikSCCuTVc2E4C5/eZX0zpuu03TvWo12q4yjCo7BCTgDLrgAbXADOqALMNDgGbyCN+vJerHerY/FaMUqd47AH1ifP+PWky4=</latexit><latexit sha1_base64="WmEkTZJhnqYNeho4on6J1a66bto=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIQTdCwY0rqWAf0MYwmU7aoZNJmIcQQ77EjQtF3Pop7vwbJ20W2nrgXg7n3MvcOUHCqFSO821V1tY3Nreq27Wd3b39un1w2JOxFph0ccxiMQiQJIxy0lVUMTJIBEFRwEg/mF0Xfv+RCEljfq/ShHgRmnAaUoyUkXy7nj5kTu5nt/mVLrpvN5ymMwdcJW5JGqBEx7e/RuMY64hwhRmScug6ifIyJBTFjOS1kZYkQXiGJmRoKEcRkV42PzyHp0YZwzAWpriCc/X3RoYiKdMoMJMRUlO57BXif95Qq/DSyyhPtCIcLx4KNYMqhkUKcEwFwYqlhiAsqLkV4ikSCCuTVc2E4C5/eZX0zpuu03TvWo12q4yjCo7BCTgDLrgAbXADOqALMNDgGbyCN+vJerHerY/FaMUqd47AH1ifP+PWky4=</latexit>

µ⇤
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eky(µ) := y⇤k(µ)� y⇤kN (µ)
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eky(µ) := y⇤k(µ)� y⇤kN (µ)
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A Posteriori Error Estimation 

     We can show that 

     with non-negative terms 

     where                                              , and                are the residuals  

     in the state, adjoint, and control equations. 

[Kärcher, Boyaval, Grepl, V., 2018]
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Data Assimilation

Contaminant transport 
• “Gaussian” initial condition, 
• Known Taylor-Green vortex velocity field 
• Parameter 
• FE dimension 

22 Mark Kärcher et al.

domain is ⌦ = (�1, 1)2 and we assume homogeneous Dirichlet boundary con-
ditions on the lower boundary �D and homogeneous Neumann boundary con-
ditions on the remaining boundary �N . The Péclet number serves as our pa-
rameter, i.e., we have µ = Pe 2 D = [10, 50]. The bilinear form a is thus given
by

a(w, v;µ) =
1

µ

Z

⌦
rw ·rv dx+

Z

⌦
(� ·rw)v dx, (66)

and the velocity field is �(x) = (sin(⇡x1) cos(⇡x2),� cos(⇡x1) sin(⇡x2))T . The
domain ⌦ with measurement sites as well as the velocity field are sketched in
Figure 1. Our model problem is motivated by the source reconstruction of a
(possibly) accidental release of an agent, where the velocity field is known [27,
26]. Although we consider a fixed velocity field here, our problem formulation
also directly applies to (a�nely) parametrized velocity fields. This might even
allow to account for uncertainties in the velocity field.

We do not consider an additional forcing term and thus set f ⌘ 0. The
inner product on Ye = {v 2 H

1(⌦) : v|�D ⌘ 0} is defined as (w, v)Y =
1
2a(w, v;µ

ref) + 1
2a(v, w;µ

ref) for the reference parameter µref = 30. Since � is
divergence-free and � · n ⌘ 0 on � , one can show that a is coercive and that
the symmetric part of a is given by 1/µ

R
⌦ rw ·rv dx. Hence we can use the

min-theta approach to construct a coercivity lower bound: ↵LB(µ) := µ
ref

/µ.
For details, we refer to Appendix B.3 of [22].
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34

5

Fig. 1 Left: Sketch of the computational domain with measurement locations ⌦1, . . . ,⌦5.
The centers of the sensors are located at (±0.6,±0.6)T and (0, 0)T ; their width and height is
0.1. The colors match those in Figure 3. Right: Plot of the Taylor-Green vortex velocity field.
The blue dot indicates the center (�0.1, 0.8)T of the Gaussian serving as initial condition.

We choose the time interval I = [0, 8] and a time step size ⌧ = 0.04 resulting
in K = 200 time steps. For the space discretization we introduce a spatial
mesh with an element size of h = 0.04 and corresponding linear finite element

Assumptions: 
• Data generated with true initial condition 
• Uncertainty due only to noise and “unknown” 

parameter 
• Prior is exact 
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µ = Pe 2 [10, 50], µ̄ = 30
<latexit sha1_base64="EGscMBXsulj2yc/Nn08LZLBOk3c=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgopQZreimUHDjsoJ9QGcomTTThiaZIckIZZgvcOOvuHGhiFvX7vwb03YW2nrgwuGce5N7TxAzqrTjfFuFtfWNza3idmlnd2//wD486qgokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG5mfveBSEUjca+nMfE5GgkaUoy0kQZ2xeMJbHiSpy2SeVTAvutULx2/Cr0AydS4WePCGdhlp+bMAVeJm5MyyNEa2F/eMMIJJ0JjhpQyr8baT5HUFDOSlbxEkRjhCRqRvqECcaL8dH5OBitGGcIwkqaEhnP190SKuFJTHphOjvRYLXsz8T+vn+jw2k+piBNNBF58FCYM6gjOsoFDKgnWbGoIwpKaXSEeI4mwNgmWTAju8smrpHNec52ae1cvN+t5HEVwAk7BGXDBFWiCW9ACbYDBI3gGr+DNerJerHfrY9FasPKZY/AH1ucPOxWaQg==</latexit><latexit sha1_base64="EGscMBXsulj2yc/Nn08LZLBOk3c=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgopQZreimUHDjsoJ9QGcomTTThiaZIckIZZgvcOOvuHGhiFvX7vwb03YW2nrgwuGce5N7TxAzqrTjfFuFtfWNza3idmlnd2//wD486qgokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG5mfveBSEUjca+nMfE5GgkaUoy0kQZ2xeMJbHiSpy2SeVTAvutULx2/Cr0AydS4WePCGdhlp+bMAVeJm5MyyNEa2F/eMMIJJ0JjhpQyr8baT5HUFDOSlbxEkRjhCRqRvqECcaL8dH5OBitGGcIwkqaEhnP190SKuFJTHphOjvRYLXsz8T+vn+jw2k+piBNNBF58FCYM6gjOsoFDKgnWbGoIwpKaXSEeI4mwNgmWTAju8smrpHNec52ae1cvN+t5HEVwAk7BGXDBFWiCW9ACbYDBI3gGr+DNerJerHfrY9FasPKZY/AH1ucPOxWaQg==</latexit><latexit sha1_base64="EGscMBXsulj2yc/Nn08LZLBOk3c=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgopQZreimUHDjsoJ9QGcomTTThiaZIckIZZgvcOOvuHGhiFvX7vwb03YW2nrgwuGce5N7TxAzqrTjfFuFtfWNza3idmlnd2//wD486qgokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG5mfveBSEUjca+nMfE5GgkaUoy0kQZ2xeMJbHiSpy2SeVTAvutULx2/Cr0AydS4WePCGdhlp+bMAVeJm5MyyNEa2F/eMMIJJ0JjhpQyr8baT5HUFDOSlbxEkRjhCRqRvqECcaL8dH5OBitGGcIwkqaEhnP190SKuFJTHphOjvRYLXsz8T+vn+jw2k+piBNNBF58FCYM6gjOsoFDKgnWbGoIwpKaXSEeI4mwNgmWTAju8smrpHNec52ae1cvN+t5HEVwAk7BGXDBFWiCW9ACbYDBI3gGr+DNerJerHfrY9FasPKZY/AH1ucPOxWaQg==</latexit><latexit sha1_base64="EGscMBXsulj2yc/Nn08LZLBOk3c=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgopQZreimUHDjsoJ9QGcomTTThiaZIckIZZgvcOOvuHGhiFvX7vwb03YW2nrgwuGce5N7TxAzqrTjfFuFtfWNza3idmlnd2//wD486qgokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG5mfveBSEUjca+nMfE5GgkaUoy0kQZ2xeMJbHiSpy2SeVTAvutULx2/Cr0AydS4WePCGdhlp+bMAVeJm5MyyNEa2F/eMMIJJ0JjhpQyr8baT5HUFDOSlbxEkRjhCRqRvqECcaL8dH5OBitGGcIwkqaEhnP190SKuFJTHphOjvRYLXsz8T+vn+jw2k+piBNNBF58FCYM6gjOsoFDKgnWbGoIwpKaXSEeI4mwNgmWTAju8smrpHNec52ae1cvN+t5HEVwAk7BGXDBFWiCW9ACbYDBI3gGr+DNerJerHfrY9FasPKZY/AH1ucPOxWaQg==</latexit>

(N = 13000,K = 200)
<latexit sha1_base64="DnkzKcAy5OyuuqUkql4dB/zn9nM=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahgpRMLeimUHAjCFLBPqAdSibNtKGZzJBkhDIU3Pgrblwo4tafcOffmGlnodUDFw7n3Mu993gRZ0oj9GXllpZXVtfy64WNza3tHXt3r6XCWBLaJCEPZcfDinImaFMzzWknkhQHHqdtb3yZ+u17KhULxZ2eRNQN8FAwnxGsjdS3D0q9AOsRwTy5mdacM4TQKbyuVRA66dtFVEYzwL/EyUgRZGj07c/eICRxQIUmHCvVdVCk3QRLzQin00IvVjTCZIyHtGuowAFVbjL7YQqPjTKAfihNCQ1n6s+JBAdKTQLPdKYHq0UvFf/zurH2L9yEiSjWVJD5Ij/mUIcwDQQOmKRE84khmEhmboVkhCUm2sRWMCE4iy//Ja1K2UFl57ZarFezOPLgEByBEnDAOaiDK9AATUDAA3gCL+DVerSerTfrfd6as7KZffAL1sc34SGVBQ==</latexit><latexit sha1_base64="DnkzKcAy5OyuuqUkql4dB/zn9nM=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahgpRMLeimUHAjCFLBPqAdSibNtKGZzJBkhDIU3Pgrblwo4tafcOffmGlnodUDFw7n3Mu993gRZ0oj9GXllpZXVtfy64WNza3tHXt3r6XCWBLaJCEPZcfDinImaFMzzWknkhQHHqdtb3yZ+u17KhULxZ2eRNQN8FAwnxGsjdS3D0q9AOsRwTy5mdacM4TQKbyuVRA66dtFVEYzwL/EyUgRZGj07c/eICRxQIUmHCvVdVCk3QRLzQin00IvVjTCZIyHtGuowAFVbjL7YQqPjTKAfihNCQ1n6s+JBAdKTQLPdKYHq0UvFf/zurH2L9yEiSjWVJD5Ij/mUIcwDQQOmKRE84khmEhmboVkhCUm2sRWMCE4iy//Ja1K2UFl57ZarFezOPLgEByBEnDAOaiDK9AATUDAA3gCL+DVerSerTfrfd6as7KZffAL1sc34SGVBQ==</latexit><latexit sha1_base64="DnkzKcAy5OyuuqUkql4dB/zn9nM=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahgpRMLeimUHAjCFLBPqAdSibNtKGZzJBkhDIU3Pgrblwo4tafcOffmGlnodUDFw7n3Mu993gRZ0oj9GXllpZXVtfy64WNza3tHXt3r6XCWBLaJCEPZcfDinImaFMzzWknkhQHHqdtb3yZ+u17KhULxZ2eRNQN8FAwnxGsjdS3D0q9AOsRwTy5mdacM4TQKbyuVRA66dtFVEYzwL/EyUgRZGj07c/eICRxQIUmHCvVdVCk3QRLzQin00IvVjTCZIyHtGuowAFVbjL7YQqPjTKAfihNCQ1n6s+JBAdKTQLPdKYHq0UvFf/zurH2L9yEiSjWVJD5Ij/mUIcwDQQOmKRE84khmEhmboVkhCUm2sRWMCE4iy//Ja1K2UFl57ZarFezOPLgEByBEnDAOaiDK9AATUDAA3gCL+DVerSerTfrfd6as7KZffAL1sc34SGVBQ==</latexit><latexit sha1_base64="DnkzKcAy5OyuuqUkql4dB/zn9nM=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahgpRMLeimUHAjCFLBPqAdSibNtKGZzJBkhDIU3Pgrblwo4tafcOffmGlnodUDFw7n3Mu993gRZ0oj9GXllpZXVtfy64WNza3tHXt3r6XCWBLaJCEPZcfDinImaFMzzWknkhQHHqdtb3yZ+u17KhULxZ2eRNQN8FAwnxGsjdS3D0q9AOsRwTy5mdacM4TQKbyuVRA66dtFVEYzwL/EyUgRZGj07c/eICRxQIUmHCvVdVCk3QRLzQin00IvVjTCZIyHtGuowAFVbjL7YQqPjTKAfihNCQ1n6s+JBAdKTQLPdKYHq0UvFf/zurH2L9yEiSjWVJD5Ij/mUIcwDQQOmKRE84khmEhmboVkhCUm2sRWMCE4iy//Ja1K2UFl57ZarFezOPLgEByBEnDAOaiDK9AATUDAA3gCL+DVerSerTfrfd6as7KZffAL1sc34SGVBQ==</latexit>

ū0
<latexit sha1_base64="6KDYXCvt/PRLwWNkKMlixby5PNM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPSUDbbTbt0swm7E6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpxjsskYnuh9RwKRTvoEDJ+6nmNA4l74XTu7nfe+LaiEQ94izlQUzHSkSCUbSSPwipzrNimLvFsN5wm+4CZJ14JWlAifaw/jUYJSyLuUImqTG+56YY5FSjYJIXtUFmeErZlI65b6miMTdBvji5IBdWGZEo0bYUkoX6eyKnsTGzOLSdMcWJWfXm4n+en2F0G+RCpRlyxZaLokwSTMj8fzISmjOUM0so08LeStiEasrQplSzIXirL6+T7lXTc5vew3WjdV3GUYUzOIdL8OAGWnAPbegAgwSe4RXeHHRenHfnY9laccqZU/gD5/MHjgORXw==</latexit><latexit sha1_base64="6KDYXCvt/PRLwWNkKMlixby5PNM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPSUDbbTbt0swm7E6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpxjsskYnuh9RwKRTvoEDJ+6nmNA4l74XTu7nfe+LaiEQ94izlQUzHSkSCUbSSPwipzrNimLvFsN5wm+4CZJ14JWlAifaw/jUYJSyLuUImqTG+56YY5FSjYJIXtUFmeErZlI65b6miMTdBvji5IBdWGZEo0bYUkoX6eyKnsTGzOLSdMcWJWfXm4n+en2F0G+RCpRlyxZaLokwSTMj8fzISmjOUM0so08LeStiEasrQplSzIXirL6+T7lXTc5vew3WjdV3GUYUzOIdL8OAGWnAPbegAgwSe4RXeHHRenHfnY9laccqZU/gD5/MHjgORXw==</latexit><latexit sha1_base64="6KDYXCvt/PRLwWNkKMlixby5PNM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPSUDbbTbt0swm7E6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpxjsskYnuh9RwKRTvoEDJ+6nmNA4l74XTu7nfe+LaiEQ94izlQUzHSkSCUbSSPwipzrNimLvFsN5wm+4CZJ14JWlAifaw/jUYJSyLuUImqTG+56YY5FSjYJIXtUFmeErZlI65b6miMTdBvji5IBdWGZEo0bYUkoX6eyKnsTGzOLSdMcWJWfXm4n+en2F0G+RCpRlyxZaLokwSTMj8fzISmjOUM0so08LeStiEasrQplSzIXirL6+T7lXTc5vew3WjdV3GUYUzOIdL8OAGWnAPbegAgwSe4RXeHHRenHfnY9laccqZU/gD5/MHjgORXw==</latexit><latexit sha1_base64="6KDYXCvt/PRLwWNkKMlixby5PNM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPSUDbbTbt0swm7E6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpxjsskYnuh9RwKRTvoEDJ+6nmNA4l74XTu7nfe+LaiEQ94izlQUzHSkSCUbSSPwipzrNimLvFsN5wm+4CZJ14JWlAifaw/jUYJSyLuUImqTG+56YY5FSjYJIXtUFmeErZlI65b6miMTdBvji5IBdWGZEo0bYUkoX6eyKnsTGzOLSdMcWJWfXm4n+en2F0G+RCpRlyxZaLokwSTMj8fzISmjOUM0so08LeStiEasrQplSzIXirL6+T7lXTc5vew3WjdV3GUYUzOIdL8OAGWnAPbegAgwSe4RXeHHRenHfnY9laccqZU/gD5/MHjgORXw==</latexit>

Model Problem



Data Assimilation

Contaminant transport 
• “Gaussian” initial condition, 
• Known Taylor-Green vortex velocity field 
• Parameter 
• FE dimension 
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domain is ⌦ = (�1, 1)2 and we assume homogeneous Dirichlet boundary con-
ditions on the lower boundary �D and homogeneous Neumann boundary con-
ditions on the remaining boundary �N . The Péclet number serves as our pa-
rameter, i.e., we have µ = Pe 2 D = [10, 50]. The bilinear form a is thus given
by

a(w, v;µ) =
1

µ

Z

⌦
rw ·rv dx+

Z

⌦
(� ·rw)v dx, (66)

and the velocity field is �(x) = (sin(⇡x1) cos(⇡x2),� cos(⇡x1) sin(⇡x2))T . The
domain ⌦ with measurement sites as well as the velocity field are sketched in
Figure 1. Our model problem is motivated by the source reconstruction of a
(possibly) accidental release of an agent, where the velocity field is known [27,
26]. Although we consider a fixed velocity field here, our problem formulation
also directly applies to (a�nely) parametrized velocity fields. This might even
allow to account for uncertainties in the velocity field.

We do not consider an additional forcing term and thus set f ⌘ 0. The
inner product on Ye = {v 2 H

1(⌦) : v|�D ⌘ 0} is defined as (w, v)Y =
1
2a(w, v;µ

ref) + 1
2a(v, w;µ

ref) for the reference parameter µref = 30. Since � is
divergence-free and � · n ⌘ 0 on � , one can show that a is coercive and that
the symmetric part of a is given by 1/µ

R
⌦ rw ·rv dx. Hence we can use the

min-theta approach to construct a coercivity lower bound: ↵LB(µ) := µ
ref

/µ.
For details, we refer to Appendix B.3 of [22].
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Fig. 1 Left: Sketch of the computational domain with measurement locations ⌦1, . . . ,⌦5.
The centers of the sensors are located at (±0.6,±0.6)T and (0, 0)T ; their width and height is
0.1. The colors match those in Figure 3. Right: Plot of the Taylor-Green vortex velocity field.
The blue dot indicates the center (�0.1, 0.8)T of the Gaussian serving as initial condition.

We choose the time interval I = [0, 8] and a time step size ⌧ = 0.04 resulting
in K = 200 time steps. For the space discretization we introduce a spatial
mesh with an element size of h = 0.04 and corresponding linear finite element

Assumptions: 
• Data generated with true initial condition 
• Uncertainty due only to noise and “unknown” 

parameter 
• Prior is exact 
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µ = Pe 2 [10, 50], µ̄ = 30
<latexit sha1_base64="EGscMBXsulj2yc/Nn08LZLBOk3c=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgopQZreimUHDjsoJ9QGcomTTThiaZIckIZZgvcOOvuHGhiFvX7vwb03YW2nrgwuGce5N7TxAzqrTjfFuFtfWNza3idmlnd2//wD486qgokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG5mfveBSEUjca+nMfE5GgkaUoy0kQZ2xeMJbHiSpy2SeVTAvutULx2/Cr0AydS4WePCGdhlp+bMAVeJm5MyyNEa2F/eMMIJJ0JjhpQyr8baT5HUFDOSlbxEkRjhCRqRvqECcaL8dH5OBitGGcIwkqaEhnP190SKuFJTHphOjvRYLXsz8T+vn+jw2k+piBNNBF58FCYM6gjOsoFDKgnWbGoIwpKaXSEeI4mwNgmWTAju8smrpHNec52ae1cvN+t5HEVwAk7BGXDBFWiCW9ACbYDBI3gGr+DNerJerHfrY9FasPKZY/AH1ucPOxWaQg==</latexit><latexit sha1_base64="EGscMBXsulj2yc/Nn08LZLBOk3c=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgopQZreimUHDjsoJ9QGcomTTThiaZIckIZZgvcOOvuHGhiFvX7vwb03YW2nrgwuGce5N7TxAzqrTjfFuFtfWNza3idmlnd2//wD486qgokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG5mfveBSEUjca+nMfE5GgkaUoy0kQZ2xeMJbHiSpy2SeVTAvutULx2/Cr0AydS4WePCGdhlp+bMAVeJm5MyyNEa2F/eMMIJJ0JjhpQyr8baT5HUFDOSlbxEkRjhCRqRvqECcaL8dH5OBitGGcIwkqaEhnP190SKuFJTHphOjvRYLXsz8T+vn+jw2k+piBNNBF58FCYM6gjOsoFDKgnWbGoIwpKaXSEeI4mwNgmWTAju8smrpHNec52ae1cvN+t5HEVwAk7BGXDBFWiCW9ACbYDBI3gGr+DNerJerHfrY9FasPKZY/AH1ucPOxWaQg==</latexit><latexit sha1_base64="EGscMBXsulj2yc/Nn08LZLBOk3c=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgopQZreimUHDjsoJ9QGcomTTThiaZIckIZZgvcOOvuHGhiFvX7vwb03YW2nrgwuGce5N7TxAzqrTjfFuFtfWNza3idmlnd2//wD486qgokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG5mfveBSEUjca+nMfE5GgkaUoy0kQZ2xeMJbHiSpy2SeVTAvutULx2/Cr0AydS4WePCGdhlp+bMAVeJm5MyyNEa2F/eMMIJJ0JjhpQyr8baT5HUFDOSlbxEkRjhCRqRvqECcaL8dH5OBitGGcIwkqaEhnP190SKuFJTHphOjvRYLXsz8T+vn+jw2k+piBNNBF58FCYM6gjOsoFDKgnWbGoIwpKaXSEeI4mwNgmWTAju8smrpHNec52ae1cvN+t5HEVwAk7BGXDBFWiCW9ACbYDBI3gGr+DNerJerHfrY9FasPKZY/AH1ucPOxWaQg==</latexit><latexit sha1_base64="EGscMBXsulj2yc/Nn08LZLBOk3c=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgopQZreimUHDjsoJ9QGcomTTThiaZIckIZZgvcOOvuHGhiFvX7vwb03YW2nrgwuGce5N7TxAzqrTjfFuFtfWNza3idmlnd2//wD486qgokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG5mfveBSEUjca+nMfE5GgkaUoy0kQZ2xeMJbHiSpy2SeVTAvutULx2/Cr0AydS4WePCGdhlp+bMAVeJm5MyyNEa2F/eMMIJJ0JjhpQyr8baT5HUFDOSlbxEkRjhCRqRvqECcaL8dH5OBitGGcIwkqaEhnP190SKuFJTHphOjvRYLXsz8T+vn+jw2k+piBNNBF58FCYM6gjOsoFDKgnWbGoIwpKaXSEeI4mwNgmWTAju8smrpHNec52ae1cvN+t5HEVwAk7BGXDBFWiCW9ACbYDBI3gGr+DNerJerHfrY9FasPKZY/AH1ucPOxWaQg==</latexit>

(N = 13000,K = 200)
<latexit sha1_base64="DnkzKcAy5OyuuqUkql4dB/zn9nM=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahgpRMLeimUHAjCFLBPqAdSibNtKGZzJBkhDIU3Pgrblwo4tafcOffmGlnodUDFw7n3Mu993gRZ0oj9GXllpZXVtfy64WNza3tHXt3r6XCWBLaJCEPZcfDinImaFMzzWknkhQHHqdtb3yZ+u17KhULxZ2eRNQN8FAwnxGsjdS3D0q9AOsRwTy5mdacM4TQKbyuVRA66dtFVEYzwL/EyUgRZGj07c/eICRxQIUmHCvVdVCk3QRLzQin00IvVjTCZIyHtGuowAFVbjL7YQqPjTKAfihNCQ1n6s+JBAdKTQLPdKYHq0UvFf/zurH2L9yEiSjWVJD5Ij/mUIcwDQQOmKRE84khmEhmboVkhCUm2sRWMCE4iy//Ja1K2UFl57ZarFezOPLgEByBEnDAOaiDK9AATUDAA3gCL+DVerSerTfrfd6as7KZffAL1sc34SGVBQ==</latexit><latexit sha1_base64="DnkzKcAy5OyuuqUkql4dB/zn9nM=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahgpRMLeimUHAjCFLBPqAdSibNtKGZzJBkhDIU3Pgrblwo4tafcOffmGlnodUDFw7n3Mu993gRZ0oj9GXllpZXVtfy64WNza3tHXt3r6XCWBLaJCEPZcfDinImaFMzzWknkhQHHqdtb3yZ+u17KhULxZ2eRNQN8FAwnxGsjdS3D0q9AOsRwTy5mdacM4TQKbyuVRA66dtFVEYzwL/EyUgRZGj07c/eICRxQIUmHCvVdVCk3QRLzQin00IvVjTCZIyHtGuowAFVbjL7YQqPjTKAfihNCQ1n6s+JBAdKTQLPdKYHq0UvFf/zurH2L9yEiSjWVJD5Ij/mUIcwDQQOmKRE84khmEhmboVkhCUm2sRWMCE4iy//Ja1K2UFl57ZarFezOPLgEByBEnDAOaiDK9AATUDAA3gCL+DVerSerTfrfd6as7KZffAL1sc34SGVBQ==</latexit><latexit sha1_base64="DnkzKcAy5OyuuqUkql4dB/zn9nM=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahgpRMLeimUHAjCFLBPqAdSibNtKGZzJBkhDIU3Pgrblwo4tafcOffmGlnodUDFw7n3Mu993gRZ0oj9GXllpZXVtfy64WNza3tHXt3r6XCWBLaJCEPZcfDinImaFMzzWknkhQHHqdtb3yZ+u17KhULxZ2eRNQN8FAwnxGsjdS3D0q9AOsRwTy5mdacM4TQKbyuVRA66dtFVEYzwL/EyUgRZGj07c/eICRxQIUmHCvVdVCk3QRLzQin00IvVjTCZIyHtGuowAFVbjL7YQqPjTKAfihNCQ1n6s+JBAdKTQLPdKYHq0UvFf/zurH2L9yEiSjWVJD5Ij/mUIcwDQQOmKRE84khmEhmboVkhCUm2sRWMCE4iy//Ja1K2UFl57ZarFezOPLgEByBEnDAOaiDK9AATUDAA3gCL+DVerSerTfrfd6as7KZffAL1sc34SGVBQ==</latexit><latexit sha1_base64="DnkzKcAy5OyuuqUkql4dB/zn9nM=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahgpRMLeimUHAjCFLBPqAdSibNtKGZzJBkhDIU3Pgrblwo4tafcOffmGlnodUDFw7n3Mu993gRZ0oj9GXllpZXVtfy64WNza3tHXt3r6XCWBLaJCEPZcfDinImaFMzzWknkhQHHqdtb3yZ+u17KhULxZ2eRNQN8FAwnxGsjdS3D0q9AOsRwTy5mdacM4TQKbyuVRA66dtFVEYzwL/EyUgRZGj07c/eICRxQIUmHCvVdVCk3QRLzQin00IvVjTCZIyHtGuowAFVbjL7YQqPjTKAfihNCQ1n6s+JBAdKTQLPdKYHq0UvFf/zurH2L9yEiSjWVJD5Ij/mUIcwDQQOmKRE84khmEhmboVkhCUm2sRWMCE4iy//Ja1K2UFl57ZarFezOPLgEByBEnDAOaiDK9AATUDAA3gCL+DVerSerTfrfd6as7KZffAL1sc34SGVBQ==</latexit>

ū0
<latexit sha1_base64="6KDYXCvt/PRLwWNkKMlixby5PNM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPSUDbbTbt0swm7E6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpxjsskYnuh9RwKRTvoEDJ+6nmNA4l74XTu7nfe+LaiEQ94izlQUzHSkSCUbSSPwipzrNimLvFsN5wm+4CZJ14JWlAifaw/jUYJSyLuUImqTG+56YY5FSjYJIXtUFmeErZlI65b6miMTdBvji5IBdWGZEo0bYUkoX6eyKnsTGzOLSdMcWJWfXm4n+en2F0G+RCpRlyxZaLokwSTMj8fzISmjOUM0so08LeStiEasrQplSzIXirL6+T7lXTc5vew3WjdV3GUYUzOIdL8OAGWnAPbegAgwSe4RXeHHRenHfnY9laccqZU/gD5/MHjgORXw==</latexit><latexit sha1_base64="6KDYXCvt/PRLwWNkKMlixby5PNM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPSUDbbTbt0swm7E6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpxjsskYnuh9RwKRTvoEDJ+6nmNA4l74XTu7nfe+LaiEQ94izlQUzHSkSCUbSSPwipzrNimLvFsN5wm+4CZJ14JWlAifaw/jUYJSyLuUImqTG+56YY5FSjYJIXtUFmeErZlI65b6miMTdBvji5IBdWGZEo0bYUkoX6eyKnsTGzOLSdMcWJWfXm4n+en2F0G+RCpRlyxZaLokwSTMj8fzISmjOUM0so08LeStiEasrQplSzIXirL6+T7lXTc5vew3WjdV3GUYUzOIdL8OAGWnAPbegAgwSe4RXeHHRenHfnY9laccqZU/gD5/MHjgORXw==</latexit><latexit sha1_base64="6KDYXCvt/PRLwWNkKMlixby5PNM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPSUDbbTbt0swm7E6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpxjsskYnuh9RwKRTvoEDJ+6nmNA4l74XTu7nfe+LaiEQ94izlQUzHSkSCUbSSPwipzrNimLvFsN5wm+4CZJ14JWlAifaw/jUYJSyLuUImqTG+56YY5FSjYJIXtUFmeErZlI65b6miMTdBvji5IBdWGZEo0bYUkoX6eyKnsTGzOLSdMcWJWfXm4n+en2F0G+RCpRlyxZaLokwSTMj8fzISmjOUM0so08LeStiEasrQplSzIXirL6+T7lXTc5vew3WjdV3GUYUzOIdL8OAGWnAPbegAgwSe4RXeHHRenHfnY9laccqZU/gD5/MHjgORXw==</latexit><latexit sha1_base64="6KDYXCvt/PRLwWNkKMlixby5PNM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPSUDbbTbt0swm7E6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpxjsskYnuh9RwKRTvoEDJ+6nmNA4l74XTu7nfe+LaiEQ94izlQUzHSkSCUbSSPwipzrNimLvFsN5wm+4CZJ14JWlAifaw/jUYJSyLuUImqTG+56YY5FSjYJIXtUFmeErZlI65b6miMTdBvji5IBdWGZEo0bYUkoX6eyKnsTGzOLSdMcWJWfXm4n+en2F0G+RCpRlyxZaLokwSTMj8fzISmjOUM0so08LeStiEasrQplSzIXirL6+T7lXTc5vew3WjdV3GUYUzOIdL8OAGWnAPbegAgwSe4RXeHHRenHfnY9laccqZU/gD5/MHjgORXw==</latexit>

Model Problem



Data Assimilation

State variable y(µ)
<latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit>

µ = 10
<latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit>

µ = 30
<latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit>

µ = 50
<latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit>

k = 20
<latexit sha1_base64="BDX6xxAcnzvNPNlbQhXb3OgRz8c=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mKoBeh6MVjBfsBbSib7aZdu9kNuxuhhP4HLx4U8er/8ea/cdPmoK0PBh7vzTAzL0w408bzvp3S2vrG5lZ5293Z3ds/qBwetbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqT25rnuuO6hUvZo3B1olfkGqUKA5qHz1h5KkMRWGcKx1z/cSE2RYGUY4nbn9VNMEkwke0Z6lAsdUB9n82hk6s8oQRVLZEgbN1d8TGY61nsah7YyxGetlLxf/83qpia6CjIkkNVSQxaIo5chIlL+OhkxRYvjUEkwUs7ciMsYKE2MDykPwl19eJe16zfdq/v1FtXFTxFGGEziFc/DhEhpwB01oAYFHeIZXeHOk8+K8Ox+L1pJTzBzDHzifP56CjdQ=</latexit><latexit sha1_base64="BDX6xxAcnzvNPNlbQhXb3OgRz8c=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mKoBeh6MVjBfsBbSib7aZdu9kNuxuhhP4HLx4U8er/8ea/cdPmoK0PBh7vzTAzL0w408bzvp3S2vrG5lZ5293Z3ds/qBwetbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqT25rnuuO6hUvZo3B1olfkGqUKA5qHz1h5KkMRWGcKx1z/cSE2RYGUY4nbn9VNMEkwke0Z6lAsdUB9n82hk6s8oQRVLZEgbN1d8TGY61nsah7YyxGetlLxf/83qpia6CjIkkNVSQxaIo5chIlL+OhkxRYvjUEkwUs7ciMsYKE2MDykPwl19eJe16zfdq/v1FtXFTxFGGEziFc/DhEhpwB01oAYFHeIZXeHOk8+K8Ox+L1pJTzBzDHzifP56CjdQ=</latexit><latexit sha1_base64="BDX6xxAcnzvNPNlbQhXb3OgRz8c=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mKoBeh6MVjBfsBbSib7aZdu9kNuxuhhP4HLx4U8er/8ea/cdPmoK0PBh7vzTAzL0w408bzvp3S2vrG5lZ5293Z3ds/qBwetbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqT25rnuuO6hUvZo3B1olfkGqUKA5qHz1h5KkMRWGcKx1z/cSE2RYGUY4nbn9VNMEkwke0Z6lAsdUB9n82hk6s8oQRVLZEgbN1d8TGY61nsah7YyxGetlLxf/83qpia6CjIkkNVSQxaIo5chIlL+OhkxRYvjUEkwUs7ciMsYKE2MDykPwl19eJe16zfdq/v1FtXFTxFGGEziFc/DhEhpwB01oAYFHeIZXeHOk8+K8Ox+L1pJTzBzDHzifP56CjdQ=</latexit><latexit sha1_base64="BDX6xxAcnzvNPNlbQhXb3OgRz8c=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mKoBeh6MVjBfsBbSib7aZdu9kNuxuhhP4HLx4U8er/8ea/cdPmoK0PBh7vzTAzL0w408bzvp3S2vrG5lZ5293Z3ds/qBwetbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqT25rnuuO6hUvZo3B1olfkGqUKA5qHz1h5KkMRWGcKx1z/cSE2RYGUY4nbn9VNMEkwke0Z6lAsdUB9n82hk6s8oQRVLZEgbN1d8TGY61nsah7YyxGetlLxf/83qpia6CjIkkNVSQxaIo5chIlL+OhkxRYvjUEkwUs7ciMsYKE2MDykPwl19eJe16zfdq/v1FtXFTxFGGEziFc/DhEhpwB01oAYFHeIZXeHOk8+K8Ox+L1pJTzBzDHzifP56CjdQ=</latexit>
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Data Assimilation

State variable y(µ)
<latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit>

µ = 10
<latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit>

µ = 30
<latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit>

µ = 50
<latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit>

k = 40
<latexit sha1_base64="TDEoFnjglI3RZOF5gDvBA7LVQn4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIoBeh6MVjBfsBbSib7aZdstmE3Y1QQn+EFw+KePX3ePPfuGlz0NYHA4/3ZpiZF6SCa4Pxt1NZW9/Y3Kpuuzu7e/sHtcOjjk4yRVmbJiJRvYBoJrhkbcONYL1UMRIHgnWD6K7wu09MaZ7IRzNNmR+TseQhp8RYqRvdXGLXdYe1Om7gOdAq8UpShxKtYe1rMEpoFjNpqCBa9z2cGj8nynAq2MwdZJqlhEZkzPqWShIz7efzc2fozCojFCbKljRorv6eyEms9TQObGdMzEQve4X4n9fPTHjt51ymmWGSLhaFmUAmQcXvaMQVo0ZMLSFUcXsrohOiCDU2oSIEb/nlVdK5aHi44T1c1pu3ZRxVOIFTOAcPrqAJ99CCNlCI4Ble4c1JnRfn3flYtFaccuYY/sD5/AHWxo3q</latexit><latexit sha1_base64="TDEoFnjglI3RZOF5gDvBA7LVQn4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIoBeh6MVjBfsBbSib7aZdstmE3Y1QQn+EFw+KePX3ePPfuGlz0NYHA4/3ZpiZF6SCa4Pxt1NZW9/Y3Kpuuzu7e/sHtcOjjk4yRVmbJiJRvYBoJrhkbcONYL1UMRIHgnWD6K7wu09MaZ7IRzNNmR+TseQhp8RYqRvdXGLXdYe1Om7gOdAq8UpShxKtYe1rMEpoFjNpqCBa9z2cGj8nynAq2MwdZJqlhEZkzPqWShIz7efzc2fozCojFCbKljRorv6eyEms9TQObGdMzEQve4X4n9fPTHjt51ymmWGSLhaFmUAmQcXvaMQVo0ZMLSFUcXsrohOiCDU2oSIEb/nlVdK5aHi44T1c1pu3ZRxVOIFTOAcPrqAJ99CCNlCI4Ble4c1JnRfn3flYtFaccuYY/sD5/AHWxo3q</latexit><latexit sha1_base64="TDEoFnjglI3RZOF5gDvBA7LVQn4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIoBeh6MVjBfsBbSib7aZdstmE3Y1QQn+EFw+KePX3ePPfuGlz0NYHA4/3ZpiZF6SCa4Pxt1NZW9/Y3Kpuuzu7e/sHtcOjjk4yRVmbJiJRvYBoJrhkbcONYL1UMRIHgnWD6K7wu09MaZ7IRzNNmR+TseQhp8RYqRvdXGLXdYe1Om7gOdAq8UpShxKtYe1rMEpoFjNpqCBa9z2cGj8nynAq2MwdZJqlhEZkzPqWShIz7efzc2fozCojFCbKljRorv6eyEms9TQObGdMzEQve4X4n9fPTHjt51ymmWGSLhaFmUAmQcXvaMQVo0ZMLSFUcXsrohOiCDU2oSIEb/nlVdK5aHi44T1c1pu3ZRxVOIFTOAcPrqAJ99CCNlCI4Ble4c1JnRfn3flYtFaccuYY/sD5/AHWxo3q</latexit><latexit sha1_base64="TDEoFnjglI3RZOF5gDvBA7LVQn4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIoBeh6MVjBfsBbSib7aZdstmE3Y1QQn+EFw+KePX3ePPfuGlz0NYHA4/3ZpiZF6SCa4Pxt1NZW9/Y3Kpuuzu7e/sHtcOjjk4yRVmbJiJRvYBoJrhkbcONYL1UMRIHgnWD6K7wu09MaZ7IRzNNmR+TseQhp8RYqRvdXGLXdYe1Om7gOdAq8UpShxKtYe1rMEpoFjNpqCBa9z2cGj8nynAq2MwdZJqlhEZkzPqWShIz7efzc2fozCojFCbKljRorv6eyEms9TQObGdMzEQve4X4n9fPTHjt51ymmWGSLhaFmUAmQcXvaMQVo0ZMLSFUcXsrohOiCDU2oSIEb/nlVdK5aHi44T1c1pu3ZRxVOIFTOAcPrqAJ99CCNlCI4Ble4c1JnRfn3flYtFaccuYY/sD5/AHWxo3q</latexit>
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Data Assimilation

State variable y(µ)
<latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="EJKxt+MYQKmoWArB7wVF4fK+CPU=">AAAB4nicbZBLSwMxFIXv1FetVatbN8Ei1E3JuNGl4MZlBfuAdiiZNNPG5jEkGWEY+h/cuFDEH+XOf2P6WGjrgcDHOQm598Sp4NZh/B2UtrZ3dvfK+5WD6uHRce2k2rE6M5S1qRba9GJimeCKtR13gvVSw4iMBevG07t53n1mxnKtHl2eskiSseIJp8R5q5M3BjK7HNbquIkXQpsQrqAOK7WGta/BSNNMMuWoINb2Q5y6qCDGcSrYrDLILEsJnZIx63tURDIbFYtpZ+jCOyOUaOOPcmjh/n5REGltLmN/UxI3sevZ3Pwv62cuuYkKrtLMMUWXHyWZQE6j+epoxA2jTuQeCDXcz4rohBhCnS+o4ksI11fehM5VM8TN8AFDGc7gHBoQwjXcwj20oA0UnuAF3uA90MFr8LGsqxSsejuFPwo+fwDbeI1m</latexit><latexit sha1_base64="EJKxt+MYQKmoWArB7wVF4fK+CPU=">AAAB4nicbZBLSwMxFIXv1FetVatbN8Ei1E3JuNGl4MZlBfuAdiiZNNPG5jEkGWEY+h/cuFDEH+XOf2P6WGjrgcDHOQm598Sp4NZh/B2UtrZ3dvfK+5WD6uHRce2k2rE6M5S1qRba9GJimeCKtR13gvVSw4iMBevG07t53n1mxnKtHl2eskiSseIJp8R5q5M3BjK7HNbquIkXQpsQrqAOK7WGta/BSNNMMuWoINb2Q5y6qCDGcSrYrDLILEsJnZIx63tURDIbFYtpZ+jCOyOUaOOPcmjh/n5REGltLmN/UxI3sevZ3Pwv62cuuYkKrtLMMUWXHyWZQE6j+epoxA2jTuQeCDXcz4rohBhCnS+o4ksI11fehM5VM8TN8AFDGc7gHBoQwjXcwj20oA0UnuAF3uA90MFr8LGsqxSsejuFPwo+fwDbeI1m</latexit><latexit sha1_base64="55ZB0PWtCwOg8KyHIN8yfz90HPc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJex60WPQi8cI5gHJEmYns8mYeSwzs8Ky5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1vf2NzaLu2Ud/f2Dw4rR8dto1JNaIsornQ3woZyJmnLMstpN9EUi4jTTjS5nfmdJ6oNU/LBZgkNBR5JFjOCrZPaWa0v0otBperX/TnQKgkKUoUCzUHlqz9UJBVUWsKxMb3AT2yYY20Z4XRa7qeGJphM8Ij2HJVYUBPm82un6NwpQxQr7UpaNFd/T+RYGJOJyHUKbMdm2ZuJ/3m91MbXYc5kkloqyWJRnHJkFZq9joZMU2J55ggmmrlbERljjYl1AZVdCMHyy6ukfVkP/Hpw71cbN0UcJTiFM6hBAFfQgDtoQgsIPMIzvMKbp7wX7937WLSuecXMCfyB9/kDAV2Oug==</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit>

µ = 10
<latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit><latexit sha1_base64="eKTzhTTbKAqLVhRukBMwPHZnVTs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqIzeB3ytX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTRW34WR+7pScOaVP4sS40kjm6u+JCVXWjlXkOhXFoV32ZuJ/XifD+DqcCJ1myDVbLIozSTAhs99JXxjOUI4docwIdythQ2ooQ5dQyYUQLL+8SpoX1cCvBg+XldptHkcRTuAUziGAK6jBPdShAQxG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gAXI468</latexit>

µ = 30
<latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit><latexit sha1_base64="HhtnDg0Gg70SYMaCveVS+LoQ5T4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0EYI2lhGMCaQHGFvM5cs2d07dveEEPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3k795hNqwxP1YEcphpL2FY85o9ZJzY7MyPW53y1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ6dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8VU45irNLCo2XxRngtiETH8nPa6RWTFyhDLN3a2EDaimzLqESi6EYPHlZfJ4Vg38anB/Uand5HEU4QiO4RQCuIQa3EEdGsBgCM/wCm9e6r14797HvLXg5TOH8Afe5w8aLY6+</latexit>

µ = 50
<latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit><latexit sha1_base64="2ihYX1H5ef7bkRf9U9mSq6jOuRc=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0YtQ9OKxgv2ANpTNdtMu3d3E3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49vcbz9RpVksH8wkoYHAQ8kiRrCxUqcnUnR94VX6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZvdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+PBowRYnhE0swUczeisgIK0yMjSgPwV98eZm0zmq+V/Pvz6v1myKOMhzBMZyCD5dQhztoQBMIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwBU0+O1A==</latexit>

k = 80
<latexit sha1_base64="1Ib/iafPDxV9N4FHPtbEMELyOV4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIYC9C0YvHCvYD2lA22027ZLMJuxuhhP4ILx4U8erv8ea/cdPmoNUHA4/3ZpiZF6SCa4Pxl1NZW9/Y3Kpuuzu7e/sHtcOjrk4yRVmHJiJR/YBoJrhkHcONYP1UMRIHgvWC6Lbwe49MaZ7IBzNLmR+TieQhp8RYqRddN7HruqNaHTfwAugv8UpShxLtUe1zOE5oFjNpqCBaDzycGj8nynAq2NwdZpqlhEZkwgaWShIz7eeLc+fozCpjFCbKljRoof6cyEms9SwObGdMzFSveoX4nzfITNj0cy7TzDBJl4vCTCCToOJ3NOaKUSNmlhCquL0V0SlRhBqbUBGCt/ryX9K9aHi44d1f1ls3ZRxVOIFTOAcPrqAFd9CGDlCI4Ale4NVJnWfnzXlftlaccuYYfsH5+Abc5o3u</latexit><latexit sha1_base64="1Ib/iafPDxV9N4FHPtbEMELyOV4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIYC9C0YvHCvYD2lA22027ZLMJuxuhhP4ILx4U8erv8ea/cdPmoNUHA4/3ZpiZF6SCa4Pxl1NZW9/Y3Kpuuzu7e/sHtcOjrk4yRVmHJiJR/YBoJrhkHcONYP1UMRIHgvWC6Lbwe49MaZ7IBzNLmR+TieQhp8RYqRddN7HruqNaHTfwAugv8UpShxLtUe1zOE5oFjNpqCBaDzycGj8nynAq2NwdZpqlhEZkwgaWShIz7eeLc+fozCpjFCbKljRoof6cyEms9SwObGdMzFSveoX4nzfITNj0cy7TzDBJl4vCTCCToOJ3NOaKUSNmlhCquL0V0SlRhBqbUBGCt/ryX9K9aHi44d1f1ls3ZRxVOIFTOAcPrqAFd9CGDlCI4Ale4NVJnWfnzXlftlaccuYYfsH5+Abc5o3u</latexit><latexit sha1_base64="1Ib/iafPDxV9N4FHPtbEMELyOV4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIYC9C0YvHCvYD2lA22027ZLMJuxuhhP4ILx4U8erv8ea/cdPmoNUHA4/3ZpiZF6SCa4Pxl1NZW9/Y3Kpuuzu7e/sHtcOjrk4yRVmHJiJR/YBoJrhkHcONYP1UMRIHgvWC6Lbwe49MaZ7IBzNLmR+TieQhp8RYqRddN7HruqNaHTfwAugv8UpShxLtUe1zOE5oFjNpqCBaDzycGj8nynAq2NwdZpqlhEZkwgaWShIz7eeLc+fozCpjFCbKljRoof6cyEms9SwObGdMzFSveoX4nzfITNj0cy7TzDBJl4vCTCCToOJ3NOaKUSNmlhCquL0V0SlRhBqbUBGCt/ryX9K9aHi44d1f1ls3ZRxVOIFTOAcPrqAFd9CGDlCI4Ale4NVJnWfnzXlftlaccuYYfsH5+Abc5o3u</latexit><latexit sha1_base64="1Ib/iafPDxV9N4FHPtbEMELyOV4=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU9mIYC9C0YvHCvYD2lA22027ZLMJuxuhhP4ILx4U8erv8ea/cdPmoNUHA4/3ZpiZF6SCa4Pxl1NZW9/Y3Kpuuzu7e/sHtcOjrk4yRVmHJiJR/YBoJrhkHcONYP1UMRIHgvWC6Lbwe49MaZ7IBzNLmR+TieQhp8RYqRddN7HruqNaHTfwAugv8UpShxLtUe1zOE5oFjNpqCBaDzycGj8nynAq2NwdZpqlhEZkwgaWShIz7eeLc+fozCpjFCbKljRoof6cyEms9SwObGdMzFSveoX4nzfITNj0cy7TzDBJl4vCTCCToOJ3NOaKUSNmlhCquL0V0SlRhBqbUBGCt/ryX9K9aHi44d1f1ls3ZRxVOIFTOAcPrqAFd9CGDlCI4Ale4NVJnWfnzXlftlaccuYYfsH5+Abc5o3u</latexit>
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Data Assimilation

State variable y(µ)
<latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="EJKxt+MYQKmoWArB7wVF4fK+CPU=">AAAB4nicbZBLSwMxFIXv1FetVatbN8Ei1E3JuNGl4MZlBfuAdiiZNNPG5jEkGWEY+h/cuFDEH+XOf2P6WGjrgcDHOQm598Sp4NZh/B2UtrZ3dvfK+5WD6uHRce2k2rE6M5S1qRba9GJimeCKtR13gvVSw4iMBevG07t53n1mxnKtHl2eskiSseIJp8R5q5M3BjK7HNbquIkXQpsQrqAOK7WGta/BSNNMMuWoINb2Q5y6qCDGcSrYrDLILEsJnZIx63tURDIbFYtpZ+jCOyOUaOOPcmjh/n5REGltLmN/UxI3sevZ3Pwv62cuuYkKrtLMMUWXHyWZQE6j+epoxA2jTuQeCDXcz4rohBhCnS+o4ksI11fehM5VM8TN8AFDGc7gHBoQwjXcwj20oA0UnuAF3uA90MFr8LGsqxSsejuFPwo+fwDbeI1m</latexit><latexit sha1_base64="EJKxt+MYQKmoWArB7wVF4fK+CPU=">AAAB4nicbZBLSwMxFIXv1FetVatbN8Ei1E3JuNGl4MZlBfuAdiiZNNPG5jEkGWEY+h/cuFDEH+XOf2P6WGjrgcDHOQm598Sp4NZh/B2UtrZ3dvfK+5WD6uHRce2k2rE6M5S1qRba9GJimeCKtR13gvVSw4iMBevG07t53n1mxnKtHl2eskiSseIJp8R5q5M3BjK7HNbquIkXQpsQrqAOK7WGta/BSNNMMuWoINb2Q5y6qCDGcSrYrDLILEsJnZIx63tURDIbFYtpZ+jCOyOUaOOPcmjh/n5REGltLmN/UxI3sevZ3Pwv62cuuYkKrtLMMUWXHyWZQE6j+epoxA2jTuQeCDXcz4rohBhCnS+o4ksI11fehM5VM8TN8AFDGc7gHBoQwjXcwj20oA0UnuAF3uA90MFr8LGsqxSsejuFPwo+fwDbeI1m</latexit><latexit sha1_base64="55ZB0PWtCwOg8KyHIN8yfz90HPc=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJex60WPQi8cI5gHJEmYns8mYeSwzs8Ky5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1vf2NzaLu2Ud/f2Dw4rR8dto1JNaIsornQ3woZyJmnLMstpN9EUi4jTTjS5nfmdJ6oNU/LBZgkNBR5JFjOCrZPaWa0v0otBperX/TnQKgkKUoUCzUHlqz9UJBVUWsKxMb3AT2yYY20Z4XRa7qeGJphM8Ij2HJVYUBPm82un6NwpQxQr7UpaNFd/T+RYGJOJyHUKbMdm2ZuJ/3m91MbXYc5kkloqyWJRnHJkFZq9joZMU2J55ggmmrlbERljjYl1AZVdCMHyy6ukfVkP/Hpw71cbN0UcJTiFM6hBAFfQgDtoQgsIPMIzvMKbp7wX7937WLSuecXMCfyB9/kDAV2Oug==</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit><latexit sha1_base64="YBADKAjdGENRSoHDmP81K8FS2WY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMkHO0loKPBQspgRbJ3UmlR7Ij3vlyt+zZ8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV3UAr8W3F9W6jd5HEU4gVOoQgBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQKdjr4=</latexit>

µ = 10
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Data Assimilation

Control error and bound
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Data Assimilation

Computation Time
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4DVAR Summary
Key points 

• Approximated solutions of the parametrized 4D-VAR problem using  
reduced basis methods 

• Developed a posteriori error bounds for the error in the control (initial condition or model 
error) as well as state and adjoint 

• Applied proposed methods to a simple parametrized convection-diffusion problem 

• Estimated unknown parameter, initial condition, and model error  

Issues and Perspectives 
• Convergence and error estimates for the parameter estimation problem 
• Introduce uncertainty in prior  
• Sensor placement 
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Data Assimilation + Sensor Placement

N. Aretz-Nellesen and M. Grepl

with 
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(Variational) Data Assimilation 
3D-/4D-VAR                                     [Lorenc '81], [Le Dimet '81], [Courtier '85], …   
                                       [Le Dimet & Talagrand '86], … [Navon et al] … 
+ Kalman Filter, Bayesian Methods      [Law & Stuart '15], [Reich '15], … 

MOR + Data Assimilation (+Sensor Placement) 
Gappy-POD         [Everson & Sirovich ’95], [Willcox '06] …  
GEIM            [Maday & Mula '13] … 
PGD (+ EIM )     [Nadal, Chinesta, Diez, Fuenmayor & Denia '15] … 
PBDW        [Maday, Patera, Penn & Yano ’14, ’15], [Taddei ’17],   
           [Maday & Taddei ’17(p)], [Taddei & Patera ’18],  
           [Hammond, Chaqir, Bourquin & Maday ’18(p)] 
OMP                        [Binev, Cohen, Mula & Nichols ’18] 

MOR + Optimal Control  
RB + OC          [Negri, Rozza, Manzoni, Quarteroni '13],  
           [Tröltzsch & Volkwein '09], [Kärcher, Tokoutsi, Grepl & V. '18]  

Background
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Data Assimilation + Sensor Placement

4DVAR 

Solve for      and the estimate 
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y0 = u
<latexit sha1_base64="VTa0DHkWgJElhlfTBchKT67QGKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgv2ANpbNdtIu3WzC7kYIoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M78zhMqzWP5YLIE/YiOJA85o8ZKnewxd6c36aBac+vuHGSVeAWpQYHmoPrVH8YsjVAaJqjWPc9NjJ9TZTgTOK30U40JZRM6wp6lkkao/Xx+7pScWWVIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCa/9nMskNSjZYlGYCmJiMvudDLlCZkRmCWWK21sJG1NFmbEJVWwI3vLLq6R9Uffcund/WWtcFnGU4QRO4Rw8uIIG3EETWsBgAs/wCm9O4rw4787HorXkFDPH8AfO5w8mh49j</latexit><latexit sha1_base64="VTa0DHkWgJElhlfTBchKT67QGKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgv2ANpbNdtIu3WzC7kYIoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M78zhMqzWP5YLIE/YiOJA85o8ZKnewxd6c36aBac+vuHGSVeAWpQYHmoPrVH8YsjVAaJqjWPc9NjJ9TZTgTOK30U40JZRM6wp6lkkao/Xx+7pScWWVIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCa/9nMskNSjZYlGYCmJiMvudDLlCZkRmCWWK21sJG1NFmbEJVWwI3vLLq6R9Uffcund/WWtcFnGU4QRO4Rw8uIIG3EETWsBgAs/wCm9O4rw4787HorXkFDPH8AfO5w8mh49j</latexit><latexit sha1_base64="VTa0DHkWgJElhlfTBchKT67QGKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgv2ANpbNdtIu3WzC7kYIoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M78zhMqzWP5YLIE/YiOJA85o8ZKnewxd6c36aBac+vuHGSVeAWpQYHmoPrVH8YsjVAaJqjWPc9NjJ9TZTgTOK30U40JZRM6wp6lkkao/Xx+7pScWWVIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCa/9nMskNSjZYlGYCmJiMvudDLlCZkRmCWWK21sJG1NFmbEJVWwI3vLLq6R9Uffcund/WWtcFnGU4QRO4Rw8uIIG3EETWsBgAs/wCm9O4rw4787HorXkFDPH8AfO5w8mh49j</latexit><latexit sha1_base64="VTa0DHkWgJElhlfTBchKT67QGKo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgv2ANpbNdtIu3WzC7kYIoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6e0tr6xuVXeruzs7u0fVA+P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M78zhMqzWP5YLIE/YiOJA85o8ZKnewxd6c36aBac+vuHGSVeAWpQYHmoPrVH8YsjVAaJqjWPc9NjJ9TZTgTOK30U40JZRM6wp6lkkao/Xx+7pScWWVIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCa/9nMskNSjZYlGYCmJiMvudDLlCZkRmCWWK21sJG1NFmbEJVWwI3vLLq6R9Uffcund/WWtcFnGU4QRO4Rw8uIIG3EETWsBgAs/wCm9O4rw4787HorXkFDPH8AfO5w8mh49j</latexit>

µ⇤
<latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit><latexit sha1_base64="v7OGjW0kxiZ2e8R6B37mrcoWiSE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgHsKuBPQY8OIxgnlAsobZyWwyZGZ2nYcQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2Z++4kqzRJ5byYpDQUeShYzgo2TOllP2OnDBeqXK37VnwOtkiAnFcjR6Je/eoOEWEGlIRxr3Q381IQZVoYRTqelntU0xWSMh7TrqMSC6jCb3ztFZ04ZoDhRrqRBc/X3RIaF1hMRuU6BzUgvezPxP69rTXwdZkym1lBJFotiy5FJ0Ox5NGCKEsMnjmCimLsVkRFWmBgXUcmFECy/vEpal9XArwZ3tUq9lsdRhBM4hXMI4ArqcAsNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+TI4+a</latexit>

(u⇤(µ⇤), y⇤(µ⇤)).
<latexit sha1_base64="5N87gZ1N9ZmK9qDowJ+dbtLpyao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMFHRZcOOygn1AO5ZMmmlDk8yQZIRh6NqNv+LGhSJu/QJ3/o3pdBa2eiDk5Jx7ubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vEn1zO/80CkoqG400lEPI5GggYUI22kgX1cie/Ts2mlz7O7eg6ThXe1NrDLTs3JAP8SNydlkKM5sL/6wxDHnAiNGVKq5zqR9lIkNcWMTEv9WJEI4QkakZ6hAnGivDRbZQpPjTKEQSjNERpm6u+OFHGlEu6bSo70WC17M/E/rxfr4MpLqYhiTQSeDwpiBnUIZ7nAIZUEa5YYgrCk5q8Qj5FEWJv0SiYEd3nlv6R9UXOdmntbLzfqeRxFcAROQAW44BI0wA1oghbA4BE8g1fwZj1ZL9a79TEvLVh5zyFYgPX5A2gtmL4=</latexit><latexit sha1_base64="5N87gZ1N9ZmK9qDowJ+dbtLpyao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMFHRZcOOygn1AO5ZMmmlDk8yQZIRh6NqNv+LGhSJu/QJ3/o3pdBa2eiDk5Jx7ubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vEn1zO/80CkoqG400lEPI5GggYUI22kgX1cie/Ts2mlz7O7eg6ThXe1NrDLTs3JAP8SNydlkKM5sL/6wxDHnAiNGVKq5zqR9lIkNcWMTEv9WJEI4QkakZ6hAnGivDRbZQpPjTKEQSjNERpm6u+OFHGlEu6bSo70WC17M/E/rxfr4MpLqYhiTQSeDwpiBnUIZ7nAIZUEa5YYgrCk5q8Qj5FEWJv0SiYEd3nlv6R9UXOdmntbLzfqeRxFcAROQAW44BI0wA1oghbA4BE8g1fwZj1ZL9a79TEvLVh5zyFYgPX5A2gtmL4=</latexit><latexit sha1_base64="5N87gZ1N9ZmK9qDowJ+dbtLpyao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMFHRZcOOygn1AO5ZMmmlDk8yQZIRh6NqNv+LGhSJu/QJ3/o3pdBa2eiDk5Jx7ubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vEn1zO/80CkoqG400lEPI5GggYUI22kgX1cie/Ts2mlz7O7eg6ThXe1NrDLTs3JAP8SNydlkKM5sL/6wxDHnAiNGVKq5zqR9lIkNcWMTEv9WJEI4QkakZ6hAnGivDRbZQpPjTKEQSjNERpm6u+OFHGlEu6bSo70WC17M/E/rxfr4MpLqYhiTQSeDwpiBnUIZ7nAIZUEa5YYgrCk5q8Qj5FEWJv0SiYEd3nlv6R9UXOdmntbLzfqeRxFcAROQAW44BI0wA1oghbA4BE8g1fwZj1ZL9a79TEvLVh5zyFYgPX5A2gtmL4=</latexit><latexit sha1_base64="5N87gZ1N9ZmK9qDowJ+dbtLpyao=">AAACCnicbVDLSgMxFM3UV62vUZduokVoRcqMFHRZcOOygn1AO5ZMmmlDk8yQZIRh6NqNv+LGhSJu/QJ3/o3pdBa2eiDk5Jx7ubnHjxhV2nG+rcLK6tr6RnGztLW9s7tn7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vEn1zO/80CkoqG400lEPI5GggYUI22kgX1cie/Ts2mlz7O7eg6ThXe1NrDLTs3JAP8SNydlkKM5sL/6wxDHnAiNGVKq5zqR9lIkNcWMTEv9WJEI4QkakZ6hAnGivDRbZQpPjTKEQSjNERpm6u+OFHGlEu6bSo70WC17M/E/rxfr4MpLqYhiTQSeDwpiBnUIZ7nAIZUEa5YYgrCk5q8Qj5FEWJv0SiYEd3nlv6R9UXOdmntbLzfqeRxFcAROQAW44BI0wA1oghbA4BE8g1fwZj1ZL9a79TEvLVh5zyFYgPX5A2gtmL4=</latexit>



Modified 3D-VAR Formulation 

Data Assimilation

where
model bias 
misfit between state and “data" 
state 
"data" 
regularisation parameter 
is the best- knowledge model of the physics.
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<latexit sha1_base64="dUlvPf5A0yg/mleEi0mAOH8WxD8="></latexit><latexit sha1_base64="dUlvPf5A0yg/mleEi0mAOH8WxD8="></latexit><latexit sha1_base64="dUlvPf5A0yg/mleEi0mAOH8WxD8="></latexit><latexit sha1_base64="dUlvPf5A0yg/mleEi0mAOH8WxD8="></latexit>

s.t. a(y, v) = f(v) + b(u, v) 8v 2 Y (M)

(y + d, ⌧)Y = (yd, ⌧)Y 8⌧ 2 T ⇢ Y
<latexit sha1_base64="DC77dZsX6DR8oUmVyFW2DwoDiW8="></latexit><latexit sha1_base64="DC77dZsX6DR8oUmVyFW2DwoDiW8="></latexit><latexit sha1_base64="DC77dZsX6DR8oUmVyFW2DwoDiW8="></latexit><latexit sha1_base64="DC77dZsX6DR8oUmVyFW2DwoDiW8="></latexit>

u
<latexit sha1_base64="LQD8Jbxj/EafjM5bV2nEoHXQRhg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/dd4zr</latexit><latexit sha1_base64="LQD8Jbxj/EafjM5bV2nEoHXQRhg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/dd4zr</latexit><latexit sha1_base64="LQD8Jbxj/EafjM5bV2nEoHXQRhg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/dd4zr</latexit><latexit sha1_base64="LQD8Jbxj/EafjM5bV2nEoHXQRhg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/dd4zr</latexit>

d
<latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit>
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yd
<latexit sha1_base64="4YjidiCeTtewHrQhlOMC6Xj+3JA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Qe0oWw223bpZhN2J0II/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6xCzhfkTHSowEo2ilh2wYDqs1t+4uQNaJV5AaFGgNq1+DMGZpxBUySY3pe26Cfk41Cib5rDJIDU8om9Ix71uqaMSNny9OnZELq4RkFGtbCslC/T2R08iYLApsZ0RxYla9ufif109xdOPnQiUpcsWWi0apJBiT+d8kFJozlJkllGlhbyVsQjVlaNOp2BC81ZfXSeeq7rl1775RazaKOMpwBudwCR5cQxPuoAVtYDCGZ3iFN0c6L86787FsLTnFzCn8gfP5A1ZMjcY=</latexit><latexit sha1_base64="4YjidiCeTtewHrQhlOMC6Xj+3JA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Qe0oWw223bpZhN2J0II/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6xCzhfkTHSowEo2ilh2wYDqs1t+4uQNaJV5AaFGgNq1+DMGZpxBUySY3pe26Cfk41Cib5rDJIDU8om9Ix71uqaMSNny9OnZELq4RkFGtbCslC/T2R08iYLApsZ0RxYla9ufif109xdOPnQiUpcsWWi0apJBiT+d8kFJozlJkllGlhbyVsQjVlaNOp2BC81ZfXSeeq7rl1775RazaKOMpwBudwCR5cQxPuoAVtYDCGZ3iFN0c6L86787FsLTnFzCn8gfP5A1ZMjcY=</latexit><latexit sha1_base64="4YjidiCeTtewHrQhlOMC6Xj+3JA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Qe0oWw223bpZhN2J0II/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6xCzhfkTHSowEo2ilh2wYDqs1t+4uQNaJV5AaFGgNq1+DMGZpxBUySY3pe26Cfk41Cib5rDJIDU8om9Ix71uqaMSNny9OnZELq4RkFGtbCslC/T2R08iYLApsZ0RxYla9ufif109xdOPnQiUpcsWWi0apJBiT+d8kFJozlJkllGlhbyVsQjVlaNOp2BC81ZfXSeeq7rl1775RazaKOMpwBudwCR5cQxPuoAVtYDCGZ3iFN0c6L86787FsLTnFzCn8gfP5A1ZMjcY=</latexit><latexit sha1_base64="4YjidiCeTtewHrQhlOMC6Xj+3JA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48V7Qe0oWw223bpZhN2J0II/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6xCzhfkTHSowEo2ilh2wYDqs1t+4uQNaJV5AaFGgNq1+DMGZpxBUySY3pe26Cfk41Cib5rDJIDU8om9Ix71uqaMSNny9OnZELq4RkFGtbCslC/T2R08iYLApsZ0RxYla9ufif109xdOPnQiUpcsWWi0apJBiT+d8kFJozlJkllGlhbyVsQjVlaNOp2BC81ZfXSeeq7rl1775RazaKOMpwBudwCR5cQxPuoAVtYDCGZ3iFN0c6L86787FsLTnFzCn8gfP5A1ZMjcY=</latexit>
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Variational Data Assimilation  
• Prevalent in meteorology and oceanography 

[Law & Stuart 2015], [Reich 2015],… 

• Given a best knowledge model and data 
  find (allowed) perturbations     to the model 

  such that     and the misfit     are as small as possible. 
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s.t. a(y, v) = f(v) + b(u, v) 8v 2 Y (M)

(y + d, ⌧)Y = (yd, ⌧)Y 8⌧ 2 T ⇢ Y
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Issues  
• Bias in boundary conditions  
• Error in model form 
• Unknown or uncertain parameters 
• Noisy data  

✓
min
µ2D

◆
min
u2U

1

2
ku(µ)k2U +

�

2
kd(µ)k2Y
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s.t. a(y(µ), v;µ) = f(v;µ) + b(u(µ), v) 8v 2 Y

(y(µ) + d(µ), ⌧)Y = (yd, ⌧)Y 8⌧ 2 T ⇢ Y
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Issues  
• Bias in boundary conditions  
• Error in model form 
• Unknown or uncertain parameters 
• Noisy data  

✓
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s.t. a(y(µ), v;µ) = f(v;µ) + b(u(µ), v) 8v 2 Y

(y(µ) + d(µ), ⌧)Y = (yd, ⌧)Y 8⌧ 2 T ⇢ Y
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Relation to Optimal Control                      [Nellesen 2018(MS)] 
• Distributed optimal control (+ minimization problem) 
•            represents permitted corrections to the model 
• Optimality leads to saddle point structure 
• Use RB approximation, error bounds in [Kärcher, Tokoutsi, Grepl & V. 2017] 

• Difference: Measurement space  
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Reduced Basis Approximation                   [Nellesen '18(MS)] 
• Introduce reduced spaces for control, state, and adjoints 
• Galerkin projection onto reduced basis spaces 
• A posteriori error bounds for control, state, adjoint, and misfit 
• Offline / online decomposition 
• Greedy algorithm to construct approximation spaces 

✓
min
µ2D

◆
min

uN2UN

1

2
kuN (µ)k2U +

�

2
kdN (µ)k2Y

<latexit sha1_base64="1bEF5UJeLhlW8aCNvqQ0nMGtOQs="></latexit><latexit sha1_base64="1bEF5UJeLhlW8aCNvqQ0nMGtOQs="></latexit><latexit sha1_base64="1bEF5UJeLhlW8aCNvqQ0nMGtOQs="></latexit><latexit sha1_base64="1bEF5UJeLhlW8aCNvqQ0nMGtOQs="></latexit>

s.t. a(yN (µ), v;µ) = f(v;µ) + b(uN (µ), v) 8v 2 YN

(yN (µ) + dN (µ), ⌧)Y = (yd, ⌧)Y 8⌧ 2 T
<latexit sha1_base64="qvwLzj9A3w7zDtDAahCtS3NKONs="></latexit><latexit sha1_base64="qvwLzj9A3w7zDtDAahCtS3NKONs="></latexit><latexit sha1_base64="qvwLzj9A3w7zDtDAahCtS3NKONs="></latexit><latexit sha1_base64="qvwLzj9A3w7zDtDAahCtS3NKONs="></latexit>



Residuals 
To obtain an a posteriori error bound for each error term 

we define the residuals 

whose norms can be computed in an offline-online procedure. 
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eu := u⇤ � u⇤
N , ey := y⇤ � y⇤N , ed := d⇤ � d⇤N , ep := p⇤ � p⇤N ,

(control) (state) (misfit) (adjoint)

ru : U ! R ru(�) := b+ µ(�, p⇤N )� (u⇤
N ,�)U

rp : Y ! R rp( ) := �( , d⇤N )Y � aµ( , p⇤N )

ry : Y ! R ry( ) := fµ( ) + bµ(u⇤
N , )� aµ(y⇤N , )

            (control)                         (state)                           (misfit)                          (adjoint) 



Then 

Similar a posteriori error bounds in [Kärcher, Tokoutsi, Grepl & V. '18] 

A Posteriori Error Bounds 
Define further 
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How do we optimally select the measurements? 

✓
min
µ2D

◆
min
u2U

1

2
ku(µ)k2U +

�

2
kd(µ)k2Y

<latexit sha1_base64="AyHrJmeiBeMb3m2oaGcaqpujpiE="></latexit><latexit sha1_base64="AyHrJmeiBeMb3m2oaGcaqpujpiE="></latexit><latexit sha1_base64="AyHrJmeiBeMb3m2oaGcaqpujpiE="></latexit><latexit sha1_base64="AyHrJmeiBeMb3m2oaGcaqpujpiE="></latexit>

s.t. a(y(µ), v;µ) = f(v;µ) + b(u(µ), v) 8v 2 Y

(y(µ) + d(µ), ⌧)Y = (yd, ⌧)Y 8⌧ 2 T ⇢ Y
<latexit sha1_base64="gHQMkanG4xA3+N8iqqkusWpPRLc="></latexit><latexit sha1_base64="gHQMkanG4xA3+N8iqqkusWpPRLc="></latexit><latexit sha1_base64="gHQMkanG4xA3+N8iqqkusWpPRLc="></latexit><latexit sha1_base64="gHQMkanG4xA3+N8iqqkusWpPRLc="></latexit>



Modified 3D-VAR Formulation 

Data Assimilation

180 Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

How do we optimally select the measurement space  
where     is the space spanned by the Riesz representation  

of the measurement functionals? 

Stability analysis 
[Maday, Patera, Penn & Yano 2014] 

T
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One can show that 

                                                                 with positive stability constants. 

The stability constants are “better-behaved” for            [Aretz-Nellesen et al. 2019]  

 as large as possible.  Here,
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H
0(µ) := { (u, y) 2 U ⇥ Y : aµ(y, ) = bµ(u, ) 8 2 Y },

Yµ := { y 2 Y : 9 u 2 U s.t. aµ(y, ) = bµ(u, ) 8 2 Y }.
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One can show that 

                                                                 with positive stability constants. 

The stability constants are “better-behaved” for            [Aretz-Nellesen et al. 2019]  

 as large as possible.  Here,
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Assume that                                                          [Aretz-Nellesen, Grepl & V. 2019] 

Then 

ky � yNkY 6 "µkykY where 0 6 "µ ⌧ 1

�T (µ) > (1� "µ)�T ,N (µ)� "µ
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Modified 3D-VAR Formulation 
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Construction of RB Spaces 
Recall optimality conditions                                   [Aretz-Nellesen, Grepl & V. 2019] 

(u⇤
µ,�)U � bµ(�, p⇤µ) = 0 8 � 2 U

aµ( , p⇤µ)� �( , d⇤µ)Y = 0 8  2 Y

aµ(y⇤µ, )� bµ(u⇤
µ, ) = fbk,µ( ) 8  2 Y

(y⇤µ + d⇤µ, ⌧)Y = (yd, ⌧)Y 8 ⌧ 2 T .
<latexit sha1_base64="98SpSsSGqYo2cEvc+y+vSROBX5s="></latexit>
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misfit 
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Construction of RB Spaces 
Recall optimality conditions                                   [Aretz-Nellesen, Grepl & V. 2019] 

UN�����!Yy,N�����!T �����!Yp,N �����! YN = Yy,N + Yp,N

(u⇤
µ,�)U � bµ(�, p⇤µ) = 0 8 � 2 U

aµ( , p⇤µ)� �( , d⇤µ)Y = 0 8  2 Y

aµ(y⇤µ, )� bµ(u⇤
µ, ) = fbk,µ( ) 8  2 Y

(y⇤µ + d⇤µ, ⌧)Y = (yd, ⌧)Y 8 ⌧ 2 T .
<latexit sha1_base64="98SpSsSGqYo2cEvc+y+vSROBX5s="></latexit>

control 

adjoint 

state 

misfit 

Given a low dimensional approximation to the space 
of model corrections (i.e., control)
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Construction of RB Spaces 
Recall optimality conditions                                       [Nellesen, Grepl & V. 2018] 

UN�����!Yy,N�����!T �����!Yp,N �����! YN = Yy,N + Yp,N

(u⇤
µ,�)U � bµ(�, p⇤µ) = 0 8 � 2 U

aµ( , p⇤µ)� �( , d⇤µ)Y = 0 8  2 Y

aµ(y⇤µ, )� bµ(u⇤
µ, ) = fbk,µ( ) 8  2 Y

(y⇤µ + d⇤µ, ⌧)Y = (yd, ⌧)Y 8 ⌧ 2 T .
<latexit sha1_base64="98SpSsSGqYo2cEvc+y+vSROBX5s="></latexit>

control 

adjoint 

state 

misfit 

Construct an RB space for the state 
Note that      is not yet required!T
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Construction of RB Spaces 
Recall optimality conditions                                       [Nellesen, Grepl & V. 2018] 

UN�����!Yy,N�����!T �����!Yp,N �����! YN = Yy,N + Yp,N

(u⇤
µ,�)U � bµ(�, p⇤µ) = 0 8 � 2 U

aµ( , p⇤µ)� �( , d⇤µ)Y = 0 8  2 Y

aµ(y⇤µ, )� bµ(u⇤
µ, ) = fbk,µ( ) 8  2 Y

(y⇤µ + d⇤µ, ⌧)Y = (yd, ⌧)Y 8 ⌧ 2 T .
<latexit sha1_base64="98SpSsSGqYo2cEvc+y+vSROBX5s="></latexit>

control 

adjoint 

state 

misfit 

Select optimal measurements via  
greedy algorithm in the parameter domain + 

orthogonal matching pursuit [Binev et al. 2018]
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Construction of RB Spaces 
Recall optimality conditions                                       [Nellesen, Grepl & V. 2018] 

UN�����!Yy,N�����!T �����!Yp,N �����! YN = Yy,N + Yp,N

(u⇤
µ,�)U � bµ(�, p⇤µ) = 0 8 � 2 U

aµ( , p⇤µ)� �( , d⇤µ)Y = 0 8  2 Y

aµ(y⇤µ, )� bµ(u⇤
µ, ) = fbk,µ( ) 8  2 Y

(y⇤µ + d⇤µ, ⌧)Y = (yd, ⌧)Y 8 ⌧ 2 T .
<latexit sha1_base64="98SpSsSGqYo2cEvc+y+vSROBX5s="></latexit>

control 

adjoint 

state 

misfit 

Construct an RB space for the adjoint



Numerical Experiment: Thermal Block  
           

• State space 
      FE-discretization of  

• Bilinear form 

• Parameter domain 

Data Assimilation
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Y
<latexit sha1_base64="lruijRM5jVgt/xbnZJiLjN7Pkro=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooCcpePFYwdZKE8pmu2mXbjZh90UopX/DiwdFvPpnvPlv3LQ5aOvAwjDzHm92wlQKg6777ZRWVtfWN8qbla3tnd296v5B2ySZZrzFEpnoTkgNl0LxFgqUvJNqTuNQ8odwdJP7D09cG5GoexynPIjpQIlIMIpW8v2Y4pBRSR5JpVetuXV3BrJMvILUoECzV/3y+wnLYq6QSWpM13NTDCZUo2CSTyt+ZnhK2YgOeNdSRWNugsks85ScWKVPokTbp5DM1N8bExobM45DO5lnNIteLv7ndTOMroKJUGmGXLH5oSiTBBOSF0D6QnOGcmwJZVrYrIQNqaYMbU15Cd7il5dJ+6zundfdu4ta47qoowxHcAyn4MElNOAWmtACBik8wyu8OZnz4rw7H/PRklPsHMIfOJ8/tIaQyQ==</latexit>
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aµ(y, w) :=
2X

i=0

µi

Z

⌦i

ry ·rw dx
<latexit sha1_base64="JhwVarGH1m3jbCP2nYzD2HICYh0="></latexit><latexit sha1_base64="JhwVarGH1m3jbCP2nYzD2HICYh0="></latexit><latexit sha1_base64="JhwVarGH1m3jbCP2nYzD2HICYh0="></latexit><latexit sha1_base64="JhwVarGH1m3jbCP2nYzD2HICYh0="></latexit>

Ye := {y 2 H
1(⌦) : y|�D = 0}

<latexit sha1_base64="AdbQ805WCC3MjlwiFoKaGVc4mBU="></latexit><latexit sha1_base64="AdbQ805WCC3MjlwiFoKaGVc4mBU="></latexit><latexit sha1_base64="AdbQ805WCC3MjlwiFoKaGVc4mBU="></latexit><latexit sha1_base64="AdbQ805WCC3MjlwiFoKaGVc4mBU="></latexit>

C := [0.1, 10]2
<latexit sha1_base64="2osO0NRQlwEmaKD76Z8nAle6ljQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAILqQkpaAIQqEblxXsA9JYJtNJO3TyYGYilFDc+CtuXCji1q9w5984abPQ1gMXDufcy733eDFnUlnWt1FYWV1b3yhulra2d3b3zP2DtowSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1440bmdx6okCwK79Qkpm6AhyHzGcFKS33zqBdgNSKYowa6ukaOVbHPbcu9r5b6ZtmqWDOgZWLnpAw5mn3zqzeISBLQUBGOpXRsK1ZuioVihNNpqZdIGmMyxkPqaBrigEo3nb0wRadaGSA/ErpChWbq74kUB1JOAk93ZgfLRS8T//OcRPmXbsrCOFE0JPNFfsKRilCWBxowQYniE00wEUzfisgIC0yUTi0LwV58eZm0qxVbB3dbK9dreRxFOIYTOAMbLqAON9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+yvpRV</latexit><latexit sha1_base64="2osO0NRQlwEmaKD76Z8nAle6ljQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAILqQkpaAIQqEblxXsA9JYJtNJO3TyYGYilFDc+CtuXCji1q9w5984abPQ1gMXDufcy733eDFnUlnWt1FYWV1b3yhulra2d3b3zP2DtowSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1440bmdx6okCwK79Qkpm6AhyHzGcFKS33zqBdgNSKYowa6ukaOVbHPbcu9r5b6ZtmqWDOgZWLnpAw5mn3zqzeISBLQUBGOpXRsK1ZuioVihNNpqZdIGmMyxkPqaBrigEo3nb0wRadaGSA/ErpChWbq74kUB1JOAk93ZgfLRS8T//OcRPmXbsrCOFE0JPNFfsKRilCWBxowQYniE00wEUzfisgIC0yUTi0LwV58eZm0qxVbB3dbK9dreRxFOIYTOAMbLqAON9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+yvpRV</latexit><latexit sha1_base64="2osO0NRQlwEmaKD76Z8nAle6ljQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAILqQkpaAIQqEblxXsA9JYJtNJO3TyYGYilFDc+CtuXCji1q9w5984abPQ1gMXDufcy733eDFnUlnWt1FYWV1b3yhulra2d3b3zP2DtowSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1440bmdx6okCwK79Qkpm6AhyHzGcFKS33zqBdgNSKYowa6ukaOVbHPbcu9r5b6ZtmqWDOgZWLnpAw5mn3zqzeISBLQUBGOpXRsK1ZuioVihNNpqZdIGmMyxkPqaBrigEo3nb0wRadaGSA/ErpChWbq74kUB1JOAk93ZgfLRS8T//OcRPmXbsrCOFE0JPNFfsKRilCWBxowQYniE00wEUzfisgIC0yUTi0LwV58eZm0qxVbB3dbK9dreRxFOIYTOAMbLqAON9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+yvpRV</latexit><latexit sha1_base64="2osO0NRQlwEmaKD76Z8nAle6ljQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAILqQkpaAIQqEblxXsA9JYJtNJO3TyYGYilFDc+CtuXCji1q9w5984abPQ1gMXDufcy733eDFnUlnWt1FYWV1b3yhulra2d3b3zP2DtowSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1440bmdx6okCwK79Qkpm6AhyHzGcFKS33zqBdgNSKYowa6ukaOVbHPbcu9r5b6ZtmqWDOgZWLnpAw5mn3zqzeISBLQUBGOpXRsK1ZuioVihNNpqZdIGmMyxkPqaBrigEo3nb0wRadaGSA/ErpChWbq74kUB1JOAk93ZgfLRS8T//OcRPmXbsrCOFE0JPNFfsKRilCWBxowQYniE00wEUzfisgIC0yUTi0LwV58eZm0qxVbB3dbK9dreRxFOIYTOAMbLqAON9CEFhB4hGd4hTfjyXgx3o2PeWvByGcO4Q+Mzx+yvpRV</latexit>



Numerical Experiment: Thermal Block  
           

• Source term 
    

                where 

• BK-model source term 

• Model correction 

              (polynomial space) 
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u 2 L2(�in)
<latexit sha1_base64="QO2T8drkEuCF/4knb6o1Rj4AYz0=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiRV0JUUXOjCRQX7gCaGyXTSDp2ZhJmJUEJXbvwVNy4Uces3uPNvnLRdaOuBC4dz7uXee8KEUaUd59taWFxaXlktrBXXNza3tu2d3aaKU4lJA8cslu0QKcKoIA1NNSPtRBLEQ0Za4eAy91sPRCoaizs9TIjPUU/QiGKkjRTYByn0qIA391VY9q4Q5wgGmSc5pGJ0XAzsklNxxoDzxJ2SEpiiHthfXjfGKSdCY4aU6rhOov0MSU0xI6OilyqSIDxAPdIxVCBOlJ+N3xjBI6N0YRRLU0LDsfp7IkNcqSEPTSdHuq9mvVz8z+ukOjr3MyqSVBOBJ4uilEEdwzwT2KWSYM2GhiAsqbkV4j6SCGuTXB6CO/vyPGlWK+5Jxbk9LdUupnEUwD44BGXggjNQA9egDhoAg0fwDF7Bm/VkvVjv1sekdcGazuyBP7A+fwAUipby</latexit>

fbk,µ = b(ubk, ·), ubk ⌘ 1
<latexit sha1_base64="foZ3Y2BoAj6DVr+8CC34p9mbSnY=">AAACKnicbZDLSsNAFIYnXmu9RV26GSxCBSmJCrpRKm5cVrAXaEKYTCft0JkkzqVQQp/Hja/ipguluPVBnF4UbT0w8PP953Dm/GHKqFSOM7KWlldW19ZzG/nNre2dXXtvvyYTLTCp4oQlohEiSRiNSVVRxUgjFQTxkJF62L0b+/UeEZIm8aPqp8TnqB3TiGKkDArs2wgGWeYJDsPu4BR6XA/gNQyL2uBv6uFWok6MCfUPhB550rQH3XxgF5ySMym4KNyZKIBZVQJ76LUSrDmJFWZIyqbrpMrPkFAUMzLIe1qSFOEuapOmkTHiRPrZ5NQBPDakBaNEmBcrOKG/JzLEpezz0HRypDpy3hvD/7ymVtGVn9E41YrEeLoo0gyqBI5zgy0qCFasbwTCgpq/QtxBAmFl0h2H4M6fvChqZyX3vOQ8XBTKN7M4cuAQHIEicMElKIN7UAFVgMEzeAVv4N16sYbWyPqYti5Zs5kD8Keszy+oPaTt</latexit>

b(u, ·) 2 Y 0, b(u,w) :=

Z

�in

uw dS,
<latexit sha1_base64="kvKkda/VW1iSScBpr9G8coQXRl8="></latexit><latexit sha1_base64="kvKkda/VW1iSScBpr9G8coQXRl8="></latexit><latexit sha1_base64="kvKkda/VW1iSScBpr9G8coQXRl8="></latexit><latexit sha1_base64="kvKkda/VW1iSScBpr9G8coQXRl8="></latexit>

U = P3
<latexit sha1_base64="NYkIsy6E4W8aK8mkmhd7rxfmVeg=">AAACBXicbVDLSsNAFL2pr1pfUZe6GCyCq5JoQTdCwY3LCqYttCFMppN26OTBzEQooRs3/oobF4q49R/c+TdO0iy09cDAmXPu5d57/IQzqSzr26isrK6tb1Q3a1vbO7t75v5BR8apINQhMY9Fz8eSchZRRzHFaS8RFIc+p11/cpP73QcqJIujezVNqBviUcQCRrDSkmceD0KsxgRz5KBrVHx8P2vPkHeBap5ZtxpWAbRM7JLUoUTbM78Gw5ikIY0U4VjKvm0lys2wUIxwOqsNUkkTTCZ4RPuaRjik0s2KK2boVCtDFMRCv0ihQv3dkeFQymno68p8Tbno5eJ/Xj9VwZWbsShJFY3IfFCQcqRilEeChkxQovhUE0wE07siMsYCE6WDy0OwF09eJp3zhm017LtmvdUs46jCEZzAGdhwCS24hTY4QOARnuEV3own48V4Nz7mpRWj7DmEPzA+fwDWn5bL</latexit><latexit sha1_base64="NYkIsy6E4W8aK8mkmhd7rxfmVeg=">AAACBXicbVDLSsNAFL2pr1pfUZe6GCyCq5JoQTdCwY3LCqYttCFMppN26OTBzEQooRs3/oobF4q49R/c+TdO0iy09cDAmXPu5d57/IQzqSzr26isrK6tb1Q3a1vbO7t75v5BR8apINQhMY9Fz8eSchZRRzHFaS8RFIc+p11/cpP73QcqJIujezVNqBviUcQCRrDSkmceD0KsxgRz5KBrVHx8P2vPkHeBap5ZtxpWAbRM7JLUoUTbM78Gw5ikIY0U4VjKvm0lys2wUIxwOqsNUkkTTCZ4RPuaRjik0s2KK2boVCtDFMRCv0ihQv3dkeFQymno68p8Tbno5eJ/Xj9VwZWbsShJFY3IfFCQcqRilEeChkxQovhUE0wE07siMsYCE6WDy0OwF09eJp3zhm017LtmvdUs46jCEZzAGdhwCS24hTY4QOARnuEV3own48V4Nz7mpRWj7DmEPzA+fwDWn5bL</latexit><latexit sha1_base64="NYkIsy6E4W8aK8mkmhd7rxfmVeg=">AAACBXicbVDLSsNAFL2pr1pfUZe6GCyCq5JoQTdCwY3LCqYttCFMppN26OTBzEQooRs3/oobF4q49R/c+TdO0iy09cDAmXPu5d57/IQzqSzr26isrK6tb1Q3a1vbO7t75v5BR8apINQhMY9Fz8eSchZRRzHFaS8RFIc+p11/cpP73QcqJIujezVNqBviUcQCRrDSkmceD0KsxgRz5KBrVHx8P2vPkHeBap5ZtxpWAbRM7JLUoUTbM78Gw5ikIY0U4VjKvm0lys2wUIxwOqsNUkkTTCZ4RPuaRjik0s2KK2boVCtDFMRCv0ihQv3dkeFQymno68p8Tbno5eJ/Xj9VwZWbsShJFY3IfFCQcqRilEeChkxQovhUE0wE07siMsYCE6WDy0OwF09eJp3zhm017LtmvdUs46jCEZzAGdhwCS24hTY4QOARnuEV3own48V4Nz7mpRWj7DmEPzA+fwDWn5bL</latexit><latexit sha1_base64="NYkIsy6E4W8aK8mkmhd7rxfmVeg=">AAACBXicbVDLSsNAFL2pr1pfUZe6GCyCq5JoQTdCwY3LCqYttCFMppN26OTBzEQooRs3/oobF4q49R/c+TdO0iy09cDAmXPu5d57/IQzqSzr26isrK6tb1Q3a1vbO7t75v5BR8apINQhMY9Fz8eSchZRRzHFaS8RFIc+p11/cpP73QcqJIujezVNqBviUcQCRrDSkmceD0KsxgRz5KBrVHx8P2vPkHeBap5ZtxpWAbRM7JLUoUTbM78Gw5ikIY0U4VjKvm0lys2wUIxwOqsNUkkTTCZ4RPuaRjik0s2KK2boVCtDFMRCv0ihQv3dkeFQymno68p8Tbno5eJ/Xj9VwZWbsShJFY3IfFCQcqRilEeChkxQovhUE0wE07siMsYCE6WDy0OwF09eJp3zhm017LtmvdUs46jCEZzAGdhwCS24hTY4QOARnuEV3own48V4Nz7mpRWj7DmEPzA+fwDWn5bL</latexit>



Parameter Estimation Problem Statement  
             Approximate the unknown variables  

•    

•    

•    

      with the 3D-VAR solution. 
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µtrue = (7, 0.3) 2 C
<latexit sha1_base64="lYlq2Q+xk5vtSKTSy++JmRQTsuU=">AAACFnicbVDLSsNAFJ3UV42vqks3g0WooCHRQt0IhW5cVrAPaEKYTCft0JlJmJkIJfQr3Pgrblwo4lbc+TcmbRZaPXDhcM693HtPEDOqtG1/GaWV1bX1jfKmubW9s7tX2T/oqiiRmHRwxCLZD5AijArS0VQz0o8lQTxgpBdMWrnfuydS0Ujc6WlMPI5GgoYUI51JfuXc5Qn0U1dymGqZkNkMXsNa48y2Lk+hSwV0OdJjjBhsQdP0K1XbsueAf4lTkCoo0PYrn+4wwgknQmOGlBo4dqy9FElNMSMz000UiRGeoBEZZFQgTpSXzt+awZNMGcIwklkJDefqz4kUcaWmPMg68yPVspeL/3mDRIdXXkpFnGgi8GJRmDCoI5hnBIdUEqzZNCMIS5rdCvEYSYR1lmQegrP88l/SvbAc23Ju69VmvYijDI7AMagBBzRAE9yANugADB7AE3gBr8aj8Wy8Ge+L1pJRzByCXzA+vgE49Zwp</latexit><latexit sha1_base64="lYlq2Q+xk5vtSKTSy++JmRQTsuU=">AAACFnicbVDLSsNAFJ3UV42vqks3g0WooCHRQt0IhW5cVrAPaEKYTCft0JlJmJkIJfQr3Pgrblwo4lbc+TcmbRZaPXDhcM693HtPEDOqtG1/GaWV1bX1jfKmubW9s7tX2T/oqiiRmHRwxCLZD5AijArS0VQz0o8lQTxgpBdMWrnfuydS0Ujc6WlMPI5GgoYUI51JfuXc5Qn0U1dymGqZkNkMXsNa48y2Lk+hSwV0OdJjjBhsQdP0K1XbsueAf4lTkCoo0PYrn+4wwgknQmOGlBo4dqy9FElNMSMz000UiRGeoBEZZFQgTpSXzt+awZNMGcIwklkJDefqz4kUcaWmPMg68yPVspeL/3mDRIdXXkpFnGgi8GJRmDCoI5hnBIdUEqzZNCMIS5rdCvEYSYR1lmQegrP88l/SvbAc23Ju69VmvYijDI7AMagBBzRAE9yANugADB7AE3gBr8aj8Wy8Ge+L1pJRzByCXzA+vgE49Zwp</latexit><latexit sha1_base64="lYlq2Q+xk5vtSKTSy++JmRQTsuU=">AAACFnicbVDLSsNAFJ3UV42vqks3g0WooCHRQt0IhW5cVrAPaEKYTCft0JlJmJkIJfQr3Pgrblwo4lbc+TcmbRZaPXDhcM693HtPEDOqtG1/GaWV1bX1jfKmubW9s7tX2T/oqiiRmHRwxCLZD5AijArS0VQz0o8lQTxgpBdMWrnfuydS0Ujc6WlMPI5GgoYUI51JfuXc5Qn0U1dymGqZkNkMXsNa48y2Lk+hSwV0OdJjjBhsQdP0K1XbsueAf4lTkCoo0PYrn+4wwgknQmOGlBo4dqy9FElNMSMz000UiRGeoBEZZFQgTpSXzt+awZNMGcIwklkJDefqz4kUcaWmPMg68yPVspeL/3mDRIdXXkpFnGgi8GJRmDCoI5hnBIdUEqzZNCMIS5rdCvEYSYR1lmQegrP88l/SvbAc23Ju69VmvYijDI7AMagBBzRAE9yANugADB7AE3gBr8aj8Wy8Ge+L1pJRzByCXzA+vgE49Zwp</latexit><latexit sha1_base64="lYlq2Q+xk5vtSKTSy++JmRQTsuU=">AAACFnicbVDLSsNAFJ3UV42vqks3g0WooCHRQt0IhW5cVrAPaEKYTCft0JlJmJkIJfQr3Pgrblwo4lbc+TcmbRZaPXDhcM693HtPEDOqtG1/GaWV1bX1jfKmubW9s7tX2T/oqiiRmHRwxCLZD5AijArS0VQz0o8lQTxgpBdMWrnfuydS0Ujc6WlMPI5GgoYUI51JfuXc5Qn0U1dymGqZkNkMXsNa48y2Lk+hSwV0OdJjjBhsQdP0K1XbsueAf4lTkCoo0PYrn+4wwgknQmOGlBo4dqy9FElNMSMz000UiRGeoBEZZFQgTpSXzt+awZNMGcIwklkJDefqz4kUcaWmPMg68yPVspeL/3mDRIdXXkpFnGgi8GJRmDCoI5hnBIdUEqzZNCMIS5rdCvEYSYR1lmQegrP88l/SvbAc23Ju69VmvYijDI7AMagBBzRAE9yANugADB7AE3gBr8aj8Wy8Ge+L1pJRzByCXzA+vgE49Zwp</latexit>

utrue(x) ⇡ 1.5 + 0.3 sin(2⇡x), x 2 �in
<latexit sha1_base64="ourP99ONTw0+B1dRH+WYOIc2fNo="></latexit><latexit sha1_base64="ourP99ONTw0+B1dRH+WYOIc2fNo="></latexit><latexit sha1_base64="ourP99ONTw0+B1dRH+WYOIc2fNo="></latexit><latexit sha1_base64="ourP99ONTw0+B1dRH+WYOIc2fNo="></latexit>

ytrue = yµtrue(utrue)
<latexit sha1_base64="6noMaPotSeZVNwYy1nA2/KQlZUA=">AAACIXicbZDLSsNAFIYn9VbrLerSzWAR6qYkUrAboeDGZQV7gTaEyXTaDp1JwlyEEPIqbnwVNy4U6U58GSdtFrb1h4Gf75zDmfMHMaNSOc63Vdra3tndK+9XDg6Pjk/s07OujLTApIMjFol+gCRhNCQdRRUj/VgQxANGesHsPq/3nomQNAqfVBITj6NJSMcUI2WQbzcTPx0KDlMlNMkyeAdzwDVcwRms6RVwXfHtqlN3FoKbxi1MFRRq+/Z8OIqw5iRUmCEpB64TKy9FQlHMSFYZaklihGdoQgbGhogT6aWLCzN4ZcgIjiNhXqjggv6dSBGXMuGB6eRITeV6LYf/1QZajZteSsNYKxLi5aKxZlBFMI8LjqggWLHEGIQFNX+FeIoEwsqEmofgrp+8abo3ddepu4+NaqtRxFEGF+AS1IALbkELPIA26AAMXsAb+ACf1qv1bn1Z82VrySpmzsGKrJ9fR/akHw==</latexit><latexit sha1_base64="6noMaPotSeZVNwYy1nA2/KQlZUA=">AAACIXicbZDLSsNAFIYn9VbrLerSzWAR6qYkUrAboeDGZQV7gTaEyXTaDp1JwlyEEPIqbnwVNy4U6U58GSdtFrb1h4Gf75zDmfMHMaNSOc63Vdra3tndK+9XDg6Pjk/s07OujLTApIMjFol+gCRhNCQdRRUj/VgQxANGesHsPq/3nomQNAqfVBITj6NJSMcUI2WQbzcTPx0KDlMlNMkyeAdzwDVcwRms6RVwXfHtqlN3FoKbxi1MFRRq+/Z8OIqw5iRUmCEpB64TKy9FQlHMSFYZaklihGdoQgbGhogT6aWLCzN4ZcgIjiNhXqjggv6dSBGXMuGB6eRITeV6LYf/1QZajZteSsNYKxLi5aKxZlBFMI8LjqggWLHEGIQFNX+FeIoEwsqEmofgrp+8abo3ddepu4+NaqtRxFEGF+AS1IALbkELPIA26AAMXsAb+ACf1qv1bn1Z82VrySpmzsGKrJ9fR/akHw==</latexit><latexit sha1_base64="6noMaPotSeZVNwYy1nA2/KQlZUA=">AAACIXicbZDLSsNAFIYn9VbrLerSzWAR6qYkUrAboeDGZQV7gTaEyXTaDp1JwlyEEPIqbnwVNy4U6U58GSdtFrb1h4Gf75zDmfMHMaNSOc63Vdra3tndK+9XDg6Pjk/s07OujLTApIMjFol+gCRhNCQdRRUj/VgQxANGesHsPq/3nomQNAqfVBITj6NJSMcUI2WQbzcTPx0KDlMlNMkyeAdzwDVcwRms6RVwXfHtqlN3FoKbxi1MFRRq+/Z8OIqw5iRUmCEpB64TKy9FQlHMSFYZaklihGdoQgbGhogT6aWLCzN4ZcgIjiNhXqjggv6dSBGXMuGB6eRITeV6LYf/1QZajZteSsNYKxLi5aKxZlBFMI8LjqggWLHEGIQFNX+FeIoEwsqEmofgrp+8abo3ddepu4+NaqtRxFEGF+AS1IALbkELPIA26AAMXsAb+ACf1qv1bn1Z82VrySpmzsGKrJ9fR/akHw==</latexit><latexit sha1_base64="6noMaPotSeZVNwYy1nA2/KQlZUA=">AAACIXicbZDLSsNAFIYn9VbrLerSzWAR6qYkUrAboeDGZQV7gTaEyXTaDp1JwlyEEPIqbnwVNy4U6U58GSdtFrb1h4Gf75zDmfMHMaNSOc63Vdra3tndK+9XDg6Pjk/s07OujLTApIMjFol+gCRhNCQdRRUj/VgQxANGesHsPq/3nomQNAqfVBITj6NJSMcUI2WQbzcTPx0KDlMlNMkyeAdzwDVcwRms6RVwXfHtqlN3FoKbxi1MFRRq+/Z8OIqw5iRUmCEpB64TKy9FQlHMSFYZaklihGdoQgbGhogT6aWLCzN4ZcgIjiNhXqjggv6dSBGXMuGB6eRITeV6LYf/1QZajZteSsNYKxLi5aKxZlBFMI8LjqggWLHEGIQFNX+FeIoEwsqEmofgrp+8abo3ddepu4+NaqtRxFEGF+AS1IALbkELPIA26AAMXsAb+ACf1qv1bn1Z82VrySpmzsGKrJ9fR/akHw==</latexit>



Parameter Estimation Problem Statement  
             Approximate the unknown variables  

•    

•    

•    

      with the 3D-VAR solution. 
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Prior Knowledge: 
         can be approximated in                 sufficiently 
Measurement Space: 
A small number of measurements may be chosen from a library of 
     gaussian functionals with std. dev. 0.01 and centers within                          (0.02, 0.98)2 ⇢ ⌦

µtrue = (7, 0.3) 2 C
<latexit sha1_base64="lYlq2Q+xk5vtSKTSy++JmRQTsuU=">AAACFnicbVDLSsNAFJ3UV42vqks3g0WooCHRQt0IhW5cVrAPaEKYTCft0JlJmJkIJfQr3Pgrblwo4lbc+TcmbRZaPXDhcM693HtPEDOqtG1/GaWV1bX1jfKmubW9s7tX2T/oqiiRmHRwxCLZD5AijArS0VQz0o8lQTxgpBdMWrnfuydS0Ujc6WlMPI5GgoYUI51JfuXc5Qn0U1dymGqZkNkMXsNa48y2Lk+hSwV0OdJjjBhsQdP0K1XbsueAf4lTkCoo0PYrn+4wwgknQmOGlBo4dqy9FElNMSMz000UiRGeoBEZZFQgTpSXzt+awZNMGcIwklkJDefqz4kUcaWmPMg68yPVspeL/3mDRIdXXkpFnGgi8GJRmDCoI5hnBIdUEqzZNCMIS5rdCvEYSYR1lmQegrP88l/SvbAc23Ju69VmvYijDI7AMagBBzRAE9yANugADB7AE3gBr8aj8Wy8Ge+L1pJRzByCXzA+vgE49Zwp</latexit><latexit sha1_base64="lYlq2Q+xk5vtSKTSy++JmRQTsuU=">AAACFnicbVDLSsNAFJ3UV42vqks3g0WooCHRQt0IhW5cVrAPaEKYTCft0JlJmJkIJfQr3Pgrblwo4lbc+TcmbRZaPXDhcM693HtPEDOqtG1/GaWV1bX1jfKmubW9s7tX2T/oqiiRmHRwxCLZD5AijArS0VQz0o8lQTxgpBdMWrnfuydS0Ujc6WlMPI5GgoYUI51JfuXc5Qn0U1dymGqZkNkMXsNa48y2Lk+hSwV0OdJjjBhsQdP0K1XbsueAf4lTkCoo0PYrn+4wwgknQmOGlBo4dqy9FElNMSMz000UiRGeoBEZZFQgTpSXzt+awZNMGcIwklkJDefqz4kUcaWmPMg68yPVspeL/3mDRIdXXkpFnGgi8GJRmDCoI5hnBIdUEqzZNCMIS5rdCvEYSYR1lmQegrP88l/SvbAc23Ju69VmvYijDI7AMagBBzRAE9yANugADB7AE3gBr8aj8Wy8Ge+L1pJRzByCXzA+vgE49Zwp</latexit><latexit sha1_base64="lYlq2Q+xk5vtSKTSy++JmRQTsuU=">AAACFnicbVDLSsNAFJ3UV42vqks3g0WooCHRQt0IhW5cVrAPaEKYTCft0JlJmJkIJfQr3Pgrblwo4lbc+TcmbRZaPXDhcM693HtPEDOqtG1/GaWV1bX1jfKmubW9s7tX2T/oqiiRmHRwxCLZD5AijArS0VQz0o8lQTxgpBdMWrnfuydS0Ujc6WlMPI5GgoYUI51JfuXc5Qn0U1dymGqZkNkMXsNa48y2Lk+hSwV0OdJjjBhsQdP0K1XbsueAf4lTkCoo0PYrn+4wwgknQmOGlBo4dqy9FElNMSMz000UiRGeoBEZZFQgTpSXzt+awZNMGcIwklkJDefqz4kUcaWmPMg68yPVspeL/3mDRIdXXkpFnGgi8GJRmDCoI5hnBIdUEqzZNCMIS5rdCvEYSYR1lmQegrP88l/SvbAc23Ju69VmvYijDI7AMagBBzRAE9yANugADB7AE3gBr8aj8Wy8Ge+L1pJRzByCXzA+vgE49Zwp</latexit><latexit sha1_base64="lYlq2Q+xk5vtSKTSy++JmRQTsuU=">AAACFnicbVDLSsNAFJ3UV42vqks3g0WooCHRQt0IhW5cVrAPaEKYTCft0JlJmJkIJfQr3Pgrblwo4lbc+TcmbRZaPXDhcM693HtPEDOqtG1/GaWV1bX1jfKmubW9s7tX2T/oqiiRmHRwxCLZD5AijArS0VQz0o8lQTxgpBdMWrnfuydS0Ujc6WlMPI5GgoYUI51JfuXc5Qn0U1dymGqZkNkMXsNa48y2Lk+hSwV0OdJjjBhsQdP0K1XbsueAf4lTkCoo0PYrn+4wwgknQmOGlBo4dqy9FElNMSMz000UiRGeoBEZZFQgTpSXzt+awZNMGcIwklkJDefqz4kUcaWmPMg68yPVspeL/3mDRIdXXkpFnGgi8GJRmDCoI5hnBIdUEqzZNCMIS5rdCvEYSYR1lmQegrP88l/SvbAc23Ju69VmvYijDI7AMagBBzRAE9yANugADB7AE3gBr8aj8Wy8Ge+L1pJRzByCXzA+vgE49Zwp</latexit>

utrue(x) ⇡ 1.5 + 0.3 sin(2⇡x), x 2 �in
<latexit sha1_base64="ourP99ONTw0+B1dRH+WYOIc2fNo="></latexit><latexit sha1_base64="ourP99ONTw0+B1dRH+WYOIc2fNo="></latexit><latexit sha1_base64="ourP99ONTw0+B1dRH+WYOIc2fNo="></latexit><latexit sha1_base64="ourP99ONTw0+B1dRH+WYOIc2fNo="></latexit>

ytrue = yµtrue(utrue)
<latexit sha1_base64="6noMaPotSeZVNwYy1nA2/KQlZUA=">AAACIXicbZDLSsNAFIYn9VbrLerSzWAR6qYkUrAboeDGZQV7gTaEyXTaDp1JwlyEEPIqbnwVNy4U6U58GSdtFrb1h4Gf75zDmfMHMaNSOc63Vdra3tndK+9XDg6Pjk/s07OujLTApIMjFol+gCRhNCQdRRUj/VgQxANGesHsPq/3nomQNAqfVBITj6NJSMcUI2WQbzcTPx0KDlMlNMkyeAdzwDVcwRms6RVwXfHtqlN3FoKbxi1MFRRq+/Z8OIqw5iRUmCEpB64TKy9FQlHMSFYZaklihGdoQgbGhogT6aWLCzN4ZcgIjiNhXqjggv6dSBGXMuGB6eRITeV6LYf/1QZajZteSsNYKxLi5aKxZlBFMI8LjqggWLHEGIQFNX+FeIoEwsqEmofgrp+8abo3ddepu4+NaqtRxFEGF+AS1IALbkELPIA26AAMXsAb+ACf1qv1bn1Z82VrySpmzsGKrJ9fR/akHw==</latexit><latexit sha1_base64="6noMaPotSeZVNwYy1nA2/KQlZUA=">AAACIXicbZDLSsNAFIYn9VbrLerSzWAR6qYkUrAboeDGZQV7gTaEyXTaDp1JwlyEEPIqbnwVNy4U6U58GSdtFrb1h4Gf75zDmfMHMaNSOc63Vdra3tndK+9XDg6Pjk/s07OujLTApIMjFol+gCRhNCQdRRUj/VgQxANGesHsPq/3nomQNAqfVBITj6NJSMcUI2WQbzcTPx0KDlMlNMkyeAdzwDVcwRms6RVwXfHtqlN3FoKbxi1MFRRq+/Z8OIqw5iRUmCEpB64TKy9FQlHMSFYZaklihGdoQgbGhogT6aWLCzN4ZcgIjiNhXqjggv6dSBGXMuGB6eRITeV6LYf/1QZajZteSsNYKxLi5aKxZlBFMI8LjqggWLHEGIQFNX+FeIoEwsqEmofgrp+8abo3ddepu4+NaqtRxFEGF+AS1IALbkELPIA26AAMXsAb+ACf1qv1bn1Z82VrySpmzsGKrJ9fR/akHw==</latexit><latexit sha1_base64="6noMaPotSeZVNwYy1nA2/KQlZUA=">AAACIXicbZDLSsNAFIYn9VbrLerSzWAR6qYkUrAboeDGZQV7gTaEyXTaDp1JwlyEEPIqbnwVNy4U6U58GSdtFrb1h4Gf75zDmfMHMaNSOc63Vdra3tndK+9XDg6Pjk/s07OujLTApIMjFol+gCRhNCQdRRUj/VgQxANGesHsPq/3nomQNAqfVBITj6NJSMcUI2WQbzcTPx0KDlMlNMkyeAdzwDVcwRms6RVwXfHtqlN3FoKbxi1MFRRq+/Z8OIqw5iRUmCEpB64TKy9FQlHMSFYZaklihGdoQgbGhogT6aWLCzN4ZcgIjiNhXqjggv6dSBGXMuGB6eRITeV6LYf/1QZajZteSsNYKxLi5aKxZlBFMI8LjqggWLHEGIQFNX+FeIoEwsqEmofgrp+8abo3ddepu4+NaqtRxFEGF+AS1IALbkELPIA26AAMXsAb+ACf1qv1bn1Z82VrySpmzsGKrJ9fR/akHw==</latexit><latexit sha1_base64="6noMaPotSeZVNwYy1nA2/KQlZUA=">AAACIXicbZDLSsNAFIYn9VbrLerSzWAR6qYkUrAboeDGZQV7gTaEyXTaDp1JwlyEEPIqbnwVNy4U6U58GSdtFrb1h4Gf75zDmfMHMaNSOc63Vdra3tndK+9XDg6Pjk/s07OujLTApIMjFol+gCRhNCQdRRUj/VgQxANGesHsPq/3nomQNAqfVBITj6NJSMcUI2WQbzcTPx0KDlMlNMkyeAdzwDVcwRms6RVwXfHtqlN3FoKbxi1MFRRq+/Z8OIqw5iRUmCEpB64TKy9FQlHMSFYZaklihGdoQgbGhogT6aWLCzN4ZcgIjiNhXqjggv6dSBGXMuGB6eRITeV6LYf/1QZajZteSsNYKxLi5aKxZlBFMI8LjqggWLHEGIQFNX+FeIoEwsqEmofgrp+8abo3ddepu4+NaqtRxFEGF+AS1IALbkELPIA26AAMXsAb+ACf1qv1bn1Z82VrySpmzsGKrJ9fR/akHw==</latexit>

utrue
<latexit sha1_base64="iLlt7iwEEGy19ihZCUtU495i2EQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh4LXjxWsB/QhrDZbtqlu5uwOyvU0F/ixYMiXv0p3vw3Jm0O2vpg4PHeDDPzolRwA5737VQ2Nre2d6q7tb39g8O6e3TcNYnVlHVoIhLdj4hhgivWAQ6C9VPNiIwE60XT28LvPTJteKIeYJayQJKx4jGnBHIpdOs2zIZa4gy0ZfN5LXQbXtNbAK8TvyQNVKIdul/DUUKtZAqoIMYMfC+FICMaOBVsXhtaw1JCp2TMBjlVRDITZIvD5/g8V0Y4TnReCvBC/T2REWnMTEZ5pyQwMateIf7nDSzEN0HGVWqBKbpcFFuBIcFFCnjENaMgZjkhVPP8VkwnRBMKeVZFCP7qy+uke9n0vaZ/f9VoXZVxVNEpOkMXyEfXqIXuUBt1EEUWPaNX9OY8OS/Ou/OxbK045cwJ+gPn8wfJ0pMc</latexit><latexit sha1_base64="iLlt7iwEEGy19ihZCUtU495i2EQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh4LXjxWsB/QhrDZbtqlu5uwOyvU0F/ixYMiXv0p3vw3Jm0O2vpg4PHeDDPzolRwA5737VQ2Nre2d6q7tb39g8O6e3TcNYnVlHVoIhLdj4hhgivWAQ6C9VPNiIwE60XT28LvPTJteKIeYJayQJKx4jGnBHIpdOs2zIZa4gy0ZfN5LXQbXtNbAK8TvyQNVKIdul/DUUKtZAqoIMYMfC+FICMaOBVsXhtaw1JCp2TMBjlVRDITZIvD5/g8V0Y4TnReCvBC/T2REWnMTEZ5pyQwMateIf7nDSzEN0HGVWqBKbpcFFuBIcFFCnjENaMgZjkhVPP8VkwnRBMKeVZFCP7qy+uke9n0vaZ/f9VoXZVxVNEpOkMXyEfXqIXuUBt1EEUWPaNX9OY8OS/Ou/OxbK045cwJ+gPn8wfJ0pMc</latexit><latexit sha1_base64="iLlt7iwEEGy19ihZCUtU495i2EQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh4LXjxWsB/QhrDZbtqlu5uwOyvU0F/ixYMiXv0p3vw3Jm0O2vpg4PHeDDPzolRwA5737VQ2Nre2d6q7tb39g8O6e3TcNYnVlHVoIhLdj4hhgivWAQ6C9VPNiIwE60XT28LvPTJteKIeYJayQJKx4jGnBHIpdOs2zIZa4gy0ZfN5LXQbXtNbAK8TvyQNVKIdul/DUUKtZAqoIMYMfC+FICMaOBVsXhtaw1JCp2TMBjlVRDITZIvD5/g8V0Y4TnReCvBC/T2REWnMTEZ5pyQwMateIf7nDSzEN0HGVWqBKbpcFFuBIcFFCnjENaMgZjkhVPP8VkwnRBMKeVZFCP7qy+uke9n0vaZ/f9VoXZVxVNEpOkMXyEfXqIXuUBt1EEUWPaNX9OY8OS/Ou/OxbK045cwJ+gPn8wfJ0pMc</latexit><latexit sha1_base64="iLlt7iwEEGy19ihZCUtU495i2EQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh4LXjxWsB/QhrDZbtqlu5uwOyvU0F/ixYMiXv0p3vw3Jm0O2vpg4PHeDDPzolRwA5737VQ2Nre2d6q7tb39g8O6e3TcNYnVlHVoIhLdj4hhgivWAQ6C9VPNiIwE60XT28LvPTJteKIeYJayQJKx4jGnBHIpdOs2zIZa4gy0ZfN5LXQbXtNbAK8TvyQNVKIdul/DUUKtZAqoIMYMfC+FICMaOBVsXhtaw1JCp2TMBjlVRDITZIvD5/g8V0Y4TnReCvBC/T2REWnMTEZ5pyQwMateIf7nDSzEN0HGVWqBKbpcFFuBIcFFCnjENaMgZjkhVPP8VkwnRBMKeVZFCP7qy+uke9n0vaZ/f9VoXZVxVNEpOkMXyEfXqIXuUBt1EEUWPaNX9OY8OS/Ou/OxbK045cwJ+gPn8wfJ0pMc</latexit>

U := P3
<latexit sha1_base64="ETWnqUPbHOhgGBRi+4xYGzFE4hA=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyXRgiIIBS8eK5i20Iaw2W7apZtN2N0IJfTixb/ixYMiXv0P3vw3Jm0QbX2w8Pa9GWbm+TFnSlvWl1FaWl5ZXSuvVzY2t7Z3zN29looSSahDIh7Jjo8V5UxQRzPNaSeWFIc+p21/dJ377XsqFYvEnR7H1A3xQLCAEawzyTMPeyHWQ4I5ctDlFfr5NZF3VvHMqlWzpkCLxC5IFQo0PfOz149IElKhCcdKdW0r1m6KpWaE00mllygaYzLCA9rNqMAhVW46vWKCjjOlj4JIZk9oNFV/d6Q4VGoc+lllvqWa93LxP6+b6ODCTZmIE00FmQ0KEo50hPJIUJ9JSjQfZwQTybJdERliiYnOgstDsOdPXiSt05pt1ezberVRL+IowwEcwQnYcA4NuIEmOEDgAZ7gBV6NR+PZeDPeZ6Ulo+jZhz8wPr4BVrmWeQ==</latexit><latexit sha1_base64="ETWnqUPbHOhgGBRi+4xYGzFE4hA=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyXRgiIIBS8eK5i20Iaw2W7apZtN2N0IJfTixb/ixYMiXv0P3vw3Jm0QbX2w8Pa9GWbm+TFnSlvWl1FaWl5ZXSuvVzY2t7Z3zN29looSSahDIh7Jjo8V5UxQRzPNaSeWFIc+p21/dJ377XsqFYvEnR7H1A3xQLCAEawzyTMPeyHWQ4I5ctDlFfr5NZF3VvHMqlWzpkCLxC5IFQo0PfOz149IElKhCcdKdW0r1m6KpWaE00mllygaYzLCA9rNqMAhVW46vWKCjjOlj4JIZk9oNFV/d6Q4VGoc+lllvqWa93LxP6+b6ODCTZmIE00FmQ0KEo50hPJIUJ9JSjQfZwQTybJdERliiYnOgstDsOdPXiSt05pt1ezberVRL+IowwEcwQnYcA4NuIEmOEDgAZ7gBV6NR+PZeDPeZ6Ulo+jZhz8wPr4BVrmWeQ==</latexit><latexit sha1_base64="ETWnqUPbHOhgGBRi+4xYGzFE4hA=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyXRgiIIBS8eK5i20Iaw2W7apZtN2N0IJfTixb/ixYMiXv0P3vw3Jm0QbX2w8Pa9GWbm+TFnSlvWl1FaWl5ZXSuvVzY2t7Z3zN29looSSahDIh7Jjo8V5UxQRzPNaSeWFIc+p21/dJ377XsqFYvEnR7H1A3xQLCAEawzyTMPeyHWQ4I5ctDlFfr5NZF3VvHMqlWzpkCLxC5IFQo0PfOz149IElKhCcdKdW0r1m6KpWaE00mllygaYzLCA9rNqMAhVW46vWKCjjOlj4JIZk9oNFV/d6Q4VGoc+lllvqWa93LxP6+b6ODCTZmIE00FmQ0KEo50hPJIUJ9JSjQfZwQTybJdERliiYnOgstDsOdPXiSt05pt1ezberVRL+IowwEcwQnYcA4NuIEmOEDgAZ7gBV6NR+PZeDPeZ6Ulo+jZhz8wPr4BVrmWeQ==</latexit><latexit sha1_base64="ETWnqUPbHOhgGBRi+4xYGzFE4hA=">AAACBXicbVBNS8NAEJ3Ur1q/oh71sFgETyXRgiIIBS8eK5i20Iaw2W7apZtN2N0IJfTixb/ixYMiXv0P3vw3Jm0QbX2w8Pa9GWbm+TFnSlvWl1FaWl5ZXSuvVzY2t7Z3zN29looSSahDIh7Jjo8V5UxQRzPNaSeWFIc+p21/dJ377XsqFYvEnR7H1A3xQLCAEawzyTMPeyHWQ4I5ctDlFfr5NZF3VvHMqlWzpkCLxC5IFQo0PfOz149IElKhCcdKdW0r1m6KpWaE00mllygaYzLCA9rNqMAhVW46vWKCjjOlj4JIZk9oNFV/d6Q4VGoc+lllvqWa93LxP6+b6ODCTZmIE00FmQ0KEo50hPJIUJ9JSjQfZwQTybJdERliiYnOgstDsOdPXiSt05pt1ezberVRL+IowwEcwQnYcA4NuIEmOEDgAZ7gBV6NR+PZeDPeZ6Ulo+jZhz8wPr4BVrmWeQ==</latexit>
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Selection of the Measurement Space  
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3D- VAR model correction  
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3D- VAR model correction  
           

0 0.2 0.4 0.6 0.8 1

in

0.8

1

1.2

1.4

1.6

1.8

2

u
start

u
true

noise free limit
RB-3D-VAR (noise-free)
RB-3D-VAR (mean)
RB-3D-VAR (noise)

0 0.2 0.4 0.6 0.8 1

in

0.8

1

1.2

1.4

1.6

1.8

2

u
start

u
true

noise free limit
RB-3D-VAR (noise-free)
RB-3D-VAR (mean)
RB-3D-VAR (noise)

     = 100    = 1000� �



Data Assimilation

197 Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

Reduced Basis Spaces 

Space dimensions:  
       

Computational time: 

U Yy Yy YR T
dim 4 64 95 159 16

UN�����!Yy,N�����!T �����!Yp,N �����! YN = Yy,N + Yp,N

Parameter estimation: roughly 25-28 mins.
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A Posteriori Error Bounds  
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A Posteriori Error Bounds  
          

Observable Difference Adjoint
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We developed a certified RB method for 3D & 4D variational data assimilation 

• model order reduction for state, adjoint, and control variables 
• a posteriori bounds for error in RB approximation 

• determination of unknown parameters 
• estimation of model bias

Here, we focused on: 

• Selection of measurements through stability-based greedy-OMP algorithm 
• Reduce sensitivity to experimental noise  

• Step-wise construction of RB spaces 
• Application to 3D-VAR 

Next steps:  
• Extension to 4D-VAR  
• Selection of model modifications 
• Application to large-scale problems
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Applications and Future Work

D. Degen, M. Grepl, F. Wellmann (RWTH)

with 

M. Baragona, V. Lavezzo, R. Maessen, Z. 
Tokoutsi, N. Vaidya (Philips)
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Industrial Applications

Source: akselos.com

The reduced basis method is useful for the
many-query, real-time, and slim-computing contexts.

6/65

The reduced basis method is useful for the 
many-query, real-time, and slim-computing contexts.



Application: Geosciences

Courtesy of Prof. Scheck-Wenderoth, GFZ Postdam.
Upper boundary condition

Upper Rhine Graben (Germany)

Model 
Thermal diffusion with radiogenic heat 
production

⌫r2T + S = 0
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• Parameter Estimation 
• Model Calibration 
• Inverse Problems 
• Sensitivity Analysis 
• Data Assimilation
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• Steady heat conduction with conductivities 

• FE Dimension 

• State             in       and              in   

• Regularization parameter:  

• Input parameter:
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µ = (µ1, µ2) 2 D ⌘ [3, 4]2.
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Model Problem

dim(Y ) ⇡ 18.000
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<latexit sha1_base64="1iJzCL7oDkCrfNBdgQiJVF7RLXk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqkykoBuh4MZlBfuAdiiZTKYNzWTGJFMoQ7/DjQtF3Pox7vwbM+0stPVA4HDOudyb4yeCa+O6305pY3Nre6e8W9nbPzg8qh6fdHScKsraNBax6vlEM8ElaxtuBOslipHIF6zrT+5yvztlSvNYPppZwryIjCQPOSXGSt5A2GhA0C3CbmVYrbl1dwG0TnBBalCgNax+DYKYphGThgqidR+7ifEyogyngs0rg1SzhNAJGbG+pZJETHvZ4ug5urBKgMJY2ScNWqi/JzISaT2LfJuMiBnrVS8X//P6qQlvvIzLJDVM0uWiMBXIxChvAAVcMWrEzBJCFbe3IjomilBje8pLwKtfXiedqzp26/ihUWs2ijrKcAbncAkYrqEJ99CCNlB4gmd4hTdn6rw4787HMlpyiplT+APn8weI/5CT</latexit><latexit sha1_base64="1iJzCL7oDkCrfNBdgQiJVF7RLXk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqkykoBuh4MZlBfuAdiiZTKYNzWTGJFMoQ7/DjQtF3Pox7vwbM+0stPVA4HDOudyb4yeCa+O6305pY3Nre6e8W9nbPzg8qh6fdHScKsraNBax6vlEM8ElaxtuBOslipHIF6zrT+5yvztlSvNYPppZwryIjCQPOSXGSt5A2GhA0C3CbmVYrbl1dwG0TnBBalCgNax+DYKYphGThgqidR+7ifEyogyngs0rg1SzhNAJGbG+pZJETHvZ4ug5urBKgMJY2ScNWqi/JzISaT2LfJuMiBnrVS8X//P6qQlvvIzLJDVM0uWiMBXIxChvAAVcMWrEzBJCFbe3IjomilBje8pLwKtfXiedqzp26/ihUWs2ijrKcAbncAkYrqEJ99CCNlB4gmd4hTdn6rw4787HMlpyiplT+APn8weI/5CT</latexit><latexit sha1_base64="1iJzCL7oDkCrfNBdgQiJVF7RLXk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqkykoBuh4MZlBfuAdiiZTKYNzWTGJFMoQ7/DjQtF3Pox7vwbM+0stPVA4HDOudyb4yeCa+O6305pY3Nre6e8W9nbPzg8qh6fdHScKsraNBax6vlEM8ElaxtuBOslipHIF6zrT+5yvztlSvNYPppZwryIjCQPOSXGSt5A2GhA0C3CbmVYrbl1dwG0TnBBalCgNax+DYKYphGThgqidR+7ifEyogyngs0rg1SzhNAJGbG+pZJETHvZ4ug5urBKgMJY2ScNWqi/JzISaT2LfJuMiBnrVS8X//P6qQlvvIzLJDVM0uWiMBXIxChvAAVcMWrEzBJCFbe3IjomilBje8pLwKtfXiedqzp26/ihUWs2ijrKcAbncAkYrqEJ99CCNlB4gmd4hTdn6rw4787HMlpyiplT+APn8weI/5CT</latexit><latexit sha1_base64="1iJzCL7oDkCrfNBdgQiJVF7RLXk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqkykoBuh4MZlBfuAdiiZTKYNzWTGJFMoQ7/DjQtF3Pox7vwbM+0stPVA4HDOudyb4yeCa+O6305pY3Nre6e8W9nbPzg8qh6fdHScKsraNBax6vlEM8ElaxtuBOslipHIF6zrT+5yvztlSvNYPppZwryIjCQPOSXGSt5A2GhA0C3CbmVYrbl1dwG0TnBBalCgNax+DYKYphGThgqidR+7ifEyogyngs0rg1SzhNAJGbG+pZJETHvZ4ug5urBKgMJY2ScNWqi/JzISaT2LfJuMiBnrVS8X//P6qQlvvIzLJDVM0uWiMBXIxChvAAVcMWrEzBJCFbe3IjomilBje8pLwKtfXiedqzp26/ihUWs2ijrKcAbncAkYrqEJ99CCNlB4gmd4hTdn6rw4787HMlpyiplT+APn8weI/5CT</latexit>
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control 

state 

Sample Solutions (� = 10)
<latexit sha1_base64="eTWRZ7bt58a8gzzm3VHH7FSg/bg=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5JIQTdCwY3LCvYBTSiTybQdOpmEmYlQQsGNv+LGhSJu/Ql3/o2TNgttvTDM4Zx7uPeeIOFMacf5tlZW19Y3Nktb5e2d3b19++CwreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfJPrnQcqFYvFvZ4k1I/wULABI1gbqm8fe0HMQzWJzJdVPW6cIb52nfNpuW9XnJozK7QM3AJUoKhm3/7ywpikERWacKxUz3US7WdYakY4nZa9VNEEkzEe0p6BAkdU+dnshik6M0yIBrE0T2g0Y387MhypfE3TGWE9UotaTv6n9VI9uPIzJpJUU0HmgwYpRzpGeSAoZJISzScGYCKZ2RWREZaYaBNbHoK7ePIyaF/UXKfm3tUrjXoRRwlO4BSq4MIlNOAWmtACAo/wDK/wZj1ZL9a79TFvXbEKzxH8KevzB8keluI=</latexit><latexit sha1_base64="eTWRZ7bt58a8gzzm3VHH7FSg/bg=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5JIQTdCwY3LCvYBTSiTybQdOpmEmYlQQsGNv+LGhSJu/Ql3/o2TNgttvTDM4Zx7uPeeIOFMacf5tlZW19Y3Nktb5e2d3b19++CwreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfJPrnQcqFYvFvZ4k1I/wULABI1gbqm8fe0HMQzWJzJdVPW6cIb52nfNpuW9XnJozK7QM3AJUoKhm3/7ywpikERWacKxUz3US7WdYakY4nZa9VNEEkzEe0p6BAkdU+dnshik6M0yIBrE0T2g0Y387MhypfE3TGWE9UotaTv6n9VI9uPIzJpJUU0HmgwYpRzpGeSAoZJISzScGYCKZ2RWREZaYaBNbHoK7ePIyaF/UXKfm3tUrjXoRRwlO4BSq4MIlNOAWmtACAo/wDK/wZj1ZL9a79TFvXbEKzxH8KevzB8keluI=</latexit><latexit sha1_base64="eTWRZ7bt58a8gzzm3VHH7FSg/bg=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5JIQTdCwY3LCvYBTSiTybQdOpmEmYlQQsGNv+LGhSJu/Ql3/o2TNgttvTDM4Zx7uPeeIOFMacf5tlZW19Y3Nktb5e2d3b19++CwreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfJPrnQcqFYvFvZ4k1I/wULABI1gbqm8fe0HMQzWJzJdVPW6cIb52nfNpuW9XnJozK7QM3AJUoKhm3/7ywpikERWacKxUz3US7WdYakY4nZa9VNEEkzEe0p6BAkdU+dnshik6M0yIBrE0T2g0Y387MhypfE3TGWE9UotaTv6n9VI9uPIzJpJUU0HmgwYpRzpGeSAoZJISzScGYCKZ2RWREZaYaBNbHoK7ePIyaF/UXKfm3tUrjXoRRwlO4BSq4MIlNOAWmtACAo/wDK/wZj1ZL9a79TFvXbEKzxH8KevzB8keluI=</latexit><latexit sha1_base64="eTWRZ7bt58a8gzzm3VHH7FSg/bg=">AAACA3icbVDLSsNAFL3xWesr6k43g0Wom5JIQTdCwY3LCvYBTSiTybQdOpmEmYlQQsGNv+LGhSJu/Ql3/o2TNgttvTDM4Zx7uPeeIOFMacf5tlZW19Y3Nktb5e2d3b19++CwreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfJPrnQcqFYvFvZ4k1I/wULABI1gbqm8fe0HMQzWJzJdVPW6cIb52nfNpuW9XnJozK7QM3AJUoKhm3/7ywpikERWacKxUz3US7WdYakY4nZa9VNEEkzEe0p6BAkdU+dnshik6M0yIBrE0T2g0Y387MhypfE3TGWE9UotaTv6n9VI9uPIzJpJUU0HmgwYpRzpGeSAoZJISzScGYCKZ2RWREZaYaBNbHoK7ePIyaF/UXKfm3tUrjXoRRwlO4BSq4MIlNOAWmtACAo/wDK/wZj1ZL9a79TFvXbEKzxH8KevzB8keluI=</latexit>
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Timings: 

•   

•   

•   

Speedups: 

• RB: 256-1025  

• RB+Bound: 176-615  

Test set: 

•   

tFE = 1.23s
<latexit sha1_base64="ccndww1Y2wnrZ+Ncb+ZlIEtLrL4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5C0Bd0IBVFcVrAPaEOYTKft0JlJmJkINRR/xY0LRdz6H+78GydtFtp64MLhnHu5954wZlRp1/22Ciura+sbxc3S1vbO7p69f9BSUSIxaeKIRbITIkUYFaSpqWakE0uCeMhIOxxfZX77gUhFI3GvJzHxORoKOqAYaSMF9pEO0p7k8OZ6Ci+h51SqUJUCu+w67gxwmXg5KYMcjcD+6vUjnHAiNGZIqa7nxtpPkdQUMzIt9RJFYoTHaEi6hgrEifLT2fVTeGqUPhxE0pTQcKb+nkgRV2rCQ9PJkR6pRS8T//O6iR5c+CkVcaKJwPNFg4RBHcEsCtinkmDNJoYgLKm5FeIRkghrE1gWgrf48jJpVRyv6lTuauV6LY+jCI7BCTgDHjgHdXALGqAJMHgEz+AVvFlP1ov1bn3MWwtWPnMI/sD6/AEQFZL4</latexit>

tRB 2 [1.2, 4.8]ms
<latexit sha1_base64="h8xKjLvmlcUnUIkHqtKzEStca20=">AAACDnicbVDLSsNAFJ34rPVVdelmsBRcSEhqwS6LblxWsQ9oQplMp+3QmUmYuRFLyBe48VfcuFDErWt3/o3pY6GtBy4czrmXe+8JIsENOM63tbK6tr6xmdvKb+/s7u0XDg6bJow1ZQ0ailC3A2KY4Io1gINg7UgzIgPBWsHoauK37pk2PFR3MI6YL8lA8T6nBDKpWyhBN/G0xLeXKfa4wh3XLp9V7KqPEw/YAyTSpGm+Wyg6tjMFXibunBTRHPVu4cvrhTSWTAEVxJiO60TgJ0QDp4KleS82LCJ0RAask1FFJDN+Mn0nxaVM6eF+qLNSgKfq74mESGPGMsg6JYGhWfQm4n9eJ4Z+1U+4imJgis4W9WOBIcSTbHCPa0ZBjDNCqObZrZgOiSYUsgQnIbiLLy+TZtl2z+3yTaVYq8zjyKFjdIJOkYsuUA1dozpqIIoe0TN6RW/Wk/VivVsfs9YVaz5zhP7A+vwBbKCaag==</latexit>

tRB,� 2 [2, 7]ms
<latexit sha1_base64="q6Blx98wVU0yy31nL4CrbPJ27Ho=">AAACEnicbVA9SwNBEN3zM8avqKXNYhAUJNzFgJaiFpZRjAq5I+xtJrq4u3fszonhuN9g41+xsVDE1srOf+MmpvDrwcDjvRlm5sWpFBZ9/8MbG5+YnJouzZRn5+YXFitLy2c2yQyHFk9kYi5iZkEKDS0UKOEiNcBULOE8vj4Y+Oc3YKxI9Cn2U4gUu9SiJzhDJ3Uqm9jJ89AoerJfbIWHIJEVNBSatutbOxHNQ4RbzJUtik6l6tf8IehfEoxIlYzQ7FTew27CMwUauWTWtgM/xShnBgWXUJTDzELK+DW7hLajmimwUT58qaDrTunSXmJcaaRD9ftEzpS1fRW7TsXwyv72BuJ/XjvD3m6UC51mCJp/LeplkmJCB/nQrjDAUfYdYdwIdyvlV8wwji7Fsgsh+P3yX3JWrwXbtfpxo7rXGMVRIqtkjWyQgOyQPXJEmqRFOLkjD+SJPHv33qP34r1+tY55o5kV8gPe2ydENp0w</latexit>

|⌅test| = 20
<latexit sha1_base64="jBxXmHlFhRKMZ0rlmvOuwUScKV4=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSWtCLUPDisYL9gCaEzXbTLt1Nwu5EKGkP/hUvHhTx6t/w5r8xaXPQ1gcDj/dmmJnnx4JrsKxvo7S2vrG5Vd6u7Ozu7R+Yh0cdHSWKsjaNRKR6PtFM8JC1gYNgvVgxIn3Buv74Nve7j0xpHoUPMImZK8kw5AGnBDLJM0+mTo97qaMkBqZhNsU3uG5VPLNq1aw58CqxC1JFBVqe+eUMIppIFgIVROu+bcXgpkQBp4LNKk6iWUzomAxZP6MhkUy76fz+GT7PlAEOIpVVCHiu/p5IidR6Iv2sUxIY6WUvF//z+gkE127KwzgBFtLFoiARGCKch4EHXDEKYpIRQhXPbsV0RBShkEWWh2Avv7xKOvWafVmr3zeqzUYRRxmdojN0gWx0hZroDrVQG1E0Rc/oFb0ZT8aL8W58LFpLRjFzjP7A+PwBTlqU7Q==</latexit>
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<latexit sha1_base64="y6t/4q1pc0rybEEbrw8hslBb4mI=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4CokIuiy4cVnBPqAJZTKZtEMnkzAzUUrMp7hxoYhbv8Sdf+O0zUJbDwwczrmHe+eEGWdKu+63tba+sbm1Xdup7+7tHxzajaOuSnNJaIekPJX9ECvKmaAdzTSn/UxSnISc9sLJzczvPVCpWCru9TSjQYJHgsWMYG2kod3wY4lJ4ZWFz00qwuXQbrqOOwdaJV5FmlChPbS//CgleUKFJhwrNfDcTAcFlpoRTsu6nyuaYTLBIzowVOCEqqCYn16iM6NEKE6leUKjufo7UeBEqWkSmskE67Fa9mbif94g1/F1UDCR5ZoKslgU5xzpFM16QBGTlGg+NQQTycytiIyx6UKbtuqmBG/5y6uke+F4ruPdXTZbTlVHDU7gFM7BgytowS20oQMEHuEZXuHNerJerHfrYzG6ZlWZY/gD6/MHhH6UFw==</latexit><latexit sha1_base64="y6t/4q1pc0rybEEbrw8hslBb4mI=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4CokIuiy4cVnBPqAJZTKZtEMnkzAzUUrMp7hxoYhbv8Sdf+O0zUJbDwwczrmHe+eEGWdKu+63tba+sbm1Xdup7+7tHxzajaOuSnNJaIekPJX9ECvKmaAdzTSn/UxSnISc9sLJzczvPVCpWCru9TSjQYJHgsWMYG2kod3wY4lJ4ZWFz00qwuXQbrqOOwdaJV5FmlChPbS//CgleUKFJhwrNfDcTAcFlpoRTsu6nyuaYTLBIzowVOCEqqCYn16iM6NEKE6leUKjufo7UeBEqWkSmskE67Fa9mbif94g1/F1UDCR5ZoKslgU5xzpFM16QBGTlGg+NQQTycytiIyx6UKbtuqmBG/5y6uke+F4ruPdXTZbTlVHDU7gFM7BgytowS20oQMEHuEZXuHNerJerHfrYzG6ZlWZY/gD6/MHhH6UFw==</latexit><latexit sha1_base64="y6t/4q1pc0rybEEbrw8hslBb4mI=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4CokIuiy4cVnBPqAJZTKZtEMnkzAzUUrMp7hxoYhbv8Sdf+O0zUJbDwwczrmHe+eEGWdKu+63tba+sbm1Xdup7+7tHxzajaOuSnNJaIekPJX9ECvKmaAdzTSn/UxSnISc9sLJzczvPVCpWCru9TSjQYJHgsWMYG2kod3wY4lJ4ZWFz00qwuXQbrqOOwdaJV5FmlChPbS//CgleUKFJhwrNfDcTAcFlpoRTsu6nyuaYTLBIzowVOCEqqCYn16iM6NEKE6leUKjufo7UeBEqWkSmskE67Fa9mbif94g1/F1UDCR5ZoKslgU5xzpFM16QBGTlGg+NQQTycytiIyx6UKbtuqmBG/5y6uke+F4ruPdXTZbTlVHDU7gFM7BgytowS20oQMEHuEZXuHNerJerHfrYzG6ZlWZY/gD6/MHhH6UFw==</latexit><latexit sha1_base64="y6t/4q1pc0rybEEbrw8hslBb4mI=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4CokIuiy4cVnBPqAJZTKZtEMnkzAzUUrMp7hxoYhbv8Sdf+O0zUJbDwwczrmHe+eEGWdKu+63tba+sbm1Xdup7+7tHxzajaOuSnNJaIekPJX9ECvKmaAdzTSn/UxSnISc9sLJzczvPVCpWCru9TSjQYJHgsWMYG2kod3wY4lJ4ZWFz00qwuXQbrqOOwdaJV5FmlChPbS//CgleUKFJhwrNfDcTAcFlpoRTsu6nyuaYTLBIzowVOCEqqCYn16iM6NEKE6leUKjufo7UeBEqWkSmskE67Fa9mbif94g1/F1UDCR5ZoKslgU5xzpFM16QBGTlGg+NQQTycytiIyx6UKbtuqmBG/5y6uke+F4ruPdXTZbTlVHDU7gFM7BgytowS20oQMEHuEZXuHNerJerHfrYzG6ZlWZY/gD6/MHhH6UFw==</latexit>
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Application: Cancer Treatment

Motivation: Thermal Ablation Treatment Planning

• Thermal Ablation: destroy target tissue by 
increasing temperature above threshold.
 [Chu and Dupuy 2014] Tumor

Healthy tissue

Blood 
vessel
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Application: Cancer Treatment
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Application: Cancer Treatment

Motivation: Thermal Ablation Treatment Planning

• Thermal Ablation: destroy target tissue by 
increasing temperature above threshold. 
 [Chu and Dupuy 2014] 

• Treatment Planning: 
– Determine placement parameters for 
ablation probes. 
– Determine device power settings. 

Tumor

Healthy tissue

Blood 
vessel

p
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Application: Cancer Treatment

Motivation: Thermal Ablation Treatment Planning

• Thermal Ablation: destroy target tissue by 
increasing temperature above threshold. 
 [Chu and Dupuy 2014] 

• Treatment Planning: 
– Determine placement parameters for 
ablation probes. 
– Determine device power settings. 

Bioheat Equation [Pennes 1948] 

Heat Diffusion in living tissue following the Pennes Bioheat model
�k�T + ⇢Cw(T � Tcore) = Q, in ⌦

kr⌫T + h(T � Tcore) = 0 on �

Tumor

Healthy tissue

Blood 
vessel

p
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Application: Cancer Treatment

Motivation: Thermal Ablation Treatment Planning

• Thermal Ablation: destroy target tissue by 
increasing temperature above threshold. 
 [Chu and Dupuy 2014] 

• Treatment Planning: 
– Determine placement parameters for 
ablation probes. 
– Determine device power settings. 

Bioheat Equation [Pennes 1948] 

Non-dimensional Bioheat Equation
�k�y + cy = u, in ⌦

kr⌫y + hy = 0 on �

Tumor

Healthy tissue

Blood 
vessel

p
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Application: Cancer Treatment

Part I: Optimal Heat Source

min
u2Uad

Jheat(y, u;µ) :=
3X

i=1

�i

2
ky � ydk2L2(⌦i)

+
�

2
kuk2L2(⌦)
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Application: Cancer Treatment

Part II: Optimize Placement and Power

min
(p,P )

Jplac(p, P ) :=
1

2
kQG(x; p, P )� u⇤(x)k2L2(⌦).
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Application: Cancer Treatment

Part III: Power Control

min
P�0

Jpower(P1, · · · , PnP ) :=
3X

i=1

�i

2

��y � yd
��2
L2(⌦i)
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Application: Cancer Treatment

Part III: Power Control

min
P�0

Jpower(P1, · · · , PnP ) :=
3X

i=1

�i

2

��y � yd
��2
L2(⌦i)



Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

218

Application: Cancer Treatment

The RB Method for Real-Time Updates:

• Adjust regularization weights 

• Adjust models with patient specific parameters 

• Update solution w.r.t. geometric parameters 

– shifted tumor location 

– power control w.r.t. final probe placement
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Application: Cancer Treatment

Problem Set Up

Bioheat Equation: 
Heat Diffusion in living tissue following the Pennes 
Bioheat model [Pennes 1948], [Davidson and Sherar 2003]

Domain and mesh were created using Gmsh 
[Geuzaine and Remacle 2009]

�k�y + cy = u, in ⌦(l )

kr⌫y + Bi(y � ycool) = 0 on �C

y = 0, on �D
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Application: Cancer Treatment

Problem Set Up

Bioheat Equation: 
Heat Diffusion in living tissue following the Pennes 
Bioheat model [Pennes 1948], [Davidson and Sherar 2003]

Domain and mesh were created using Gmsh 
[Geuzaine and Remacle 2009]

�k�y + cy = u, in ⌦(l )

kr⌫y + Bi(y � ycool) = 0 on �C

y = 0, on �D

Parametrization: 
• Blood perfusion rate 
• Distance from urethra 
• cooling temperature

c

l

ycool



Introduction to Reduced Basis Methods: Theory and Applications  |   
K. Veroy-Grepl  |  44th Woudschoten Conference  |  Zeist, NL  |  9-11 October 2019

221

Application: Cancer Treatment

Optimal Control Problem

For any            solveµ 2 D

min
y2Y,u2U

Jheat(y, u;µ) =
1

2
|y � yd|2D(µ) +

�

2
kuk2U(µ)

Optimal Heat Optimal Temperatureu⇤
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y⇤
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Application: Cancer Treatment

Optimal Control Problem

For any            solveµ 2 D

min
y2Y,u2U

Jheat(y, u;µ) =
1

2
|y � yd|2D(µ) +

�

2
kuk2U(µ)

Optimal Heat u⇤
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Optimal Temperature y⇤
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Application: Cancer Treatment

Error and Bounds 
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[T. et al. 2018]
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Application: Cancer Treatment

Motivation: Non-Affine Problems

Can we update the device power control in real time for different ablation 
probe placements?
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Application: Cancer Treatment

Motivation: Non-Affine Problems

Can we update the device power control in real time for different ablation 
probe placements?
For any          µ 2 D

min
y2Y,P2RnP

Jpower(y, P ;µ) :=
1

2

��y � yd
��2
D

+
�

2

��P � Pd

��2
2
,
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Application: Cancer Treatment

Motivation: Non-Affine Problems

Can we update the device power control in real time for different ablation 
probe placements?
For any          µ 2 D

min
y2Y,P2RnP

Jpower(y, P ;µ) :=
1

2

��y � yd
��2
D

+
�

2

��P � Pd

��2
2
,

s.t.(y, u) 2 Y ⇥ RnP solves

�k�y + cy =
nPX

i=1

Pi g(x; pi), in ⌦

kr⌫y + hy = 0, on �
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Application: Cancer Treatment

EIM 

227

[Barrault, Maday, Nguyen, Patera 2004]
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Application: Cancer Treatment

Relative Errors and Error Estimates

EIM tol M FE time RB time
1e� 6 256 1.1 s 0.1� 10 ms
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Outlook and Conclusions

Overview:

• Introduction to treatment planning problems. 
• Discussed an algorithm for thermal treatment planning. 
• Motivated the need for real-time responsive simulations. 
• Applied the reduced basis method and reviewed test cases.
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Outlook and Conclusions

Overview:

• Introduction to treatment planning problems. 
• Discussed an algorithm for thermal treatment planning. 
• Motivated the need for real-time responsive simulations. 
• Applied the reduced basis method and reviewed test cases.

• Apply our work to model reduction for time dependent power control.

Ongoing Work:
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Outlook and Conclusions
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Questions or comments? 
E-mail: veroy@aices.rwth-aachen.de 


