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Motivation - A Geosciences Example

Groundwater flow

Groundwater Flow:
e Groundwater management
* Contaminant transport
Goal:
e Predict hydraulic head
ST GEiaer B « Predict pollutant concentration

Aquifer

Source: Environment and Climate Canada
https://www.ec.gc.ca/eau-water

Given:

Aquifers and wells

e Parametrized PDE-model

Issues:
e Parameters unknown | Gonmring aye
. (Impor:?éable) Un;;:;ged
* Model, but possibly erroneous Confined aquifer Water table well

Boundary or initial conditions uncertain

Measurements, possibly noisy

Source: Environment and Climate Canada
https://www.ec.gc.ca/eau-water
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Objective

Problem: For i € D compute s(u) = f(y(u); u) where

a(y(p),vip) = f(vsp),  Vovey PDE

in multi-query, real-time, or slim computing settings.
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Objective

output of interest parameter

||
Problem: For i € D compute s(u) = £(y(u); i) where

output functional | L state variable, y(x; 1)

a(y(p),vip) = f(vsp),  Vovey PDE

in multi-query, real-time, or slim computing settings.
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Objective

output of interest || parameter

Problem: For i € D compute s(u) = f(y(u); u) where

output functional | state variable, y(x; 1)

a(y(p),vip) = f(vsp),  Vovey PDE

in multi-query, real-time, or slim computing settings.

Goal: Compute approximations

y(u) = yn(p)  s(p) = sn(p) == flyn(p);p)

that are (certifiably) accurate and (online-) inexpensive.
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The Reduced Basis Method

A
y(u),p €D
>
HIGH-DIMENSIONAL
FE SPACE
a(y(p),vsp) = f(v;p), forallve Y, peD
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The Reduced Basis Method

A
SNAPSHOTS
y(pi)
=
HIGH-DIMENSIONAL
FE SPACE
yN c= Span{ y(lLLZ)7 L= 17"'7N }
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The Reduced Basis Method

A
EXACT SOLUTION
y(p)
SNAPSHOTS
y(ki)
>
HIGH-DIMENSIONAL
FE SPACE
a(y(p),v; ) = f(v;p), forallve ).
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The Reduced Basis Method

EXACT SOLUTION

y(1)

SNAPSHOTS

y(pi) :

yN(M)
(1) APPROXIMATION

HIGH-DIMENSIONAL
FE SPACE

a(yn (1), v; ) = f(v;p), for all v € Y.
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The Reduced Basis Method

EXACT SOLUTION

y(1)

-
-
—
-
—
-
-
—
-
-
—
-
- -
—
-
-—
-
-—
-
-
-—
—
-
-—
-

SNAPSHOTS o
y(ﬂz‘) yN(M)

(2) ERROR BOUND
An(p)

HIGH-DIMENSIONAL

FE SPACE
ly(p) —yn(p)lly < An(p).
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The Reduced Basis Method

EXACT SOLUTION

y(1)

= -
-
-
-
-
-—
—
-
-
-
-
-
-
-
-

SNAPSHOTS
y(ﬂz‘)

(2) ERROR BOUND
An(p)

HIGH-DIMENSIONAL

FE SPACE
(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPQOSITION
Q
awoip) = S 0 a%(wv), Ve
g=1 N—— N——

- DEPENDENT Iu- INDEPENDENT

COEFFICIENTS BILINEAR FORMS
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The Reduced Basis Method

EXACT SOLUTION

y(1)

-
-
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-
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-
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-
—
-
- -
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-
-—
-
-—
-
-
-—
—
-
-—
-

SNAPSHOTS
y(ﬂz‘)

(2) ERROR BOUND
An(p)

HIGH-DIMENSIONAL

FE SPACE
(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPQOSITION
(4) GREEDY ALGORITHM
B An(p)
[LN11 = arg max
neD |lyn(p)lly
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The Reduced Basis Method

EXACT SOLUTION
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(2) ERROR BOUND
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The Reduced Basis Method

The reduced basis method seeks to provide, for any p € D

accurate yn(p) = y(n) (1) APPROXIMATION

reliable ly(p) —yn(w)lly = An()  (2) ERR ESTIMATION

efficient surrogates cost (Q®, N*)  (3) OFFLINE / ONLINE
small N (4) GREEDY ALGORITHM

to solutions of parametrized PDEs
for the many-query, real-time,

and slim-computing contexts.

Original papers: [Prud’homme, et al., 2002], [Maday, et al., 2002], ...
Books: [Hesthaven, Rozza & Stamm, 2015], [Quarteroni, Manzoni & Negri, 2015]
Other MOR Methods: [Schilders, Van der Vorst, Rommes, 2008] [Benner, Ohlberger, Cohen & Willcox, 2017]
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Simplest Case

Strong Form B o G

2,14.™
0 3,15
4,16
5,17
50000 '
Z(m) 6,18
7,19
-100000 g’ 50
5.7e+6 9,21-™
5.6e+6 10, 20/™

1, 23™

Find y such that

2 . 3
P D E - l{v y — f 11 Q C R X @oooo 5.40%6y (m)
“5.2e46 e
L Upper Rhine Graben (Germany)
BC y — O on FN Courtesy of Prof. Scheck-Wenderoth, GFZ Postdam.

Ko ‘= 1 in QO
where k = _ .

R'L ]‘n Q'L? Z — ]‘7 AR P Unconfined aquifer

Granite K =107
p Source: Physical Geology (Ch. 14) by S. Earle
Let the parameter p := {k1,...,kp} € DCR (Licence: CC-BY-4.0)
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Simplest Case

Weak Form

For u € D, find ¥y = y(i) € Y such that

P
Z/ k;Vy-VodQ = /de, Vove,
i=0 V{2 L

and compute s(u) = / y(p) dS2 .
Q
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Simplest Case

Weak Form

For u € D, find ¥y = y(i) € Y such that

P
z:/imVyWMdQ :Q/vdﬁ Vove,
i=0 V{2 L

and compute s(u) = / y(p) dS2 .
Q

Abstract Form

For 4 € D, find y = y(u) € YV such that

a(y(p),vsu) = flvsp), Vved,

and compute s(p) = f(y(u); ) where ¢ = f.

23 Introduction to Reduced Basis Methods: Theory and Applications | n Aachen Institute for

K. Veroy-Grepl | 44th Woudschoten Conference | Zeist, NL | 9-11 October 2019

Advanced Study in

@ S Computational
Engineering Science



Simplest Case

Weak Form

For u € D, find ¥y = y(i) € Y such that

P
z:/imVyWMdQ :Q/vdﬁ Vove,
i=0 V{2 L

and compute s(u) = / y(p) dS2 .
Q

Abstract Form

For 4 € D, find y = y(u) € YV such that Simplest Case:
* alis coercive
a(y(p),v;p) = f(vsp), Yved, * compliant, £ = f
* linear

and compute s(p) = £(y(u); n) where £ = f. * time-independent.
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Simplest Case

General Form

Find y(1) € YV s.t.

a(y(p),vip) = f(v;p)
Yvel.

Matrix Form

Find y(p) € RV st

A(pw)y(p) = f(p),
where A € RVY | FeRV.
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Simplest Case

Find y(1) € YV s.t.

General Form

a(y(p),vip) = f(v;p)
Yvel.

Matrix Form

Find y(p) € RV st

A(pw)y(p) = f(p),
where A € RVY | FeRV.

Questions:

How can we compute the approximation?

How do we know the error is small?

How do we know what value of NV to take?

EXACT SOLUTION
y(1)

SNAPSHOTS

y () ®ynln)

(1) APPROXIMATION

HIGH-DIMENSIONAL
FE SPACE

How do we compute the approximations efficiently?

How do we choose the sample points optimally?
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Simplest Case

General Form
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Yvel.
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Matrix Form
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EXACT SOLUTION
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FE SPACE
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Simplest Case

General Form

Find y(1) € YV s.t.

a(y(p),vip) = f(v;p)
Yvel.

Matrix Form

Find y(p) € RV st

A(pw)y(p) = f(p),
where A € RVY | FeRV.
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Simplest Case

General Form

Findyn (1) € YN s.t.
a(yn(p),vsp) = f(v;p)

VveYn.

Matrix Form

Find yn(p) € RVs.t.

An(p)yn(p) = fn(p),
where Ay € RNXN, fn € RY.
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Simplest Case

General Form Matrix Form
Find yn (1) € Vn s.t. Find yn (1) € RVsit.
a(yn (p),vip) = fv;p) An(p)yn(p) = fn(p),
VoveYn. where Ay € RY*Y fy e RY.

Let yn(p) € Vv, In = span{ y(p1),...,y(un) } = span{ p1,..., N |

VO TV

shapshots orthogonal basis
N
yn() = > (YN)i @i
1=1
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Simplest Case

General Form

Find y(1) € YV s.t.

a(y(p),vip) = f(v;p)
Yvel.

Matrix Form

Find y(p) € RV st

A(pw)y(p) = f(p),
where A € RVY | FeRV.
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Simplest Case

Problem: Find y(p) € RY st vTA(Wy(p) = o7 f(p), Vo e RV.
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Simplest Case

Problem: Find y(p) € RY st vTA(Wy(p) = o7 f(p), Vo e RV.

Let yn(p) €span{ @;,....,on }, and Wn = [@;,.... 0N ]

N
yn() = > (yw)ilw) ¢ = Wnyn
v i—_ T
approximation coefficients snapshots/
toy(w) basis functions
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Simplest Case

Problem: Find y(p) € RY st vTA(Wy(p) = o7 f(p), Vo e RV.

Let yn(p) €span{ @;,....,on }, and Wn = [@;,.... 0N ]

N
yn() = > (yw)ilw) ¢ = Wnyn
v i—_ T
approximation coefficients snapshots/
toy(w) basis functions

Similarly, let vy = Wnvn.
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Simplest Case

Problem: Find y(p) € RY st vTA(Wy(p) = o7 f(p), Vo e RV.

Let yn(p) €span{ @;,....,on }, and Wn = [@;,.... 0N ]

N
yn(p) = > (yn)ilw) @ = WnynN
N—— pat —_———— =
approximation coefficients snapshots/
toy(w) basis functions
Similarly, let vy = Wnvn.

Find y (1) € colsp Wy such that

vy A(p)yy(p) = v f(p), Y on € colsp Wy
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Simplest Case

Problem: Find y(p) € RY st vTA(Wy(p) = o7 f(p), Vo e RV.

Let yn(p) €span{ @;,....,on }, and Wn = [@;,.... 0N ]

N
yn(p) = > (yn)ilw) @ = WnynN
N—— pat —_———— =
approximation coefficients snapshots/
toy(w) basis functions
Similarly, let vy = Wnvn.

Find y (1) € colsp Wy such that

vy A(p)yy(p) = v f(p), Y on € colsp Wy

= (Wnrvy)" A Wryn(p) = Wnavn)' f(p), Yvye RY
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Simplest Case
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Simplest Case

38 Introduction to Reduced Basis Methods: Theory and Applications | Aachen Institute f
K. Veroy-Grepl | 44th Woudschoten Conference | Zeist, NL | 9-11 October 2019 n Aﬂﬁaﬁﬂe,'}ss{u‘f,fi,ﬁ” R“TH

E Computational
Engineering Science



Simplest Case

coefficients in expansion
in terms of the basis
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Simplest Case

General Form

Findyn (1) € YN s.t.

a(yn(p),vsp) = f(v;p)

VveYn.

Questions:

How can we compute the approximation?

How do we know the error is small?

Matrix Form

Find yn (1) € RVs.t.

An(p)yn(p) = fn(p),
where A N € RNXN, fn € RY.

EXACT SOLUTION
y(1)

SNAPSHOTS

y(pi) ® yn(p)

(1) APPROXIMATION

How do we know what value of /V to take? HIGH-DIMENSIONAL

FE SPACE

How do we compute the approximations efficiently?

How do we choose the sample points optimally?
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Simplest Case

Problem: Find y(u) € YV s.t. a(y(w),v;n) = f(o;u), Yo e .

(Lax-Milgram) Let ) be a Hilbert space, and for all u € D, assume

- a(-,-; 1) is continuous and coercive,

a(v,w; p
Ya(pt) := sup sup ( )

< 00,
vey wey [vl[yllwlly

a(v, v; p)

aq(p) := inf s >0,
vey  |jvl]5,
* f is bounded, f(v)
| flly7 := sup < 00.
vey |lvly
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Simplest Case

Problem: Find y(u) € YV s.t. a(y(w),v;n) = f(o;u), Yo e .

(Lax-Milgram) Let ) be a Hilbert space, and for all u € D, assume

- a(-,-; 1) is continuous and coercive,

a(v,w; p
Ya(pt) := sup sup ( )

< 00,
vey wey [vl[yllwlly

o a(v,v; p)
() = inf >0,
vey  ||vl[3
 f is bounded, f(v
1l = sup 2 < o
vey [vlly

Then there exists a unique solution y(u) satisfying

aa (1)
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Simplest Case

Consider the following

a(y(p),vip) = flosp), Vovel, FE problem

a(yn(p),vip) = f(o;pu), Vv €Yny.  RBapproximation
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Simplest Case

Consider the following
a(y(p),vsp) = f(usp), Vove), FE problem
a(yn(p),vip) = flo;pu), VoveIn. RB approximation
Define the error ex (1) = y(u) — yn (1) and the residual
r(viyn(p)ip) = flosp) —alyn (), v;p)
= a(y(p),v; p) — a(yn (), v; p)
= a(y(n) — yn (), v; )

= a(en(p),v; 1), Voved.
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Simplest Case

From the error-residual equation

alen(p),v;p) = r(v;yn(p), 1)

45
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Simplest Case

From the error-residual equation
alen(p),v;p) = r(v;yn(p), 1)

and the Lax-Milgram Theorem, we have that

IrCsyn (1), Wy

Y
len (w)]ly <
(1)
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Simplest Case

From the error-residual equation
alen(p),v;p) = r(v;yn(p), 1)

and the Lax-Milgram Theorem, we have that

(5 yn (1), 1) |y
O‘a(:u) .

len(p)lly <

Assume we have a computable lower bound o= (1) < agq(p), ¥V pu € D.

17 (5 yn () ||y

Then  [len(p)lly < An(n) = &l ERR BOUND
g ()
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Simplest Case

General Form

Findyn (1) € YN s.t.

a(yn(p),vsp) = f(v;p)

VveYn.

Questions:

How can we compute the approximation?
How do we know the error is small?

How do we know what value of N to take?

Matrix Form

Find yn (1) € RVs.t.

An(p)yn(p) = fn(p),
where A N € RNXN, fn € RY.

EXACT SOLUTION
y(1)

SNAPSHOTS

y () ®ynln)

(1) APPROXIMATION

HIGH-DIMENSIONAL
FE SPACE

How do we compute the approximations efficiently?

How do we choose the sample points optimally?
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Simplest Case

We have A n(u) yn(p) = fa(p) where

An(p) = WRA(W) Wy and fx(p) = WEF()
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Simplest Case

We have A n(u) yn(p) = fa(p) where
An(n) = WRA() Wy and fn(p) = Wi f(u)

Assume that Ax () and f(u) are affine in the parameter, i.e.

N~

-dependent  Li-independent
coefficients matrices

Qy
An(p) = ) biln) AL and fy(n) = > 04w fY
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Simplest Case

We have A n(u) yn(p) = fa(p) where
An(n) = WRA() Wy and fn(p) = Wi f(u)

Assume that Ax () and f(u) are affine in the parameter, i.e.

Qy
An(p) = Y biln) AL and fy(n) = > 0% £

N~

-dependent  Li-independent
coefficients matrices

For our Poisson example b

a(w,v;pu) = E Kq / Vw - Vo df2
q:O Qq
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Simplest Case

We have A n(u) yn(p) = fa(p) where
An(n) = WRA() Wy and () = Wi f(p)

Assume that A(p) and f(u) are affine in the parameter, i.e.

Qy
Ap) =32 08 AL e f(u) = >0 0 £

-dependent  Li-independent
coefficients matrices

For our Poisson example b

a(w,v; ) = g Kq / Vw - Vo df2
g -~ J q:O N~ J Qq J
P TV
A = % T A
v A(p) w = (1) v A" w
q=0
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Simplest Case

We thus obtain:

0,
Ay () = WID 0d(n) AT )W,
q=1
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Simplest Case

We thus obtain:

0, Qa Qa
A = W [S02(0 a0 ) w, = 3 6e () (wNTAq WN) = Y 01(u) AT

J/

M -independent
matrices of size N x N
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Simplest Case

We thus obtain:

0, Qqa Qa
A = W [S02(0 40 ), = 3 6eu) (WNTAQ WN) = Y 01(u) AL
q=1 g=1 ) e g g=1

M -independent
matrices of size N x N

Q
Similarly, f,(u) = Y 0%(u) WIF9) = > 0% ()f?

q=1
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Simplest Case

We thus obtain:

0. Q. Q.
Ay () = W, (Z%(u) Aq) W, =) 0 (]/Vqu WNJ) = ) 0%(u) AL

M -independent
matrices of size N x N

Q
Similarly, f,(u) = Y 0%(u) WIF9) = > 0% ()f?

Offline stage:
« compute snapshot-basis Wn

- compute and store A%, 1
at cost (M*, N°®)

Online stage:

Forany p € D

« assemble An(u), fn(p)

» solve for y (1) at cost (N°®)
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Simplest Case

How can we compute the error bound efficiently?

AN(N) _ HT<'; yN<,LL>7 M)Hy’

Recall
aLB( )
a M
LB
where we assume we have o, (). SCM
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Simplest Case

How can we compute the error bound efficiently?

7 (5 yn (1), 1) |7
Recall A —
v k) agB (1)
where we assume we have a“"(u). SCM
Let [[v]|3 = v Y.
The dual norm of the residual is then y—l

IrCsyn (), I3 = (F () — A(wyn ()" Y () — Ay ()
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Simplest Case

How can we compute the error bound efficiently?

7 (5 yn (1), 1) |7
Recall A —
v k) agB (1)
where we assume we have a“"(u). SCM
Let [[v]|3 = v Y.
The dual norm of the residual is then y—l

IrCiyn (), W13 = (F(p) — Awyn ()" Y7HF ) — Alp)yy ()
= YT -2 Y Ay + (Ayy)T Y T Ay
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Simplest Case

How can we compute the error bound efficiently?

7 (5 yn (1), 1) |7
Recall A —
v k) agB (1)
where we assume we have a“"(u). SCM
Let [[v]|3 = v Y.
The dual norm of the residual is then y—l

IrCsyn (), I3 = (F () — A(wyn ()" Y () — Ay ()
= Y ' f-2f' Yy Ay + (Ayy)T Y T Ayy

(EQ: 1) AW Ny N (1 ) (Zeq )AT Wy (1 ))

which permits a similar offline-online decomposition.
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Simplest Case

General Form

Findyn (1) € YN s.t.

a(yn(p),vsp) = f(v;p)
VveYn.

Questions:

How can we compute the approximation?

How do we know the error is small?

How do we know what value of N to take?

Matrix Form

Find yn (1) € RVs.t.

An(p)yn(p) = fn(p),
where A N € RNXN, fn € RY.

EXACT SOLUTION
y(1)

SNAPSHOTS

y () ®ynln)

(1) APPROXIMATION

HIGH-DIMENSIONAL
FE SPACE

How do we compute the approximations efficiently?

How do we choose the sample points optimally?
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Simplest Case

How can we choose the snapshots optimally?

Greedy algorithm
Given the samples S = {u1, ..., un } and space of snapshots

Yn =span{ y(u;), i=1,..., N }, we want to choose

ly() —yn(w)lly

UN+1 = INaxX
neD  ly(w)lly
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Simplest Case

How can we choose the snapshots optimally?

Greedy algorithm

Given the samples S = {u1, ..., un } and space of snapshots

Yn =span{ y(u;), i=1,..., N }, we want to choose

T ly(r) —yn(Wlly
neD  ly(w)lly

In practice, we choose

AN(,LL) <«—— error bound
UN+1 = Inax
o HER lyn ()]
rainin
samplg L approximation
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(Weak) Greedy Algorithm

Given ), = span{y(u1),y(us2)}, how do we choose (t3?

A, A A
”yHy {3 = argmax 2('“)
neD Jlug(p)|ly
Vs = span{u(u1), u(pz), u(ps)}
1 i3 po
(see, e.g., [VEROY, et al., 2003], [BUFFA, et al. 2012],[BINEV, et al., 2011])
Key points:

« Assumes A (u) is sharp and inexpensive to compute (online)

e Error bounds enable choice of good approximation spaces
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Simplest Case

Algorithm: Offline
Choose training sample D C D and first snapshot parameter ui; € D.

For N =1 to Npyax

Solve a(y(pn),vipn) = f(vipn), Vved.

Compute and store for g, = 1,...,Q
Al = WhAWy, T = (AWNT Y (AT WY)

and other pindependent quantities.

An(p)
Find uny+1 = argmax :
neD |y n(p)lly

Set N=N +1.

end
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Simplest Case

Algorithm: Online

For given u € D:

Assemble A n(u Z 0% (1)AY; and, similarly, fy(u).

Solve An (1) yn(p) = fn ().

Compute o= (1),
Qa /
IrCiyn (), I3 = oo+ > v () T ya(n).
q,q’
IrCsyn (1), Wy
and AN(/L) =
ag® (1)
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Simplest Case

What about the output of interest?

Keep s(p) = fly(p))

Then SN(,u)

flyn () = yn() f

= yn(p) Wi f)
—— ——

online offline

One can show that

7 (5 yn (i); 1) |13
ag®(p) |

which also permits an offline-online decomposition.

s(p) — sn(p) <
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The Reduced Basis Method

EXACT SOLUTION

y(1)

-
-
—
-
—
-
-
—
-
-
—
-
- -
—
-
-—
-
-—
-
-
-—
—
-
-—
-

SNAPSHOTS
y(ﬂz‘)

(2) ERROR BOUND
An(p)

HIGH-DIMENSIONAL

FE SPACE
(3) OFFLINE-ONLINE COMPUTATIONAL DECOMPQOSITION
(4) GREEDY ALGORITHM
o E‘rv"ﬁr%?'%?é‘;ﬁeiﬁfﬁ Hoodechaton Confaeary qd£eﬁggfcﬁﬁorsg-l11 October 2019 Al 1] Advanced Study i R\WNTH
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Simplest Case

Problem: Compute s(u) = £(y(u); ) where
a(u(p),vip) = f(osp),

where  f is a bounded linear form, ¢ = f.

Yove

a IS a coercive, continuous bilinear form.

a, f are affinein .

What about more complex cases?

Y,
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Introduction to the RB Method

Simplest Case (Coercive, Compliant, Elliptic, Affine)

* Non-compliant
e Parabolic
* Non-coercive
e Saddle Point
 Non-affine / Non-linear
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Noncompliant Case

Problem: Compute s(i) = ¢(y(u); 1) where
a(y(p),vip) = flosp),  Voel

with £ # f.
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Noncompliant Case

Problem: Compute s(i) = £(y(1): 1) where
a(y(p),vip) = flosp),  Vved
with £ = f.
One can show that
[s(u) = sn ()| = [€(y(r) —yn(p); 1))

< 1C5 )|y [y () — yn () ||y

< [2C5 )|y An (1)

72 Introduction to Reduced Basis Methods: Theory and Applications | Aachen Institute f
K. Veroy-Grepl | 44th Woudschoten Conference | Zeist, NL | 9-11 October 2019 Al Advanced Study In RWNTH

@ S Computational
Engineering Science



Noncompliant Case

One can also show that

1
agB (1)

[s(p) — s (p)| < 7P sy (1), ) Ly 1 s o (), ) [l

where rP' is the primal residual (as before), and the dual residual is
r (o) = —L(v;p) —a(v,on(p);p)  Yoe.
Here, ¥y (1) € Y& approximates (p) € Y where

a(v, p(p);ip) = —lv;p), VYved.
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Parabolic Case

Problem: Given u € D, evaluate

sty ) = L(y(x, t;p);p)

where Y(Z,; (1) satisfies Yt = y(x,tk;u)

k. k—1
m<y A’z ,v;u> +a(y,v;p) = f(o;p)g(t")

A
Assume that m and a are
. Nk, .
N (8% ) Y™ (%5 par) « symmetric
k=0
N (k. .
Y (855 ) . continuous
e coercive
XN
L — K bilinear forms for all n € D
i E"V"Sr%‘;“‘é?éﬁﬁeiﬁfﬁ Hoodechaton Confaeary qd£eﬁ§:fcﬁﬁorsg-l11 October 2019 Al 1] Advanced Study i R\WNTH
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Parabolic Case

Foragiven u € D , let
Pr = PODy({y*(n),1 <k <K}, R)

represent the R largest POD modes with respect to the )-inner product, s.t.

1
K 2
Pr = inf 1 inf k 2
R = argin z inf ly”® (1) — vl|3
YrCspan{yF, k=1...K} 1 veEXR
A
N (pk
N (k. . th:
y (t ,I,L2) yk ( 7l'l’M)
=0
N (k.
Yy (t 7.“1)
X./\/'
k=K
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Parabolic Case

Foragiven u € D , let
Pr = PODy({y*(n),1 <k <K}, R)

represent the R largest POD modes with respect to the )-inner product, s.t.

1

K 2
. ]. o k 2
Pr = arginf z g inf ||y"(n) —v||y
YrCspan{y*, k=1...K} — veEXR
A
Nk « Compute an SVDy,.
yN(t"“y) -y (T pm)
y 2
Aok k=0  Choose largest mode(s).
Yy (%5 p)
 In practice, we do POD on the error
XN instead of directly on the data.
k=K
* K. Veroy-repl | 44th Woudschoten Conference | 2ot NL | 9-11 october 2019 [V} tectennemueer | IRNNFTTH]
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Noncoercive Problems

Problem: Find y(¢t) € YV such that

a(y(p),vip) = flvip), Vved.
Assume that

B(u) = inf sup alw, v; ) > o > 0.
weyY ey HwHyHUHy
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Noncoercive Problems

Problem: Find y(¢t) € YV such that

a(y(p),vip) = flojp), Yved.

Assume that

, a(w, v; 1)
B(p) = inf sup
weyY ey HwHvaHy

RB Approximation: Find yn(¢t) € VN such that

> Bo > 0.

a(yn(p),vsp) = flosp), Vo€ Yn.

|s the RB Problem well-posed?
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Noncoercive Problems

Problem: Find y € )/; such that

a(y,v) = f(v) Vvels
where a : Vi X Vo — R is a continuous bilinear form

f: Yo — R is a continuous linear functional.
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Noncoercive Problems

Problem: Find y € )/; such that
a(y,v) = f(v) Vvels
where a : Y X Yo — R is a continuous bilinear form
f: Yo — R is a continuous linear functional.

Banach-Necas-Babuska Thm: The problem is well-posed if and only if:

: a(w,v
3 5, > 0 such that inf sup (w,v) > 3, (BNB1)
weV1 yeYs HwHyleHyQ KGT{A}:O
Vove a(w,v) =0, Ywe = (v =0). (BNB2)
y2 ( ( y ) 9 yl) ( ) Ker{AT}:O
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Noncoercive Problems

Problem: Find y € )/; such that
a(y,v) = f(v) Vvels
where a : Y X Yo — R is a continuous bilinear form
f: Yo — R is a continuous linear functional.

Banach-Necas-Babuska Thm: The problem is well-posed if and only if:

: a(w,v) BNB1)

3 5, > 0 such that inf sup > 3 (

Po wevs ooy Twllyllollys = 7 Ker{A} — 0
Voeds (a(w,v)=0, Ywe)= (v=0). K;fg‘fﬁ}?zo

Moreover,
1
lylly, < EHnyg Vfeds.
g Invoduction o Reduced Basis Methods: Theary ana ppplcatons || overz0te [ tzenvsiew | RNNTTH
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Noncoercive Problems

Recall that

o = infM: min

vl Av

vey [, veRN vTY v

In other words « is the minimum eigenvalue of

Ap = AV p.

How can we interpret the inf-sup constant 37
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Noncoercive Problems

Riesz Representation Theorem

Let )V be a Hilbert space, and f € ). Then there exists a

unique element p € ) such that

flw) = (v,p)y Vvel.

Furthermore

fv)

Iflly = sup oy [y
vey ||V]|Y
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Noncoercive Problems

Riesz Representation Theorem

Let )V be a Hilbert space, and f € ). Then there exists a
unique element p € ) such that

flw) = (v,p)y Vvel.

Furthermore

1y = sup 1Y

vey [y

= llplly.

Forgiven w € )V, let f(v) = a(w,v) ...
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Noncoercive Problems

If a is continuous, then for a givenw € )/,

e a(w,-) €Y,

- there exists a unique element 7, € V s.t.

(,rwv U)y — CL(’LU, U)a

 where

Tw = arg sup

Vv e ),

a(w,v)

vey [lvlly
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Noncoercive Problems

If a is continuous, then for a givenw € )/,

° a(w7 ) ~ yla

- there exists a unique element 7, € V s.t.
(7207?})37 — a(w,v), Vv e,

* where

a(w,v)

Tw = arg sup
vey HUHy

In matrix form, Y7 = Awor T, = YV ' Aw.
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Noncoercive Problems

Recall that
- a(w,v; p)
B(n) = int sup
weY ey [|wllyllv]y
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Noncoercive Problems

Recall that
1 .
B(pn) = inf sup alw, v w) inf (Sup a(w,v,,u))
weyoey Twllyloly ~ wey wly \vey  [vfly
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Noncoercive Problems

Recall that
B(p) = inf sup alw, viw) inf (Sup a(w,v,,u))
wey ey [[wyllvlly  wey |lwlly \vey vy
weY [|[w||y[|Twlly
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Noncoercive Problems

Recall that
B(n) = inf sup aw, v w) inf (SUP a(w,v,,u))
weY ooy |wllyllvlly — wey |wlly \vey |v]ly
_ g 0w Twsp) [ Twlly
weY |w|y||Tw|ly lwlly
0 o o cnctas oo o i ocobor 010 [ tarnaenr | RNNTTH

E Computational
Engineering Science



Noncoercive Problems

Recall that

B(pn) = inf sup inf sup
weY ooy |wllyllvlly — wey |wlly \vey |v]ly

i) _ g Ly sl

Tw; T’UJ
_ g dw Tip) [ Tully
wed |wl|y[Twlly — [wlly

In matrix form,

/82(,“) — 1nin wTA(:u)Ty_ A(:u)w

wERN w! Yw
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Noncoercive Problems

Recall that
B(u) = inf sup alw, iw) g (SUP a(w,v,u))
weY ooy |wllyllvlly — wey |wlly \vey |v]ly
Tw; Tw
_ g dw Tip) [ Tully
wed [|w||y||Twl|y |lwlly
In matrix form,
TA T —1A
o) = mmin LAWY Aluw

wERN w! Yw

In other words, 32 (1) is the minimum eigenvalue of

Ap)' Y Ap)e = AV
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Noncoercive Problems

Problem: Find y(¢t) € YV such that

a(y(p),vip) = flojp), Yved.

Assume that

, a(w, v; 1)
B(p) = inf sup
weyY ey HwHvaHy

RB Approximation: Find yn(¢t) € VN such that

> Bo > 0.

a(yn(p),vsp) = flosp), Vo€ Yn.

|s the RB Problem well-posed?
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Noncoercive Problems

One can show that for

Yn = spanq y(p),- -, y(un) },
Vi = span{ T,y(pn), n=1,...,N },

where
(Tuy(pn),v)y = ay(pn), v, 1), Yo e,
then the following reduced basis problem:
Find yn (1) € YN such that

a(yn(p),vsp) = f(osp), YoveVy,

is well-posed with Bn (1) > B(u) .
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Saddle Point Problems

Problem Structure

Ay = f VS.

= >
oy
3
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Saddle Point Problems

RB Approximation

Find (yn,An) € Vv X Zn such that (1)
a(yn,v) + bv,Ax) = [f(v) Voveln
b(yn, q) = 4(q) Vg€ 2N

Issues:

* Well-posedness of the approximate problem

 Efficiently computable bounds for the errors

ly —ynlly and [[A=An]z

[BREZZI], [ROVAS, 2003], [ROZZA & VEROY, 2007], [GERNER & VEROY, 2012]
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Saddle Point: Approximation

The spaces YV, Zn constitute a stable pair if for all © € D

B
By (p) := inf sup B(p)v: q) >0 [BREZZI]

I€EZN yeYN ||U||37||QHZ

For any q € Zn, YN must contain “supremizing” functions.

97 Introduction to Reduced Basis Methods: Theory and Applications | Aachen Institute f
K. Veroy-Grepl | 44th Woudschoten Conference | Zeist, NL | 9-11 October 2019 Al Advanced Study In RWNTH

@ Computational
Engineering Science



Saddle Point: Approximation

The spaces YV, Zn constitute a stable pair if for all © € D

B
() = inf sup SDUI0A) g
4EZN veYN ||U||37||QHZ

For any q € Zn, YN must contain “supremizing” functions.

Pressure Space:
For u; € D,v=1,...,N,and
Zn = span{\(u;), t =1to N}

[BREZZI]
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Saddle Point: Approximation

The spaces YV, Zn constitute a stable pair if for all © € D

B
By (p) := inf sup B(p)v: q) >0 [BREZZI]

I€EZN yeYN ||U||37||CIHZ

For any q € Zn, YN must contain “supremizing” functions.
Pressure Space:
For u; € D,v=1,...,N,and

Zn = span{\(u;), t =1to N}

Velocity Space:
Option 0: The Naive Choice

Yy = span{y(u;), i =1 to N}
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Saddle Point: Approximation

The spaces YV, Zn constitute a stable pair if for all © € D

B
By (p) := inf sup Bp)v,g) >0 [BREZZI]

I€EZN yeYN ||U||37||C]HZ

For any q € Zn, YN must contain “supremizing” functions.

Pressure Space- Reduced Basis Error vs N

10° | -
' —e—velocity |
For pu; € D, 1 =1,...,N,and 10° L | : —°—pressu¥eA
Zy = span{A(u;), i =1 to N} w0l
10°
Velocity Space: RN
Option 0: The Naive Choice 1072t
yR, = span{y(u;), t=1to N} 107}
107"

0 5 10 15 20 25 30 35 40
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Saddle Point: Approximation

Velocity Space
Fori=1,...,Nandqg=1,...,Q
* Option 1* — provably stable

*[ROVAS, 2003], [ROZZA & VEROY, 2007] T[GERNER & VEROY, 2012]
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Saddle Point: Approximation

Velocity Space
Fori=1,...,Nandqg=1,...,Q
* Option 1* — provably stable
VY = span{ y(ui) , TIN(wi)}
where
B4
Tip = arg sup (B, p)
vevn  vlly
and

Qb
B = 3 63() B

*[ROVAS, 2003], [ROZZA & VEROY, 2007] T[GERNER & VEROY, 2012]
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Saddle Point: Approximation

Velocity Space

Velocity error vs Niotal

10° e
' ‘ +Opt!on1
Fori=1,....Nandg=1,...,Q 1o-1f§i83332§
- Option 1* — provably stable Tog Wi S S S O
Vh=spm{y(u), TAw) } bt
QbSUPREIAIZERS e

10°.

0 50 100 150 200 250 300 350 400 450 500
Pressure error vs Niotal

+Or‘)tion‘1
——Qption 2
-/ ——Option 3

0 50 100 150 200 250 300 350 400 450 500

*[ROVAS, 2003], [ROZZA & VEROY, 2007] T[GERNER & VEROY, 2012]
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Saddle Point: Approximation

Velocity Space . Velocity error vs Niotal
| | = ‘ e }+O;‘)tion‘1
. ——Opti
Fori=1,...,.Nandqg=1,...,Q . Option3
- Option 1* = provably stable Lo B I -
L | . SIS W ]
Yy i=span{ y(u:) ,  TIAwi) } N -
Qp SUPREMIZERS e el
- Option 2 — justifiably stable 0 50 100 150 200 250 300 350 400 450 500
F Pressure error vs Niotal
2 . - T Opton1
Yn =span{ y(p:) » T A(ps) } _ ~Opion
\ -~ _ 10 :+Opt|on:3
SUPREMIZER SNAPSHOTS

0 50 100 150 200 250 300 350 400 450 500

*[ROVAS, 2003], [ROZZA & VEROY, 2007] T[GERNER & VEROY, 2012]
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Saddle Point: Approximation

Velocity Space g Velocity error vs Niotal
T T Option 1
. +O ti 2
For:=1,...,N and g = 1, Cee Qb 107 - - fogt:g:s
- Option 1* — provably stable 5\ W .
1 . _ q . 109 My S B T »
Yy = span{ y(u;) , \T )‘(Mz)J } 14 | | | |
~ ol RE ot o
Qp SUPREMIZERS
« Option o = justifiably stable 0 50 100 150 200 250 300 350 400 450 500
. Pressure error vs Niotal
2 . | | ‘ - e }+Or‘)tion‘1
Yn =span{ y(pi) » T A(ps) } ~~Opion
\ -~ _/ :+Opt|on:&
SUPREMIZER SNAPSHOTS %4+ oy
* Option 3Jr = empirically stable &% \.
3 . / B+ 5 S
yN - Span{y(:ui)a y(:uz) } : f : :
VELOCITY SNAPSHOTS 0 50 100 150 200 250 300 350 400 450 500

*[ROVAS, 2003], [ROZZA & VEROY, 2007] T[GERNER & VEROY, 2012]
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Saddle Point: Error Estimation

1. Treat entire system as a general noncoercive problem
AU ), Vip) =F(Vip), VYV eX,

Let R(V; 1) be the residual, [BANACH-NECAS-BABUSKA]

B IRCsmllar (v
1U () = Un()llx < ) =: AN (p) .-

[VEROY, PRUD’'HOMME, ROVAS & PATERA, 2003]
and, e.g., [ROZZA, HUYNH & MANZONI, 2013]

2. Treat the system as a saddle point problem [BREZZI]
(3P ~ 173 | e
ly —ynllx < ——+ (1 + a‘i‘;) S =AY
[EgalPY A
H)\—)\NHX < ;%B _'_’YEEAJyV — AN

[GERNER & VEROY, 2012]
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Saddle Point: Error Estimation

Pressure Error Bound

- ; 10°
=l /||l _ o
—— AN [ ||N]

—— AB2 / I\|| 1 10°

20 40 60 80 100 120 10

Velocity Error Bound

—=lle¥ll / lyll |
=AY/ yl

—= AP/ ly] |

40 60
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Saddle Point: Error Estimation

Pressure Error Bound Velocity Error Bound
10% ¢ - - - - ; 10 -
RN ==l /1A o —=lle’ll / Iyl |

AW =AM/ | : =AY/ |yl
10 N, = AP /A 10 —— AP/ |ly| |
10" y 107}
107} 107}
107} 10°}
10"} 107}
107} 10°}
10°} 10°}
107 L - - ' ' ' 107 L - - ' ' '
2 20 40 60 80 100 120 2 20 40 60 80 100 120
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Saddle Point: Error Estimation

Pressure Error Bound Velocity Error Bound
10° - - - - ; 10 - -
RN [l / Al | o I —=lle”ll / Iyl |
AW —= AN /|7 N ~= A / ||y
107 P M - AP /|0l | 10" 1 ~= AP y| |
10" “ 107}
107} 107}
107} 10°}
10} 107}
107} 10°}
10°} 10°}
107 L - - ' ' ' 107 L - ' ' ' '
2 20 40 60 80 100 120 2 20 40 60 80 100 120

Key Result:
We provide separate error bounds for yn, An

that depend only on 3% not on 5.
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Non-Affine Problems
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Nonaffine problems

Contaminant Transport

oﬂéw . ) oﬂéw

T ® ® ° ° Qi\/"

xr 1» //

Concentration of pollutant governed by scalar convection-diffusion equation

0
ay(@ w) + U - Vy(t; p) = 6 V3iy((t; p) + g7 (25 1) g(1), y(z,t = 0; )

with source term modeled by

50 — x1—2°)2+(xo—x)2
(@) = 2 e et

)

Goal: Identify source location = parameter u = (k, 7, 5).
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Nonaffine Problems

Contaminant Transport - Truth Problem Statement

Given u €D C IR’ evaluate Vk e K
s(t*; ) = L(y(t"; )
where y(t"; 1) € X satisfies y(t; p) =
y(t%s ) —y(t* )
m( At 7/07 ILL _|_

5 a(y(t*; p) + y(tF 1 w), v p)
= b(v; ) 5 (g(t%) +g(t* 1)), Yo € X,

for b(v; ) = / g7 (23 1) v dQY with g"> nonaffine.
Q

2 2
PS(. N — 90 —50((@1—2)?+(z2—25)?)
g (x;p) =—e :
7
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Nonaffine Problems

Nonaffine Source Term

Evaluation of RB quantities (v=2_C;, 1 <7< Npax):

b(Ciy ) = /Qgps(af;u)@-

_ / e ~50((1 = 12) + (w2 —pa)?) (-
Q

T

requires even in the online stage

O(N'N) operations.

Difficulty:

There is no ( A/ -independent) affine representation of ¢>(z; ).
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Nonlinear Problems

Model Problem:

Given © = (p1,p2) € D =0.01, 10]2, evaluate

k) — k
(1) /Q Yy (1)

where y& (1) €Y, 1 <k < K, satisfies y°(u) =0

Aitm(yﬁf () =y (1) v) + alyy (), v)

—I—/ g (" (1) 2 p) v = b(v) sin(27t), Vv €Y,
Q

er2y"(n) _ 1

M2

with g™ (5" (10); 25 1) = 1

114 Introduction to Reduced Basis Methods: Theory and Applications | Aachen Institute f
K. Veroy-Grepl | 44th Woudschoten Conference | Zeist, NL | 9-11 October 2019 Al Advanced Study In RWNTH

@ S Computational
Engineering Science



Nonlinear Problems

Given u € D evaluate Vk e K
s (1) = (" (n))
where y*(u) € ¥,1 < k < K, satisfies v (1) =0

Ait m(y" (1) —y* (1), v) + aly" (1), vi p)

n / g (" (): 5 1) v = b(o)y(ER), Vo € V.
Y

Note:

- Standard RB-Galerkin recipe suffices for (at most) quadratic
nonlinearities: O(N*) online cost (VPP03, VP05, NVP05]...)

 Higher order or nonpolynomial nonlinearities = LEIM

115 Introduction to Reduced Basis Methods: Theory and Applications | Aachen Institute f
K. Veroy-Grepl | 44th Woudschoten Conference | Zeist, NL | 9-11 October 2019 n Agsaﬁgegss;ul:i;i:r Rw.rH
@ S Computational
Engineering Science



Empirical Interpolation Method

Main Idea

g7 (s ) = gnp () = Y oarm (1) gm(2)

EIM Collateral RB

Recall: b((;;pn) = /QQPS(%M)Q%/QQJP\}S(@U;M)Q

= XﬂiilsoMm(u)/qu(x) Gi

If we can calculate the ©arm (1t) efficiently, we can again follow an offline-online
computational procedure, but
* how do we calculate the ¢,,(x) and the @, (1) ?

* (what is the interpolation error introduced?)

[BARRAULT, MADAY, NGUYEN & PATERA, 2004], [GREPL, MADAY, NGUYEN & PATERA, 2007]

116 Introduction to Reduced Basis Methods: Theory and Applications | Aachen Institute f
K. Veroy-Grepl | 44th Woudschoten Conference | Zeist, NL | 9-11 October 2019 n Aﬂﬁaﬁﬁeﬂss{u‘f,fi,?r Rw.rH

@ Computational
Engineering Science



Empirical Interpolation Method: Example / Demo

We consider the nonaffine function
10 1 ( z—p )2
xT; = 2
g(x; ) o

forx € Q= [0,1]and pu € D =1[0.4,0.6].

4

3t
=
X2
(@]
1+
0
0
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Empirical Interpolation Method: Example / Demo
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Empirical Interpolation Method

Maximum relative error in the field variable

T T T T T T T T T
-1
10 ¢ |
-2
10 " A .
f— r >
(] H S
~ ]
8
3 10 7¢ E
3Z :
W |
7
107* —=— m=38
| —— M =14
| v M =20
| —e— M =26
—— M = 32
1 0_5 I I | i | i | i |
2 4 6 8 10 12 14 16 18 20
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The Reduced Basis Method

Part I: Theoretical Introduction

Motivation

RB for the Simplest Case
Extensions

Part ll: Applications

Data Assimilation and Experimental Design

Cancer Treatment Planning
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PART I
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Overview

Part I: Introduction to the Reduced Basis Method

Motivation

RB for the Simplest Case

Extensions

EIM for Non-Affine and Nonlinear Problems

Part lI: Applications
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Overview

Part I: Introduction to the Reduced Basis Method

Part lI: Applications

Theoretical: State Estimation

Deutsche )
Forschungsgemeinschaft

Generalized EIM and PBDW method OFG
Optimal Control + Data Assimilation (4DVAR)

Data Assimilation (3DVAR) + Sensor Placement

Industrial: Cancer Treatment Planning Cg

MARIE CURIE ACTIONS

m European
Commission

Horizon 2020
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Recall: EIM

Function space interpolation

A set of functions, e.g.
solutions from different models
+~ with different parameters

Approximate the function

p € F
with its interpolation
M Interpolation functions
T — M ~‘./
M ] a;” (¢)g;
=1 N Interpolation coefficients
where the coefficients &;W (o) are chosen such that

Tarlol(zs) = @(x;), i=1,....,.M

Interpolation points Data
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Generalized EIM

Function space interpolation [MADAY & MULA, 2013]
Approximate the function A set of functions, e.g.
solutions from different models
pEF +~ with different parameters
with its interpolation
M - Interpolation functions
~M ~
Iule) =) a5 (0)g;
=1 N Interpolation coefficients
where the coefficients &;W (o) are chosen such that

oi(Imlp)) == oi(yp)

Linear functionals Data, e.g., measurements
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Generalized EIM

State Estimation

Given measurements d; = ai(ytrue), ¢ = 1,..., M, of some unknown state Ytrue,
Assume Ytrue can be expected to be close to a set F' of candidate states.

Approximate Ytrue using

M M
Ytrue %Z&y(SO)CL where d; :Z&;W(QO)O'Z(CL), Vi= 1,,M
i=1 j=1

This corresponds to: Ytrue = Y where

yespan{ ¢; € F, i=1,...,M } suchthat o;(y)=d;, i=1,..., M.

[MADAY & MULA, 2013]

RWTH
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Generalized EIM

Initialization

p1 = arg max ||| Generating function

%)

g1 .= arg rgg}c o (¢1)] First measurement functional

. P1 L . . .

q1 ‘= — = First interpolating basis function

g 1(801)
[MADAY & MULA, 2013]
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Generalized EIM

Iterative Procedure

Suppose {q1,...,4m—1} and {o1,...,00m—1} have been constructed.

Qpf i= arg max ng — Tar—1q [gp] || Function that.is currently
peF worst approximated

oy = argsup |o(Par — Iar—1]))] Next measurement functional
oE

qr = Py — In—1|p) Next interpolation function

o (Par — In—1]p))

[MADAY & MULA, 2013]
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Generalized EIM

Iterative Procedure

Suppose {q1,...,4m—1} and {o1,...,00m—1} have been constructed.

Qpf i= arg max ng — Tar—1q [gp] || Function that.is currently
peF worst approximated

oy = argsup |o(Par — Iar—1]))] Next measurement functional
oE

qr = Py — In—1|p) Next interpolation function

o (Par — In—1]p))

[MADAY & MULA, 2013]
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Parametrized-Background Data-Weak (PBDW) Formulation

[Maday, Patera, Penn & Yano 2014, 2015], [Taddei 2017], [Maday & Taddei 2017(p)],
[Taddei & Patera 2018], [Hammond, Chaqir, Bourquin & Maday 2018(p)]
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Parametrized-Background Data-Weak (PBDW) Formulation

Unlimited-observations PBDW statement

Find yy €Y, 2y € Zn, dy €)Y s.t.

state model data
prediction prior misfit
: 2
(yn» 2N, dy) =arg  inf  [ldy]|
yn €Y
N € ZN
dN cy
Subject to misfit with data prediction of background model

(yw,v) = (\dN,U) + (ZN/,”U) Vv €,

(yn.8) = (¥, ¢) Yo e .

[Maday, Patera, Penn & Yano 2014, 2015], [Taddei 2017], [Maday & Taddei 2019],
[Taddei & Patera 2018], [Hammond, Chaqir, Bourquin & Maday 2019]
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Parametrized-Background Data-Weak (PBDW) Formulation

Limited-observations PBDW statement

Introduce library of observation functionals

L= {tey =t

where (for example) /¢° (v) = Gauss (v;x5,,7m)

Let Ty = span{Ry Efn}M M=1,..., M.

m=1"

™ Riesz representation

where (v, Ry ¢;) = £, (v) Yv e ).

[Maday, Patera, Penn & Yano 2014, 2015], [Taddei 2017], [Maday & Taddei 2017(p)],
[Taddei & Patera 2018], [Hammond, Chaqir, Bourquin & Maday 2018(p)]
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Parametrized-Background Data-Weak (PBDW) Formulation

Unlimited-observations PBDW statement

Find yy €Y, 2y € Zn, dy €)Y s.t.

state model data
prediction prior misfit
: 2
(yn» 2N, dy) =arg  inf  [ldy]|
yn €Y
N € ZN
dN cy
Subject to misfit with data prediction of background model

(yw,v) = (\dN,U) + (ZN/,”U) Vv €,

(yn.8) = (¥, ¢) Yo e .

[Maday, Patera, Penn & Yano 2014, 2015], [Taddei 2017], [Maday & Taddei 2019],
[Taddei & Patera 2018], [Hammond, Chaqir, Bourquin & Maday 2019]
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Parametrized-Background Data-Weak (PBDW) Formulation

Limited-observations PBDW statement

F|nd y}k\/‘,M Ey, ZT\[,M E};z?]\[7 d}k\ﬂM Ey S.t.

state model data
prediction prior misfit
: 2
(y}k\f,Ma ZT\T,M? d}kV,M) — arg inf HdN,MH
YNM € Y
ZN.M € ZN
dn v €Y
Subject to misfit with data prediction of background model

\ /

(yN,Mav):(dN,Mav)—l_(ZN,M)U) \V/’UEy,

(yn,m, @) = (Y™, 0) Vo € T

[Maday, Patera, Penn & Yano 2014, 2015], [Taddei 2017], [Maday & Taddei 2019],
[Taddei & Patera 2018], [Hammond, Chaqir, Bourquin & Maday 2019]
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PBDW Formulation

Limited-observations PBDW

The PBDW approximation error satisfies

Hd}k\,—d}k\,MH < inf inf Hytr“e —z—qH,
’ qGTMﬂZ]{; Z2EZN
* * 1 ; . true
HZN—ZMMH < —— inf inf Hy —z—q|,

BN.M q€TmNZ5: 2€2N

r * 1 . . r
ly ™ = yhml] < (1 + BN—M) etz o2 ly ™ =2 —q],

where the stability constant Sy 5/ is defined by

By = inf sup (Z’—Q)
2€2n qeT |12/l [MPPY14,15], [T17], [MT19]
[TP18], [HCBM19]
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PBDW Formulation

Limited-observations PBDW

The PBDW approximation error satisfies

Hd}k\,—d}k\,MH < inf inf Hytr“e —z—qH,
’ qGTMﬂZ]{; Z2EZN
* * 1 ; . true
HZN—ZMMH < —— inf inf Hy —z—q|,

BN.M q€TmNZ5: 2€2N

r * 1 . . r
ly ™ = yhml] < (1 + BN—M) etz o2 ly ™ =2 —q],

where the stability constant Sy 5/ is defined by

By = inf sup (Z’—Q)
2€2n qeT |12/l [MPPY14,15], [T17], [MT19]
[TP18], [HCBM19]
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PBDW Formulation

Limited-observations PBDW

The PBDW approximation error satisfies

Hd}k\,—d}k\,MH < inf inf Hytr“e —z—qH,
’ qGTMﬂZ]{; Z2EZN
* * 1 ; . true
HZN—ZMMH < —— inf inf Hy —z—q|,

BN.M q€TmNZ5: 2€2N

r * 1 . . r
ly ™ = yhml] < (1 + BN—M) etz o2 ly ™ =2 —q],

where the stability constant Sy 5/ is defined by

By = inf sup (Z’—Q)
2€2n qeT |12/l [MPPY14,15], [T17], [MT19]
[TP18], [HCBM19]
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PBDW Formulation

Limited-observations PBDW statement

Find (y}k\],M ~ y, ZTV,M S ZN, d}kV7M S y)

: 2
(y}kV,Ma Z}kV,Ma d}kV,M) — arg inf HdN,MH
YNM € Y
ZN,.M € ZN
dn v €Y
subject to misfit with data prediction of background model

\ /

(yn m,v) = (dna,v) + (28, m,v) Yo €,
(yn,ms @) = (Y, 0) Vo € Tar.

[Maday, Patera, Penn & Yano 2014, 2015], [Taddei 2017], [Maday & Taddei 2017(p)],
[Taddei & Patera 2018], [Hammond, Chaqir, Bourquin & Maday 2018(p)]
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Optimal Control

with

M. Karcher and M. Grepl
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Optimal Control

Problem Statement

. A 9 L. 2
min J(,0) = Sl = vl + 2l

st a(y,v) = f(v) +b(u,v), Yvey,

Desired state ya(x), x €

Distributed control u(xz), © €€

PDE-constraint state y is governed by a u-PDE
h K Veroy-Grep! | 44 Woudschoten Conference | zoit NL | -1 October 20t [} tecrenmauerr | RNNTTH]
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Optimal Control

Reduced Basis Approximation

A

o T, _ A
min (yn,un) 5

s.t. alyn,v) =blun,v)+ f(v), Vv e Yy,

2 1 2
lyn = yallz2(py + §HUN||U

RB approximation as surrogate Yn, uUnN

Error estimation |u® —uy v < Ay

[T (u®) = J(ug)| < Ay
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Optimal Control

Background

e Scalar Optimal Control
- sharp (POD) error bounds, but requires FE-solves

[TROLTZSCH & VOLKWEIN, 2009]

- online-efficient error estimates
[DEDE, 2010a], [DEDE, 2012]

- online-efficient, error bounds
[GREPL & KARCHER, 2011], [KARCHER & GREPL, 2014]
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Optimal Control

Background: Distributed optimal control
* Perturbation Bound in [KARCHER, 2011]

- based on [TV09], [GK11], [KG14]

- online-efficient, separate error bounds for state, control, and adjoint

|u” —unllo = Ak = —llT(uy —ua) = B'pyllo + —7eAk

%k %k 1
Ip* —pivlly < AR =— (Irpllys + CHAY)
a
*k *k 1
ly* —unlly < ALY = —|ryllv
CMCL

- depends only on @4, Ve, and Cp
-  bound for error in u contains terms which scale as

~ Allryllys
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Optimal Control

Status: Distributed optimal control
* BNB Bound in [NEGRI, ROZZA, MANZONI & QUARTERONI, 2013]

- based on the Banach-Necas-Babuska Theorem
and RB for general non-coercive problems

- consider the entire optimality system

M 0 A Ty ] [ My, ]
0 +D -B' ut | = f
A -B 0 ] Lp" 0
and introduce = = (y,u,p) € Z to obtain
2% = 2iyllz < — rell
Ba

- online-efficient error bounds that depends on (g,

- provides only combined bounds for state, control, adjoint
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Optimal Control

Motivation
e Analyze the optimal control problem as a saddle point problem
e Saddle point results not directly applicable:
- “A-block” is coercive only on kernel of the “B -block”
- online-efficient, rigorous error bounds on (y, u)

e But perhaps we can use some elements of the proof ...
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Optimal Control

* Alternative Bound in [KARCHER, TOKOUTSI, GREPL & VEROY, 2018]

- by direct manipulation of the error residual equations, we obtain

* * )\ C
o =il <5 (Irulle + 20y )

2
Ve
+5 | (Il + 22l )
a 1
8 C?, 5 |2
+ﬁ”¢y“)f’”"“p“y’ + @Hryﬂy/

bounds for error in ¥, P asin perturbation bound
online-efficient, separate error bounds for state, control, and adjoint

depends only on a, V., and Cp

bound for error in u contains terms which scale as

~ VA[rylly
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Data Assimilation

with

S. Boyaval, M. Grepl, and M. Karcher
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Background

(Variational) Data Assimilation

3D-/4D-VAR [Lorenc '81], [Le Dimet '81], [Courtier '85], ...
[Le Dimet & Talagrand '86], ... [Navon et al] ...
+ Kalman Filter, Bayesian Methods [Law & Stuart '15], [Reich '15], ...
MOR + Data Assimilation (+Sensor Placement)
Gappy-POD [Everson & Sirovich '95], [Willcox '06] ...
GEIM [Maday & Mula '13] ...
PGD (+ EIM ) [Nadal, Chinesta, Diez, Fuenmayor & Denia '15] ...
PBDW [Maday, Patera, Penn & Yano ’14, '15], [Taddei '17],

[Maday & Taddei ’19], [Taddei & Patera ’18],
[Hammond, Chagqgir, Bourquin & Maday 18(p)]
OMP ... [Binev, Cohen, Mula & Nichols 18] ...

MOR + Optimal Control

RB + OC [Negri, Rozza, Manzoni, Quarteroni '13],
[Troltzsch & Volkwein '09], [Karcher, Tokoutsi, Grepl & V. '18]
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Data Assimilation

4DVAR

K
S ) A )
minmin Sl —uply  + 5;&!\03/ ~ Ctell
k _ k—1 kE .
st m(y",v) =m(y",v) — At a(y®,vip) + At f(v),
VveY, k=1,... K

Yy’ =u

Solve for 1" and the estimate (u™(1*),y™ (1")).
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Data Assimilation

Reduced Order 4DVAR

K
. . 1 2 )\ L L 2
min min - ofluy —uslly  + ggAt\!OyN—cymuD

st myn,v) =myy ) — At a(yy, v p) + At f(v),
VveYn, k=1,.... K
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Data Assimilation

Reduced Order 4DVAR

K
. . 1 2 A L K 2
i min glley —wle + 52 AU = Oyl
st myn,v) =myy ) — At a(yy, v p) + At f(v),
VveYn, k=1,.... K

0
Yn — UN

Solve for 1#” and the estimate (u™(u*), y* (1*)).
Order Reduction for

* PDE governing model dynamics

e QOptimization space

[Robert, Durbiano, Blayo, Verron, Blum, Le Dimet 2005], [Chen, Navon, Fang 2009],
[Dimitriu, Apreutesei, Stefanescu 2010], [Nadal, Chinesta, Diez, Fuenmayor & Denia '15] ...
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Data Assimilation

4D-Var
Solve

1 2

- _ A+ _
min min o lu(p) = wlly + 5 ; |1CY" — Ot
st m(y T v) = m(y",v) — Ata(y®,v; p) + At f(v),
VveY, 1<k<K
Yo =u

for ;,*and the corresponding (u* (™), y™ (1*)).

Lagrangian

L(y,p,u; 1) = —Hu—’%Hu+ ZAtHCy —uillb

+Zm m(y* ', p*) + Ata(y”®, p*) — Atf(p"),
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Data Assimilation

Reduced Optimality Conditions

1

f(®) —alyn, &) = ;;mun —yn 6) = 0 Ly

1
)‘(Cylk\f o Cyfruev CQO)D o Ktm(spvp]]ﬂ\/' o pljc\[_'—l) T a(@,p?\]; :u) = 0 ﬁy
m(%p}v) T (uN — ubaw)U = 0 ['u

forall ¢ € YN, © € VN, ¥ € Un, where

CONTROL Uy = span{ u*(u;), i=1,...,N}
STATE/ADJOINT Yn = span{ PODy(y"(1i)), PODy(p* (1)),
i=1,...,N}
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Data Assimilation

Reduced-Order 4DVAR
. . ]. 2 )\ k k 2
Solve min min §HuN —uplly,  + §ZAtHCyN —C’ytrueHD

st m(yk,v) =myh L v) — At a(yl,v; p) + At f(v),
VveYn, k=1,....K
YN = UN

for #*and the estimate (u™(u*), y" (1*)).

Can we quantify the error?

CONTROL u(p) — un ()l < AR (1)
STATE " (1) — yn (W)l < A% (1)
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Data Assimilation

Error
STATE ey (1) = y** (1) — yi* (1)
ADJOINT  ef(p) == p** () — pi' (1)
CONTROL  e(p) == u**(p) — uyi (1)
196 [edueton o Redueed Sl Vethods: Treory and Aoplatons | vorsore DL e | IRNNTHI
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Data Assimilation

Error
STATE ey (1) = y** (1) — yi* (1)
ADJOINT — eg(p) == p** () — pi° (1)
CONTROL  ep(p) := u™ () — uy' (1)
Error Residual Equations
1
STATE ry (@i 1) = aley, dsp) + mley — ey @)
k — )\ C k C 1 k—l—l k.
ADJOINT rp (0, 1) == A(Cey, Cp)p + Km(so, e, )+ alp,epip)

CONTROL  7u(p) = (ew, ¥)u — m(v, €,)
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Data Assimilation

A Posteriori Error Estimation

We can show that

[l (1) — un ()l < AR (1) = er(p) + Ver(w)? + ea(p)

with non-negative terms

1 1 1+ f Mo,
€1 = iHTuHuf + \/ﬁRP €2 .= TalB Ry 1ty + 2(aLB)2 I,
1/2
where R, , = Z |rk I, | . and ry.7,. 7, are the residuals

In the state, adjoint, and control equations.

[Karcher, Boyaval, Grepl, V., 2018]
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Data Assimilation

1

ma | .
1L e f R g Contaminant transport
ARREN s 7
NN R R R R RS . e e
NS OEE R BN « “Gaussian” initial condition, %
U D b St * Known Taylor-Green vortex velocity field
=N N VL —
EEER R R R AN o Parameter ;4 = Pe € [10,50], i = 30
IR SCSCARAR TR IR B0 1 O I T AU T _ _
B R AN N R * FE dimension (N = 13000, K = 200)
\\" :“:::_.,/// 1 \\\\:::5 f
B \\\%_.—”//3\\ \\\\\ —
-1 0 1

Assumptions:
* Data generated with true initial condition

e Uncertainty due only to noise and “unknown”
parameter

outputs Cy* (u1°)

e Prioris exact

-0.2 . . L
0 50 100 150 200
time-step k
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Data Assimilation

1
STl TTTTIIN Model Problem
NN A _
SREL S ] % R -x%tf Contaminant transport
N R R R R . s » _
NS ERE 1::}:1115 e “Gaussian” initial condition, U
! 'IZZ:ﬁZt: A5 ::i:::: * Known Taylor-Green vortex velocity field
=N N Vsl O _
ATERNE l ! ;;;;\\\\Ig o Parameter ;4 = Pe € [10,50], i = 30
RSN = 1R * FE dimension (N = 13000, K = 200)
:::.:/// 1 \ \\::::5 f
_1 \__:_.—”// : NN ——— —
-1 0
1.2
Lr Assumptions:
P « Data generated with true initial condition
g . . 111 b1
= 00  Uncertainty due only to noise and “unknown
[}
l parameter
g 0.2
H e Prior is exact
0@
-0.2 - - -
0 50 100 150 200
time-step k
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Data Assimilation

State variable y(u)

=30 1= 50

12.5
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Data Assimilation

State variable (1)

=30 1= 50

11.2
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Data Assimilation

State variable (1)

=10 =30 i =50

k = 80
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Data Assimilation

State variable (1)

@ =50
u‘

164 Introduction to Reduced Basis Methods: Theory and Applications | Aachen Institute f
K. Veroy-Grepl | 44th Woudschoten Conference | Zeist, NL | 9-11 October 2019 n Aﬁﬁaﬁﬂeﬂss‘{f,‘:,‘fi,‘." R“HAACHEN

BA8 o UNIVERSITY

k = 160




Data Assimilation

Control error and bound

104 . . .

control error bound
control error

max. rel. error and bound
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Data Assimilation

Computation Time

= —
oo = [\
T T T
L L L

average RB time in seconds
-
(@)

0.4} -
0.2} -
O. raaal AT | MR | T TIT:
1074 1072 1072 1071
average relative error
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4DVAR Summary

Key points
« Approximated solutions of the parametrized 4D-VAR problem using
reduced basis methods
« Developed a posteriori error bounds for the error in the control (initial condition or model
error) as well as state and adjoint
« Applied proposed methods to a simple parametrized convection-diffusion problem

« Estimated unknown parameter, initial condition, and model error

Issues and Perspectives
« Convergence and error estimates for the parameter estimation problem
* Introduce uncertainty in prior

« Sensor placement
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Data Assimilation + Sensor Placement

with

N. Aretz-Nellesen and M. Grepl
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Background

(Variational) Data Assimilation

3D-/4D-VAR [Lorenc '81], [Le Dimet '81], [Courtier '85], ...
[Le Dimet & Talagrand '86], ... [Navon et al] ...
+ Kalman Filter, Bayesian Methods [Law & Stuart '15], [Reich '15], ...
MOR + Data Assimilation (+Sensor Placement)
Gappy-POD [Everson & Sirovich '95], [Willcox '06] ...
GEIM [Maday & Mula '13] ...
PGD (+ EIM ) [Nadal, Chinesta, Diez, Fuenmayor & Denia '195] ...
PBDW [Maday, Patera, Penn & Yano ’14, '15], [Taddei '17],

[Maday & Taddei ’17(p)], [Taddei & Patera '18],
[Hammond, Chaqir, Bourquin & Maday '18(p)]
OMP [Binev, Cohen, Mula & Nichols ’18]

MOR + Optimal Control

RB + OC [Negri, Rozza, Manzoni, Quarteroni '13],
[Troltzsch & Volkwein '09], [Karcher, Tokoutsi, Grepl & V. '18]

169 Introduction to Reduced Basis Methods: Theory and Applications | Aachen Institute f
K. Veroy-Grepl | 44th Woudschoten Conference | Zeist, NL | 9-11 October 2019 n Agsag::]egss;ul:i;i:r Rer

@ Computational
Engineering Science



Data Assimilation + Sensor Placement

4DVAR

1
min min

g 2
neD ueld §||u—ub||z[ i §;At“0yk_y§“1)

st m(y*,v) =m(y* " v) — At a(y®,v; 1) + At f(v),
VveY, k=1,... K

Yy’ =u

Solve for 1" and the estimate (u™(1*),y™ (1")).
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Data Assimilation

Modified 3D-VAR Formulation

1 A
min © a2 + 2 a3
s.t. a(y,v) = f(v) +bu,v) Yvey (M)
(y+d,7)y =(ya,7)y VreTCl
where

u  model bias
d misfit between state and “data”
y state
Ya "data"
A regularisation parameter
M is the best- knowledge model of the physics.
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Data Assimilation

Modified 3D-VAR Formulation

Loy ) A
L] _ - d 2
min o lully, + S lldll5

s.t. a(y,v) = f(v)+blu,v) Yve)y (M)
(y+d,7)y =(ya,7)y VTETCY

Variational Data Assimilation

» Prevalent in meteorology and oceanography
[Law & Stuart 2015], [Reich 2015],...

« Given a best knowledge model and data
find (allowed) perturbations v to the model
such that « and the misfit d are as small as possible.
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Data Assimilation

Modified 3D-VAR Formulation

. 1 A
(1 ) min 5 )12 + 5 113

weD ) ueld 2
st a(y(p),vip) = f(v;p) +b(u(p),v) Yo ey
(y() +d(p), 7)y = (Ya, 7)y vreT C)Y
Issues o, y=0
 Bias in boundary conditions e 4
* Error in model form M M
] Vy-n=0 Q1,1 Vy-n=0
« Unknown or uncertain parameters
A
 Noisy data & MU
1
tt T tttrrttt
[in, Vy-n=u
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Data Assimilation

Modified 3D-VAR Formulation

. 1 A
(1 ) min 5 )12 + 5 113

weD ) ueld 2
st a(y(p),vip) = f(v;p) +b(u(p),v) Yo ey
(y() +d(p), 7)y = (Ya, 7)y vreT C)Y
Issues o, y=0
 Bias in boundary conditions e 4
* Error in model form M M
] Vy-n=0 Q1,1 Vy-n=0
« Unknown or uncertain parameters
A
 Noisy data & MU
1
tt T tttrrttt
[in, Vy-n=u
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Data Assimilation

Modified 3D-VAR Formulation

. 1 A
(1 ) min 5 )12 + 5 103

wED ) ueld 2
st a(y(p),vip) = f(v;p) +b(u(p),v) Yv ey
(y(p) +d(p), 7)y = (Ya, T)y vreT CY
Relation to Optimal Control [Nellesen 2018(MS)]

* Distributed optimal control (+ minimization problem)

b(u, v) represents permitted corrections to the model

Optimality leads to saddle point structure

Use RB approximation, error bounds in [Kéarcher, Tokoutsi, Grepl & V. 2017]

Difference: Measurement space 7 C Y
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Data Assimilation

Modified 3D-VAR Formulation

. 1 A
(i ) i Slov (ol + Sllax (3
st a(yn (), v p) = flogp) + b(un(p),v) Vo € Yy
(yn(p) +dn(p), T)y = (Ya, 7)y vreT
Reduced Basis Approximation [Nellesen "18(MS)]

* Introduce reduced spaces for control, state, and adjoints

Galerkin projection onto reduced basis spaces

A posteriori error bounds for control, state, adjoint, and misfit

Offline / online decomposition

Greedy algorithm to construct approximation spaces
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Data Assimilation

Residuals
To obtain an a posteriori error bound for each error term

*

eu._u _UN’ 6y -—y _yN7 ed‘_d T N ep'_p _pN7

(control) (state) (misfit) (adjoint)

we define the residuals

ry iU =R 1y(0) b+ (o, pN) — (U )
rp: Y=o Rrp(Y) = M, dy)y —au(¥,py)
ry: Y =R ry(¥) = fu¥) +bu(uy, ) —au(yy, ¥)

whose norms can be computed in an offline-online procedure.
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Data Assimilation

A Posteriori Error Bounds
Define further

Gu = ||Tuller + i”buHH"apHy’ gd ‘= é“"ay”y’

ha = 2ol + gzl 3 ha = 53 Irsllorliry s + 2503

Then
b
leully < 3gu+ /202 T hu eyl < Elirylly + Lelfe, .
leally < 3ga+\/2g3 +ha el < Ellrpllyr + 2 lleall
Similar a posteriori error bounds in [Karcher, Tokoutsi, Grepl & V. '18]
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Data Assimilation

Modified 3D-VAR Formulation

. 1 A
(1 ) min 5 )12 + 5 103

wED ) ueld 2
st a(y(p),vip) = flv;p) +b(u(p),v) Yoey
(y(p) +d(p), 7)y = (Ya, 7)y VreT CY

How do we optimally select the measurements?
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Data Assimilation

Modified 3D-VAR Formulation

. 1 A
(1 ) min 5 )12 + 5 103

wED ) ueld 2
st a(y(p),vip) = flv;p) +b(u(p),v) Yoey
(y(u) +d(p), 7)y = (Ya,7)y VreT CY

How do we optimally select the measurement space T
where 7 is the space spanned by the Riesz representation
of the measurement functionals?

—» Stability analysis
[Maday, Patera, Penn & Yano 2014]
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Data Assimilation

One can show that

1w, y72) (M sy < CY M) llyally + C3 (M) | forpally

Ipf (Ml < C5(Mllyally + C5 NI forll>

with positive stability constants.

The stability constants are “better-behaved” for [Aretz-Nellesen et al. 2019]

o lylly < N (y. 1)y <
)= Jod, Tk >0 Br(w)i= inf sup rose >0

as large as possible. Here,

HO(ILL) ‘= { (u,y) cU x y : a’u(ya?vb) — bu(ua¢) V¢ ~ y }7
Y, ={yeY:Fueldst. a,(y, ) =b,(u,v) YY)}

181 Introduction to Reduced Basis Methods: Theory and Applications | Aachen Institute f
K. Veroy-Grepl | 44th Woudschoten Conference | Zeist, NL | 9-11 October 2019 n Agsaﬁgegss;ul:i;i:r

@ Computational
Engineering Science

RWTH




Data Assimilation

One can show that

1w, y72) (M sy < CY M) llyally + C3 (M) | forpally

Ipf (Ml < C5(Mllyally + C5 NI forll>

with positive stability constants.

The stability constants are “better-behaved” for [Aretz-Nellesen et al. 2019]

o lylly < N (y. 1)y <
)= Jod, Tk >0 Br(w)i= inf sup rose >0

as large as possible. Here,

HO(ILL) ‘= { (u,y) cU x y : a’u(ya?vb) — bu(ua¢) V¢ ~ y }7
Y, ={yeY:Fueldst. a,(y, ) =b,(u,v) YY)}
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Data Assimilation

Modified 3D-VAR Formulation

. ! A
(1 ) min 5 o) 12+ 5103

st a(y(p),vip) = flv;p) +b(u(p),v) Yoey
(y(p) +d(p), )y = (ya, 7)y VreT Cy
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Data Assimilation

Modified 3D-VAR Formulation
(mm)mm2mN<m3+;MNmmi

pneD cu

st a(yn(p),vip) = flop) +b(un(p),v) Vv € Yy
(yn (1) +dn (), 7)y = (ya, )y vreT

Assume that [Aretz-Nellesen, Grepl & V. 2019]

ly —ynlly <eullylly where 0<ey <1

Then
Br(p) = (1 —eun)br.n(1) —€u
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Data Assimilation

Construction of RB Spaces

Recall optimality conditions [Aretz-Nellesen, Grepl & V. 2019]
(U’Zv P)u — bﬂ(@p;i) = 0 V ol control
au(w,pu) A1, d*) — 0 V ey adjoint
ap(Y, V) = bu(uy,¥) = foxu(y) V eV state
(Y, +dy,7)y = Wa,7)y V TET. misfit
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Data Assimilation

Construction of RB Spaces

Recall optimality conditions [Aretz-Nellesen, Grepl & V. 2019]
(u;;7 P)u — bﬂ(@pf) = 0 V ol control
A (w,pu) A(w, d*) = 0 V ¥Yve) adjoint
ap(Yps V) — ( V) = fou@) VoY e) state
(v, +d,7)y = (ya,7)y V TET. misfit
Z/{N >:)}y,N >T >:)}p,N ” yN — yy,N + yp,N

AN

Given a low dimensional approximation to the space
of model corrections (i.e., control)
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Data Assimilation

Construction of RB Spaces

Recall optimality conditions [Nellesen, Grepl & V. 2018]
(U’Zv P)u — bﬂ(@]f;) = 0 V ol control
au(w,p;) — )\(¢7 d;’;)y = 0 V ¥Yve) adjoint
ap (Y, V) —bu(ui, ) = foxu(®) V eV state
(y; T d/*m )y = (Ya,7)y VYV T€ET. misfit
Z/{N >:)}y,N >T >:)}p,N ” yN — yy,N + yp,N

Construct an RB space for the state
Note that 7 is not yet required!
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Data Assimilation

Construction of RB Spaces

Recall optimality conditions [Nellesen, Grepl & V. 2018]
(U’Zv P)u — bﬂ(@]f;) = 0 V ol control
au(w,p;i) — )\(¢7 d;’;)y = 0 V ¥Yve) adjoint
ap (Y, V) —bu(ui, ) = foxu(®) V eV state
(y; T d/*m )y = (Ya,7)y VYV T€ET. misfit
Z/{N >:)}y,N >T >:)}p,N ” yN — yy,N + yp,N

Select optimal measurements via
greedy algorithm in the parameter domain +
orthogonal matching pursuit [Binev et al. 2018]
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Data Assimilation

Construction of RB Spaces

Recall optimality conditions [Nellesen, Grepl & V. 2018]
(U’Zv P)u — bﬂ(@p;i) = 0 V ol control
au(w,p;) — )\(¢7 d;’;)y = 0 V ¥Yve) adjoint
ap (Y, V) —bu(ui, ) = foxu(®) V eV state
(y; T d/*m )y = (Ya,7)y VYV T€ET. misfit
Z/{N >:)}y,N >T >:)}p,N ” yN — yy,N + yp,N

N\

Construct an RB space for the adjoint
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Data Assimilation

Numerical Experiment: Thermal Block

» State space
Y FE-discretization of

Ve :={y e H(Q) : y|r, =0}
« Bilinear form 'y
5 Vy-n=0
a,(y,w) = Z,uz/ Vy - Vw dx
i=0 Q;

« Parameter domain

C :=[0.1,10)?

[p, y=0
/
/ 927 H2 /
/] /
/] /
/ My
Ql7 H1 /Vyn:O
/] /
/A L/
X2
/] Qo, p1o =1 /
/| X1> 7
tttttt ot
[in, Vy-n=u
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Data Assimilation

Numerical Experiment: Thermal Block

e Source term

b, y=0
/
. — ,
b(u,-) €Y', b(u,w) /P uw dS, g o g
1n / /
where u € L*(Ty,) . ¢
Tv A o My
 BK-model source term Vy-n=0 1, H1 7 Vy-n=0
g %
— A /
fbk,,u — b(ubka ')7 upk =1 7 Qp, po=1 /
/ X1>
 Model correction EEEEEEEEE
rin, Vy ‘n=u
U =P; (polynomial space)
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Data Assimilation

Parameter Estimation Problem Statement

true state Approximate the unknown variables

e true = (7,0.3) € C

T eUgrue(x) & 1.5 4+ 0.3sin(27x), x € Ty
*Ytrue = Yptrue (Utrue)

" with the 3D-VAR solution.
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Data Assimilation

Parameter Estimation Problem Statement
true state Approximate the unknown variables

i o Utrue = (77 03) cC
T eUgrue(7) & 1.5+ 0.3sin(27x), = € Ty

*Ytrue = Ypirue (utrue)

with the 3D-VAR solution.

Prior Knowledge:
Utrue can be approximated in U := Ps sufficiently
Measurement Space:
A small number of measurements may be chosen from a library of
gaussian functionals with std. dev. 0.01 and centers within (0.02,0.98)* C Q
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Data Assimilation

Selection of the Measurement Space

10° ¢

inf-sup constants during measurement selection

[T

—>—min G o(u)

min(/.L,I/) ﬁT‘R(.uvy)

> 4 6 8 10 12 14 16
dim(T)

NONNNNNN NN

L

NN N N

] o
T

chosen measurement centers

NN N NN
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Data Assimilation

3D- VAR model correction

2 2
18 [ /;*v*% i
* RN
7” SK
1.6 jr{ \ *
Y, * /
4 N\ p

I W : : + : 7 :H}‘
N
~ %
1 .2 | | eennnes ustart \\; ‘ /_*f/ i
== Upe
—¥ noise free limit —¥ noise free limit
1 o —+— RB_SD_VAR (n0|se_freer ........................................................ - 1 had —+— RB_3D_VAR (no|Se_freer ........................................................ -
—— RB-3D-VAR (mean) —— RB-3D-VAR (mean)
RB-3D-VAR (noise) RB-3D-VAR (noise)
08 | | 1 1 08 1 | 1 1
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
in in
A =1 A =10
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Data Assimilation

3D- VAR model correction

2 2

—¥ noise free limit —¥ noise free limit
1 hau —+— RB_SD_VAR (no|se_free -------------------------------------------------------- e 1 o —+— RB_SD_VAR (n0|se_freer -------------------------------------------------------- -
— RB-3D-VAR (mean) —— RB-3D-VAR (mean)
RB-3D-VAR (noise) RB-3D-VAR (noise)
0.8 | | | | 0.8 | | | |
0 0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8 1
in in
A =100 A =1000
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Data Assimilation

Reduced Basis Spaces

Z/{N >D}y,N > T >ij,N 7 yN — yy,N + yp,N

dim | 4 | 64 | 95 | 159 | 16
Computational time:
RB-3D-VAR
FE-3D-VA . . d
AL offiine | online | error bound | “PCCCUP
7.08 s 463 s | 4.2 ms 1.3 ms 1..276
Parameter estimation: roughly 25-28 mins.
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Data Assimilation

A Posteriori Error Bounds

100} 1 100}
10°F 1 10°F
i . W | 7 ’ VX
Ee: mean [le, ()l / llu Il " ] L -C mean|le (u)lk /1ly,,Ily )
L * \\ 1 L *
—e—meanﬂ A ) /1l N —e—meanu Ay w) 111y, Iy
I - "\ ] I >
10'10 L= ||eu(/'tmax)lb / Huﬂmax”U 1R 1 10'10 e Iley(“max)lly/ ||y“maxIIY
* \X *
e A () ! ”uﬂmax”U 5 1 | A k) / IlyumaxllY
0 1 2 3 4 5 0 1 2 3 4
M=d|mUR M=d|mUR
Model Correction State
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Data Assimilation

A Posteriori Error Bounds

100} 1 100} :
10° [ 1 10° [ X 7
| : \ | | : &
- |~G mean le; ()l /ld, Il W | - |7O mean le, ()l /lIp,lly
L * \ | | *
| "©-mean, A6)/1d,l W | |- mean, A6 /e,y
o L= lleglag g Ik /1id, Il ' | qo L =% Ty Ik /1o,y |
10 . max \\x 10 . max
e Aglapg,) /11D, Iy \ ] e A g ) I,y
| - | | Q ] I | = | | |
0 1 2 3 4 5 0 1 2 3 4 5
M=d|mUR M=d|mUR
Observable Difference Adjoint
200 random measurements, A =100.
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Summary

We developed a certified RB method for 3D & 4D variational data assimilation
e model order reduction for state, adjoint, and control variables
* a posteriori bounds for error in RB approximation
e determination of unknown parameters
* estimation of model bias

Here, we focused on:
» Selection of measurements through stability-based greedy-OMP algorithm
* Reduce sensitivity to experimental noise
o Step-wise construction of RB spaces
e Application to 3D-VAR

Next steps:
* Extension to 4D-VAR
» Selection of model modifications
* Application to large-scale problems
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Applications and Future Work

with
D. Degen, M. Grepl, F. Wellmann (RWTH)

M. Baragona, V. Lavezzo, R. Maessen, Z.
Tokoutsi, N. Vaidya (Philips)
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Industrial Applications

Source: akselos.com

The reduced basis method is useful for the
many-query, real-time, and slim-computing contexts.
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Application: Geosciences

x10°

Upper Rhine Graben (Germany)

Geolo
0,12\ Y
1,13,
2,14, _
° 0 3,15 = o
Gl .. < 4,16 _ v
. | o &1 :
zm o
-100000 100000 7,19 S
300000 ) 8,20 &
5.7e+6 9,21-'=
400000 10, 22/:
11, 237
.e+6
X [m] x10°
Courtesy of Prof. Scheck-Wenderoth, GFZ Postdam.
Upper boundary condition
Model « Parameter Estimation
Thermal diffusion with radiogenic heat * Model Calibration
production * Inverse Problems
vV2T +S =0 + Sensitivity Analysis
« Data Assimilation
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Optimal Control

Model Problem

ZBzA
5
a7 : (:U'l»IJ'Z)
- b -x--F -+
271
1/_ 923'412
Ql?’/"’l
T T T : )
0 1 2 3 4 5 <1

» Steady heat conduction with conductivities (<1, K2, k3)
* FE Dimension dim(Y") ~ 18.000

e State yg = 1in 25 and y; = 0 in Q3,

* Regularization parameter: A = 10

o Input parameter: 1 = (u1,p2) € D = [3,4]2.
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Optimal Control

Sample Solutions (A = 10)

u u

control

-0.5

0.8

- 10.6

state

104

0.2
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Optimal Control

Max. rel. Control Error and Bound

10° ¢ .
\ —Per |
101 —KGV §
. 3 3 3 3 3 3 ——BNB
—Error

Timings:

o trg = 1.23s

o trp € [1.2,4.8]ms
e IRB.A € [2,7]ms
Speedups:

* RB: 256-1025

* RB+Bound: 176-615

Test set:

—_—
10_ | | ! ! ! ! I ® |:teSt| — 20
) 10 15 20 25 30 35
M = N/2
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Optimal Control

. Average Control Bound Effectivities

10 ' ' ' ' ' ' '

—Per
—KGV
. —BNB
1 O ! ! ! ! ! ! I
) 10 15 20 25 30 35
M = N/2
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Optimal Control

Average Effectivities of Control Error Bound

107

—o—Per |
—-—KGV|]
|——BNB|
——TV :

~4 -3 -2 —1 0
10 10 10 10, 10
regularization parameter 3
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Application: Cancer Treatment

Motivation: Thermal Ablation Treatment Planning

« Thermal Ablation: destroy target tissue by

iIncreasing temperature above threshold.

Blood
[Chu and Dupuy 2014]

vessel

Healthy tissue

209 Introduction to Reduced Basis Methods: Theory and Applications | Aachen Institute f
K. Veroy-Grepl | 44th Woudschoten Conference | Zeist, NL | 9-11 October 2019 n Aﬂﬁaﬁﬂe,',‘ss{u‘:,fi,?’ RWIH

g Computational
Engineering Science



Application: Cancer Treatment
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Application: Cancer Treatment

Motivation: Thermal Ablation Treatment Planning

« Thermal Ablation: destroy target tissue by

increasing temperature above threshold.
[Chu and Dupuy 2014]

Blood
vessel

* Treatment Planning:
— Determine placement parameters for

a O
ablation probes.
— Determine device power settings. Healthy tissue
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Application: Cancer Treatment

Motivation: Thermal Ablation Treatment Planning

« Thermal Ablation: destroy target tissue by

increasing temperature above threshold.
[Chu and Dupuy 2014]

Blood
vessel

* Treatment Planning:
— Determine placement parameters for
ablation probes.

— Determine device power settings. Healthy tissue

Bioheat Equation [Pennes 1948]
Heat Diffusion in living tissue following the Pennes Bioheat model
—kAT 4+ pCw(T — Teore) = Q, in 2
ENVLT +h(T —Teore) =0 onT
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Application: Cancer Treatment

Motivation: Thermal Ablation Treatment Planning

« Thermal Ablation: destroy target tissue by

increasing temperature above threshold.
[Chu and Dupuy 2014]

Blood
vessel

* Treatment Planning:
— Determine placement parameters for
ablation probes.

— Determine device power settings. Healthy tissue

Bioheat Equation [Pennes 1948]

Non-dimensional Bioheat Equation
—kAy +cy =u, in ()
kEV,y+hy=0 onl
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Application: Cancer Treatment

Part I: Optimal Heat Source

iV A
0 Jheat (Y, us 1) = Y S lly = yallze(a, + Sllullz
min  Jheat (Y, U; ) = o 1Y —¥allL2(,) T 5 1Lz ()
1=1
Heat Q* [W/m?] x108 Temperature T* [° C] N
0.05 — 0.05 190
’ 15
14 180
13
0 0
2
1
0
-0.05 -0.05
-0.05 0 0.05 -0.05 0 0.05
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Application: Cancer Treatment

Part ll: Optimize Placement and Power

. 1 .
min Jpjac(p, P) 1= §HQG($;Z?7 P) —u (55)”%2(9)-

(p,P)
* 2 < 10° * 2 » 108
0.05 Heat Q(1*) [W/m®] %10 0.05 Heat Q(x*) [W/m®] -
d 25 y 25
-2 12

0.5
-0.05 -0.05
-0.05 0 0.05 -0.05 0 0.05
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Application: Cancer Treatment

Part lll: Power Control

3
)\i 2
gl;%Jpower(Pla PnP) :ZEH?J_deLQ(Qz)

* 2 6 Temperature T(u*) [° C
0.05 Heat Q(ux*) [W/m*] ~ x10 0.05 emperature T(p*) [° C]
190
125
180
12

0.5

-0.05 -0.05
-0.05 0 0.05 -0.05 0 0.05
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Application: Cancer Treatment

Part lll: Power Control

3
)\i 2
gl;%Jpower(Pla PnP) :ZEH?J_deLQ(Qz)

Heat Q(p*) [Wlm2] %108 Temperature T(u*) [° C]
0.05 B 0.05 ] 00
12.5
180
12
1.5
0 0
1
0.5
-0.05 -0.05
-0.05 0 0.05 -0.05 0 0.05
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Application: Cancer Treatment

The RB Method for Real-Time Updates:

* Adjust regularization weights
« Adjust models with patient specific parameters
« Update solution w.r.t. geometric parameters

— shifted tumor location

— power control w.r.t. final probe placement
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Application: Cancer Treatment

Problem Set Up

Bioheat Equation:

Heat Diffusion in living tissue following the Pennes
Bioheat model [Pennes 1948], [Davidson and Sherar 2003]

\

—kAy +cy=u, in Q)

kny —|— Bi(y - ycool) — O on FC urethra
==
Yy = 07 on FD \\\Yx
~——
Domain and mesh were created using Gmsh
[Geuzaine and Remacle 2009]
219 Introduction to Reduced Basis Methods: Theory and Applications | .
K. Veroy-Grepl | 44th Woudschoten Conference | Zeist, NL | 9-11 October 2019 n ﬁgsgﬁggsssﬂ:l:;:::r Rw.rH

@ Computational
Engineering Science



Application: Cancer Treatment

Problem Set Up

Bioheat Equation:

Heat Diffusion in living tissue following the Pennes
Bioheat model [Pennes 1948], [Davidson and Sherar 2003]

\

—kAy +cy=u, in Q)
kEVoy + Bi(y — Yeoo1) =0 onI'¢

urethra

Y= 07 Oon FD \\\>"
Parametrization:
 Blood perfusion rate c
* Distance from urethra [ ~
* cooling temperature ycool Domain and mesh were created using Gmsh
[Geuzaine and Remacle 2009]
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Application: Cancer Treatment

Optimal Control Problem

For any i € D solve

A

. 1 2 2
yerirfl,luneU Jheat(yauvu) — §|y - yd|D(u) + _||u||U(M)

2

Optimal Temperature y*

Z Axis

s T(degC)

5651e+06 ° ° 6.853e+01
EE4-24e+6 E-_57.734
2.83e+6 e 46934
1.41e+6 R 136.134
Eo.oome+oo S E2.533e+01

Aachen Institute for
Advanced Study in

g Computational
Engineering Science
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Application: Cancer Treatment

Optimal Control Problem

For any i € D solve

A

. 1 9 2
pin Jheat (Y, w; 1) = §|?/ — Ydl Dy T §||“||U(u)

" Q(W/mA3) " T(degC)
6.349e+06 6.610e+01
E4_76e+6 E—;Sé.l 73
‘3 17e+6 —%46.244
1.59e+6 36315
E0.000e+00 E2.639e+01
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Application: Cancer Treatment

Error and Bounds

Max. rel. Control Error and Bounds Max. rel. State Error and Bounds

1()2 ] 102 ~\
E _ _ AUWALT ] — _AYVALT ]
F\ AN=10%] ] ' AN=1078]
E N __.u -\ —_Y
' *N,A=10" | TN “N.A=10"

WALT | ol yALT |

AN =104 10 \ S AN=10]

u 4| . ' y ]

‘NA=10" | AN . ‘Na=10™ |

, . ‘\\ - 5
4 9 2L N 4
- i 10 N\ .
N < = ~ -
*- N \\ ST Tea L.
-~ .o _ N \\i
----- i 4. AN ]
10 \\‘
10 6 1 1 1 1 10-6 | | 1 1
0 10 20 30 40 50 0 10 20 30 40 50
M=N/2 M=N/2

A FEM RB
10%*  400s [0.3,1.6]ms

10=°  500s [0.3,1.4]ms [T. et al. 2018]
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Application: Cancer Treatment

Motivation: Non-Affine Problems

Can we update the device power control in real time for different ablation

probe placements?

Heat * Im? 6
008 eat Q(x*) [W/m“] %10

12.5

1.5

0.5
-0.05
-0.05 0 0.05
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Application: Cancer Treatment

Motivation: Non-Affine Problems

Can we update the device power control in real time for different ablation
probe placements?

0.05 Heat Q(p*) [Wlm2]  x10°
Forany u €D '
12.5
. 7 (. P 1) 1 2
min ower (Us Ps 1) == = |y — ya|
yeY,PER™P D 9 D |
A 2
+§HP_Pd’2’ 0 15
1
0.5
-0.05
-0.05 0 0.05
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Application: Cancer Treatment

Motivation: Non-Affine Problems

Can we update the device power control in real time for different ablation
probe placements?

0.05 Heat Q(p*) [W/m?] ~ x10°
Forany u €D |
12.5
i Joower(ys P 1) = .
min L) = —] - ’
yey.Pernp O POWer\r S H o 1Y ¥dlp 1,
A 2
+§HP_Pd’2’ 0 15
s.t.(y,u) €Y x R"” solves 1
np 0.5
~kAy+cy=>» Pig(xip;), inQ
i=1 -0.05
20.05 0 0.05
kEV,y + hy =0, on I'
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Application: Cancer Treatment

EIM

0.05 Placement Parameter Domain EIM Greedy Sampling Error

0.04

0.03

0.02

0.01

-0.01

-0.02

-0.03

-0.04

_0.05 1 1 1 1 1
-0.05 0 0.05 0 50 100 150 200 250

M

[Barrault, Maday, Nguyen, Patera 2004]
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Application: Cancer Treatment

Relative Errors and Error Estimates

102

Error

Max Rel. Control Errors and Estimates

Max Rel. State Errors and Estimates

102

—_—nu
eNA=10"

u,EIM-ALT
AN,)\=1(')°$

Y
€N A=107

_ AVEIMALT
AN,)\=1O'%

50 100 150 200 0 50 100
N N

EIMtol M FE time RB time
le — 6 250 1.1s 0.1 — 10 ms

150 200
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Outlook and Conclusions

Overview:

* Introduction to treatment planning problems.

 Discussed an algorithm for thermal treatment planning.

« Motivated the need for real-time responsive simulations.

» Applied the reduced basis method and reviewed test cases.
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Outlook and Conclusions

Overview:

* Introduction to treatment planning problems.

 Discussed an algorithm for thermal treatment planning.

« Motivated the need for real-time responsive simulations.

» Applied the reduced basis method and reviewed test cases.

Ongoing Work:

« Apply our work to model reduction for time dependent power control.
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Outlook and Conclusions
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Discussion

Questions or comments?
E-mail: veroy@aices.rwth-aachen.de
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