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P = Ev P(O) =P
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dP A dR = dp A dr

The sum of the oriented areas of projections of a two-dimensional surface
onto the coordinate planes (pt,rt), ..., (p", r") is an integral invariant.
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: oH

P = Ev P(O) =P
. oH

R = —Fp, R(O)—r

The map (p,r) = (P(t; p, r), R(t; p, r)) preserves symplectic structure:
dP A dR = dp A dr

The sum of the oriented areas of projections of a two-dimensional surface
onto the coordinate planes (pt,rt), ..., (p", r") is an integral invariant.
A method for (2) based on the one-step approximation

P P(tthtpr) R=R(t+htpn

preserves symplectic structure if dP A dR = dp A dr .
[Hairer, Lubich, Wanner; Springer, 2002]
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Let H(p, r) be a separable Hamiltonian:

H(r,p) = — + U(r)
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Let H(p, r) be a separable Hamiltonian:

H(r.p) =

dR

dt
dP

dt
where f(r) = =V, U(r).



Introduction: example of symplectic integrator

Let H(p, r) be a separable Hamiltonian:

-
_e'p
H(ep) = 2P )
dR P
b4 R(0) =, (1)
dP
— = f(R), P(0)=
" = fR), PO =P,
where f(r) = =V, U(r).
Example of splitting:
dP dR P dP
1/2 step s f(R) +full step of G m +1/2 step i f(R)



Introduction: example of symplectic integrator

(the Stérmer-Verlet scheme; partitioned Runge-Kutta methods)

h
P = Pk+§f(Rk)7
h
Risi = R+ =P,
m
h
Piy1 = 7)1,k+§f(Rk+1)

symplectic, 2nd order, one evaluation of force per step
[Hairer, Lubich, Wanner; Springer, 2002]



Stochastic Hamiltonian systems

Stochastic Hamiltonian system:

dP = f(t, P, Q)dt + ijor(t, P, Q)odw(t), P(to) =p.  (2)

r=1

dQ = g(ta Pv Q)dt + Z’Yr(tv 'Dv Q) © dWr(t)’ Q(to) =4q,

r=1
fl=-0H/0q', g =0H/op, (3)
o, = —0H,/dq', ~,=0H,/op', i=1,...,n, r=1,...m.

The phase flow (p, q) — (P, Q) of (2) preserves symplectic structure:
dP A dQ = dp A dq, (4)

where
wWw2=dpAdg=dp' Adgt + -+ dp" A dq" (5)

is the differential 2-form.
Bismut 1981; Milstein, Repin&T. SINUM 2002



Symplectic integrators

A method for (2) based on the one-step approximation
P= I5(t+h;t,p,q), Q= @(t+h;t,p,q)
preserves symplectic structure if
dPANdQ=dpAdg.

Milstein, Repin&T. SINUM 2002; Milstein& T IMA JNA 2003;
Milstein& T, Springer 2004



Symplectic integrators

Kubo oscillator [Kubo, Toda, Hashitsume, Springer 1985]:

dX' = —aX?dt — o X? o dw(t), X'(0)=x', (7)
dX? = aXldt + o X' o dw(t), X3(0) = x>

H(XN(t), X2(1) = HE, ) = ()2 + (x2)? for t > 0.
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p(x) o exp(—BH(x)),

where 3 =1/(kgT) > 0 is an inverse temperature.



Molecular Dynamics

Hamiltonian H(x)
microcanonical ensemble (NVE)
canonical ensemble (NVT)

p(x) o exp(—BH(x)),

where 3 =1/(kgT) > 0 is an inverse temperature.

Two computational tasks

@ nondynamic quantities

o dynamic quantities

Milstein&T. Physica D 2007



Rigid Body Dynamics

Consider a system of n rigid three-dimensional molecules described by the
T T

center-of-mass coordinates r = (r1 ..., r" )T € R3,

r = (r],r5,r})T € R3, and the rotational coordinates in the quaternion

T T . L
representation q = (q* ,...,q" )T € R*", ¢ = (q), a1, %%, 43)" € R*,
such that |¢/| = 1.
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Consider a system of n rigid three- d|menS|ona| molecules described by the

center-of-mass coordinates r = (r:l ,...,r" )T e R,
r = (r],r5,r})T € R3, and the rotational coordinates in the quaternion

T T . . . . .
representation q = (q* ,...,q" )T € R*, ¢ = (q), a1, %%, 43)" € R*,
such that |¢/| = 1. Following [MiIIer Il et al J. Chem. Phys., 2002]

H(r.p,q,m) = +ZZ V(¢ ™) + U(r,q), (8)

j=1 k=1
T T . . , .
where p=(p! ,...,p" )T € R®, p/ = (P}, pb, P;)" € R3, are the
T
center-of-mass momenta conjugate to r; = (7! ..., 7" )T € R*",

= (ﬂ‘é,ﬂ{,ﬂ‘é,ﬂ‘é)T € R*, are the angular momenta conjugate to q;
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Consider a system of n rigid three- d|menS|ona| molecules described by the

center-of-mass coordinates r = (r:l ,...,r" )T e R,
r = (r],r5,r})T € R3, and the rotational coordinates in the quaternion

T T . . . . .
representation q = (q* ,...,q" )T € R*, ¢ = (q), a1, %%, 43)" € R*,
such that |¢/| = 1. Following [MiIIer Il et al J. Chem. Phys., 2002]

H(r.p,q,m) = +ZZ V(¢ ™) + U(r,q), (8)

j=1 k=1
T T . . , .
where p=(p! ,...,p" )T € R®, p/ = (P}, pb, P;)" € R3, are the
T
center-of-mass momenta conjugate to r; = (7! ..., 7" )T € R*",

= (ﬂ‘é,ﬂ{,ﬂ‘é,ﬂ‘é)T € R*, are the angular momenta conjugate to q;

Vi(g, ) = 8,[

I; — the principal moments of inertia and the constant 4-by-4 matrices S; :

7'Sq)%, gmeR, 1=1,23 (9)

Slq = (_qla do, g3, _q2)T7 52q = (_q27 —q3, q0, ql)T7
S3g = (—q37CI27—C117CI0)T-



Rigid Body Dynamics




Rigid Body Dynamics

0 -1 0 0 00 -1 0
1 0 0 O 00 0 -1
SS= o 0 o0 1°2=|10 0 o0 |
|0 0 -1 0| 01 0 0
[0 0 0 -1
0 0 1 0
5 = 0 -1 0 0 |
1 0 0 0 |

Also introduce S = diag(1,1,1,1), D = diag(0,1/h,1/h,1/k), and
o —q1 —Qq2 —Q3

0 Go —q43 Q2
(q) = [S04, $19, $29, S3q] ® o —aq

a —q qi do



Rigid Body Dynamics

0 -1 0 0 00 -1 0
1 0 0 O 00 0 -1
SS= o 0 o0 1°2=|10 0 o0 |
|0 0 -1 0| 01 0 0
[0 0 0 -1
0 0 1 0
5 = 0 -1 0 0 |
1 0 0 0 |

Also introduce Sp = diag(1,1,1,1), D = diag(0,1/h,1/hk,1/k), and
G —91 —Qq2 —q3

q1 Go —q43 Q2
S = [Soq, S19, S>q, S3q] =
(9) =[S0, S19, S2q, S34] ® o —q

a —q qi do

The rotational kinetic energy of a molecule:

3
> Vi(g.m) = 57" S(a)DS™ ()
=1



Rigid Body Dynamics

We assume that U(r, q) is a sufficiently smooth function. Let

fi(r,q) = =V, U(r,q) € R3, the net force acting on molecule j, and
Fi(r,q) = —@q,— U(r,q) € T,S3, which is the rotational force. Note that,
while V,; is the gradient in the Cartesian coordinates in R3, @qj is the
directional derivative tangent to the three dimensional sphere S* implying
that

q'V,U(r.q) = 0. (10)



Rigid Body Dynamics

We assume that U(r, q) is a sufficiently smooth function. Let
f/(r,q) = —=V,;U(r,q) € R?, the net force acting on molecule j, and

Fi(r,q) = =V, U(r,q) € T,S3, which is the rotational force. Note that,
while V,; is the gradient in the Cartesian coordinates in R3, @qj is the
directional derivative tangent to the three dimensional sphere S* implying

that

q' Vg U(r,q) =0.

We note

(10)

(11)



Rigid Body Dynamics

The Hamilton equations of motion are

w P

& = — RO=r (12)

dP/ ; . .

&~ FRQ), PO)=P,

doj 1 . . .

dii = ZS(@)DST(@)V, Q(0)= ¢, |¢| = 1,

ey 1341 S

dt Z;T/ JTS/QJ 5/|_|J+FJ(R Q), N ()_WJ’ ¢ =0,
j = 1,...,n



Rigid Body Dynamics

The Hamilton equations of motion are

dRJ pJ . .
_ = i(0) — i
dt m’ RO) =",
dP/ ; . .
9 g J(0) —
P~ HRQ). PO =P,
dQV 1 . . .
P ZS(QJ)DST( ¥, QO)=¢, |¢|=1,
drv 11 :
-— = = Z(r¢PT Jj J —
m 4;/,(” SQ) SV + FI(R,Q), TH(0) =,
j = 1,...,n
We have

|Q(t)) =1, j=1,...,n, fort>0.

(12)

¢ T =0,

(13)
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The Hamilton equations of motion are

dRJ pJ . .
_ = i(0) — i
dt m’ RO) =",
dP/ ; . .
9 g J(0) —
P~ HRQ). PO =P,
dQV 1 . . .
P ZS(QJ)DST( ¥, QO)=¢, |¢|=1,
drv 11 :
-— = = Z(r¢PT Jj J —
m 4;/,(” SQ) SV + FI(R,Q), TH(0) =,
j = 1,...,n
We have

|Q(t)) =1, j=1,...,n, fort>0.

QFT()V(t)=0, j=1,...,n, fort>0

(12)

¢ T =0,

(13)

(14)



Rigid Body Dynamics

The Hamilton equations of motion are

j i ,
® P RO=" (12)
dP/ ; . .
o = FRQ), PO)=p
dQy 1 , o
dr = 4 (QJ)DST( ) 70',(0):qj1 ¢l =1,
i 3
|/ . . .
dTﬂt - %Z/1 WisQ) s+ F(R.Q), W(O0)=, ¢ =0,
i
I=1
j = 1,...,n
We have _
|Q(t) =1, j=1,...,n, fort>0. (13)
QFT()V(t)=0, j=1,...,n, fort>0 (14)

ie. I'If(t) € quS3

Symplectic integrator for (12) in [Miller Ill et al J. Chem. Phys., 2002]



Symplectic integrator for rigid bodies

o 1/2 step % =f(R,Q) +1/2 step of [V = F/(R, Q)

dR P
full st f—=—
+tull step o T~
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full st f—=—
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o full step of rotation, i.e. of

99 e oinpstonm. Y 1N~ mits o) sy
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with 2nd order accuracy and so that |Q/(t)| = 1 and
QT (t)MV(t) = 0;



Symplectic integrator for rigid bodies

o 1/2 step % =f(R,Q) +1/2 step of [V = F/(R, Q)
P

dR
full st f—=—
—+full step o T~

o full step of rotation, i.e. of

99 e oinpstonm. Y 1N~ mits o) sy
= g S@)psT(@), — *4;//@ SIQ) s,

with 2nd order accuracy and so that |Q/(t)| = 1 and
QT (t)MV(t) = 0;

- , P
0 1/2 step of [V = F/(R, Q) +1/2 step C;—t =f(R,Q)



Symplectic integrator for rigid bodies

For the ‘rotation’ step, we use a composite map
Y, = ‘Vt/z,3 © llft/2,2 © ‘Vt,l © Wt/z,z o Wr/2,3 ) (15)

where “o" denotes function composition, i.e., (g o f)(x) = g(f(x)) and
the mapping W, ,(q,7) : (g,7) — (Q, 1) is defined by

Q = cos(x,t)q +sin(x,t)Siq,

16
M = cos(x,t)m + sin(x,t)Sm, (16)
with 1
_ LT
X1 = g™ Siq.

[Miller Ill et al J. Chem. Phys., 2002]



Symplectic integrator for rigid bodies

Po=p, Ro=r, Q=aq, |¢|=1,j=1,....n, No=m, q'w =0,

h
Pk = Pr+ Ef(Rth)a
. . ho .
I'Iflyk = |_|J1,k+§FJ(Rk,Qk), J:].,...,n7
h
Riyi = Re+ —Puis,
m
(Q{<+1v njz,k) = ‘Uh(Q/Ia njl,k)7
. . h. )
rljk+1 = nj2,k+§FJ(Rk+17Qk+1)a ] = 17"'5”7
h
Pit1i = P+ Ef(Rk+1,Qk+1)7
k = 0,...N—1

[Miller Ill et al J. Chem. Phys., 2002]






o Deterministic

o Stochastic



Thermostats

o Deterministic
o Stochastic

Now we derive stochastic thermostats for the molecular system (12),
which preserve |Q/(t)| = 1 and @ T(¢)[¥(t) = 0. They take the form of
ergodic stochastic differential equations (SDEs) with the Gibbsian
(canonical ensemble) invariant measure possessing the density

p(l’, pquﬂ-) O(exp(—ﬁH(r,p,qm’)), (17)
where 8 =1/(kgT) > 0 is an inverse temperature.

Davidchack, Ouldridge&T. J Chem Phys 2015



Langevin thermostat for Rigid Body Dynamics

j P j j
Rl = dt, RI(0)="r, (18)
dP = ff(R,Q)dt—WPfdtﬂ/Q'gvdwf( ), P/(0)=p,
4@ = %S(QJ)DST( Q)Vdt, Q(0) = ¢, |¢| =1, (19)
. 11 N\
dv = 330 (VTSIQ) SVde+ F/(R,Q)de — (@)

=1

2MT : : ) S
+\/725101dvvlj(t)7 nJ(O):ﬂ'Jv q]Tﬂ-J:Oa .j:]-)"'anv
I=1

where (WT, WN)T = (w27 ... ow"T WIT .. o WrT)Tisa

(3n + 3n)-dimensional standard Wlener process with w/ = (w/, w, VVé)T
and W/ = (WJ, WJ, WJ)T; 4 >0 and I > 0 are the friction coefficients
for the translational and rotational motions, 8 =1/(kgT) > 0 and

a) = % S(@)DST(a), M= (20)

3
i



Langevin thermostat for Rigid Body Dynamics

o The lto interpretation of the SDEs (18)—(19) coincides with its
Stratonovich interpretation.

o The solution of (18)—(19) preserves the quaternion length
|Q(t) =1, j=1,...,n, forall t>0. (21)
o The solution of (18)—(19) automatically preserves the constraint:
QFT(t)V(t)=0, j=1,...,n, fort>0 (22)

o Assume that the solution X(t) = (RT(¢t), PT(¢),QT(t),NT(t))" of
(18)—(19) is an ergodic process on

D = {X—(T7quT7’r) GRM"Z
¢ =1, ¢"# =0, j=1,...,n}

Then it can be shown that the invariant measure of X(t) is Gibbsian
with the density p(r,p,q, ) on D:

p(r,p,q, ) o exp(—BH(r,p,q, ™)) (23)



Langevin equations and quasi-symplectic integrators

dR!
dP’
dQ/

drv

pJ . ;
—dt, R/(0)=/
—dt, RI(0) =",

fI(R, Q)dt — yP/dt + ,/%dwf(ty P/(0) = p/,

2S(@)DST(Q)Vdt, Q(0)=¢', || =1,

A=

[y
[y

3
727 (W7SQ)) SiiVdt + FI(R, Q)dt — TJ(Q)Vdt
!

=1

N

,/QM ZS,QdeJ(t) o)==, ¢ =0,j=1,...

(10)



Langevin equations and quasi-symplectic integrators

dR!
dP’
dQ/

drv

pJ . ;

—dt, R(0)=", 9)

fI(R, Q)dt — yP/dt + ,/%dwf(ty P/(0) = p/,

1 . .

25(@)DST(@)Wdt, QI(0)=¢, || =1, (10)
3

%ZIE V7SQ) SVdt + FI(R, Q)dt — MJ(@)Vdt
=1

\/TZSIQ’dWJ(t) WO)==, ¢ =0 j=1,...,n

Let Dy € RY, d = 14n, be a domain with finite volume. The
transformation

x = (r,p,q,7) — X(t) = X(t; x) = (R(t; x), P(t; x), Q(t; x), N(¢; x))
maps Dy into the domain D;.



Langevin equations and quasi-symplectic integrators

Ve = /Xm ...dxd (24)
= /‘ X) dxt ... dx9.
xd)
The Jacobian J is equal to
J= D(XY,..., X9) =exp(—n(By+T)-t). (25)

D(x,...,x9)



Quasi-symplectic integrators

It is natural to expect that making use of numerical methods, which are
close, in a sense, to symplectic ones, has advantages when applying to
stochastic systems close to Hamiltonian ones. In [Milstein&T. IMA J.
Numer. Anal. 2003 (also Springer 2004)] numerical methods (they are
called quasi-symplectic) for Langevin equations were proposed, which
satisfy the two structural conditions:
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Numer. Anal. 2003 (also Springer 2004)] numerical methods (they are
called quasi-symplectic) for Langevin equations were proposed, which
satisfy the two structural conditions:

RL1. The method applied to Langevin equations degenerates to a
symplectic method when the Langevin system degenerates to a
Hamiltonian one.

RL2. The Jacobian J = DX /Dx does not depend on x.



Quasi-symplectic integrators

It is natural to expect that making use of numerical methods, which are
close, in a sense, to symplectic ones, has advantages when applying to
stochastic systems close to Hamiltonian ones. In [Milstein&T. IMA J.
Numer. Anal. 2003 (also Springer 2004)] numerical methods (they are
called quasi-symplectic) for Langevin equations were proposed, which
satisfy the two structural conditions:

RL1. The method applied to Langevin equations degenerates to a
symplectic method when the Langevin system degenerates to a
Hamiltonian one.

RL2. The Jacobian J = DX /Dx does not depend on x.

The requirement RL2 is natural since the Jacobian J of the original
system (18)—(19) does not depend on x. RL2 reflects the structural
properties of the system which are connected with the law of phase
volume contractivity. It is often possible to reach a stronger property

consisting in the equality j =]



Langevin integrators

Davidchack, Ouldridge&T. J Chem Phys 2015

For simplicity we use a uniform time discretization of a time interval
[0, T] with the step h= T/N.



Langevin integrators

Davidchack, Ouldridge&T. J Chem Phys 2015

For simplicity we use a uniform time discretization of a time interval
[0, T] with the step h= T/N.
Goal: to construct integrators

o quasi-symplectic

o preserve |Q(ty)| =1, j=1,...,n, forall t >0 automatically

o preserve Q' T(t)V(t) =0, j=1,...,n, for t > 0 automatically
o of weak order 2 with one evaluation of force per step

To this end:

o stochastic numerics+splitting techniques [see e.g. Milstein& T,
Springer 2004]

o the deterministic symplectic integrator from [Miller Ill et al J. Chem.
Phys., 2002]



‘Langevin A’ integrator

Splitting the Langevin system:

. pi . ;
dRF = —dt, RI(0)=",
m
dP! = fI(R,Q)dt + 2%dwf(f),
. 1
dQ) = ;S(Q)DST (@)W,
_ 11, . . . )
dary = ZZTI(|'|JT5,QJ)5,|'|Jdt+FJ(R,Q)dt
I=1
MM S
+ TZS/QJdVV/(r),J:L .,

(26)

(27)



‘Langevin A’ integrator

Splitting the Langevin system:

dR’
dpP’

dQ

drv

fI(R,Q)dt + (| ———dw/(t),

L 5(0/)DST(Q)Vt,

N

[y
[y

3
fZT(HJTS,QJ SVdt + F/(R,Q)dt
I

1=1

[2MT ; i .
TZS/QJdW/J(t), ] = 1,...,”,
I=1

N

+

and the deterministic system of linear differential equations

p=—yp, #=-TJd), j=1,....n

(26)



‘Langevin A’ integrator

Splitting the Langevin system:

dR’
dpP’

dQ

drv

fI(R,Q)dt + (| ———dw/(t),

L 5(0/)DST(Q)Vt,

N

[y
[y

3
fZI—(I'IJTS,QJ SVdt + F/(R,Q)dt
I

1=1

[2MT ; i .
TZS/QJC]WIJ(I'), ] = 1,...,”,
I=1

N

+

and the deterministic system of linear differential equations

p=—yp, #=-TJd), j=1,....n

1/2 of (28) + step of a method for (26)-(27) + 1/2 of (28)

(26)

(28)



‘Langevin A’ integrator

Po = p, Ro=r, Q=quith|q|=1,j=1,...n,
Me = mwithq w=0,
h . ixh -
Pri = e iR M, = Wi, =1, 0,
\f 2mry
Pk = Pix+ 7f(Rk7 Q) + — 75;(
; h vh
Me = My ts F(Rk,okw— ZS/an’k,J_l,...
h
Riy1i = Re+ =Py,
m

(Qirs T )

J
My «

= W(Q.M,), j=1,....n

vh

I'IJ T3 F(Rk+17Qk+1)+7 ZSIQHﬂfk ,i=1,...
\[ 2m~y
P2,k + (Rk+1; Q1) + — 3 &
h . _ j h .
e VEPy,, T, = ”(%1’2 W, ji=1....n

0,....,N—1,

!n1

(29)



‘Langevin A’ integrator

fk = (51,/0 v 7€3n,k)T and Tfk = (77]i,k7 tee 7772.,1()1—7 Jj=1

their components being i.i.d. with the same law

PO =0)=2/3, P(0=+V3)=1/6.



‘Langevin A’ integrator

€= (Erpo-Eanp)T and mf = (h o5 )T, J =1, n, with
their components being i.i.d. with the same law

PO =0)=2/3, P(0==+V3)=1/6. (30)
Proposition 1. The numerical scheme (29)—(30) for (18)—(19) is

quasi-symplectic, it preserves the structural properties (21) and (22) and
it is of weak order two.



‘Langevin B’ integrator

2
dP; = —AP dt + | /%dw(t),

: , M & :
drt, = —TJ(q)Vdt + TZs,qdvv,f(t);
=1

P
dRy, I

3
dI'IJ,, = Fj(R//,Q// dt + - Z
1=1

[ay

1

//{ M) SIQJ,} S/I'I”dt j=1,.

. 1 . L
—-dt, dPy =f(Ry, Qu)dt, dQ; = ZS(Q;,)DST(cy,,)rV,,c/t, (32)



‘Langevin B’ integrator

2
dP; = —AP dt + | /%dw(t),

(31)
: , [omr & :
drt, = —TJ(q)Vdt + =5 > SiqdWi(t);
I=1
P 1 . S
dRy = —dt, dPy =f(Ry.Qu)dt, dQ) = 7 S(Q})DST(Q)),dt. (32)

3

; 1
F Ry, Qu)dt + ~ E T { ") S/QJ,} Si¥,dt, j=1,.
=1

[ay

dry),

The SDEs (31) have the exact solution:

Pie) = PiOep(—r0)+ | [Coplale-howts) (33

M(e) = exp(=r (@)t (0) + />

Qi
=

Z/O exp(—J(q)(t — 5))dWi (s).

=1



‘Langevin B’ integrator

2
dP; = —AP dt + | /%dw(t),

dr, =
P
4R, — FU
dI'I{, = Fj(R//,Q// dt + -

The SDEs (31

P/(t)

I'I{(t) exp(—TJ(g

1/2 step (33) + step of the

—TJ(q)MVdt +

—dt, dPy = f(Ry,Qu)dt, dQ), =

3
mr ;
=1

%s@noﬁ(%)ﬂf;,dt, (32)
1
a7,

=1

[ay

[ » s,cy,} SMdt, j=1,.

) have the exact solution:

P;(0) exp(— —1-1/ ﬂ |

exp ~v(t — s))dw(s), (33)

2M

3
R

symplectic method for (32) + 1/2 step (33).

—I

)+ / exp(—J(q)(t — 5))dWi (s).

0



‘Langevin B’ integrator

The vectors f e~ M@= S)5/£7dWJ( ) in (33) are Gaussian With zero
mean and covariance C(t f e~ @(t=2) 5 q(5,q)Te~ T @(t=9) gs.

3

@) =2 Gt:4) = 1 S@AENST(@)

=1
where
Ac(t;T) =diag(0, h(1 — exp(=MTt/(2h))), (1 — exp(=MTt/(2h))),
l5(1 — exp(—=MT't/(2k)))).-

Let o(t; q)o " (t; q) = C(t; q), e.g., o(t; q) with the columns

MTt
oi(t;q) = \/Mrl, ( exp(—2ll)) Siq, 1=1,2,3,

then I'IJ,'(t) in (33) can be written as

3
M(t) = =@ (0) + #Za,(t; 9)x), ) areiid. N(0,1).
=1



‘Langevin B’ integrator

Po=p, Ro=r, Q=aq, |[¢|=1,j=1,...,n, Mo=m, q'm=0, (34)

— m
Pri=Pre 24 /5(1 —e—ThE,,
; Crioivh 4 3 _ Mrh —
m,=e ECALY EZ’“' <17c 4'/>s,ka,fkv’,J:1,_,_,n,
=1

h
Pk = P+ Ef(Rk,Qk)g
M, = M, AR =1
2,k - 1,k+§ (k’Qk)aJ* yeees Ny
h
Riyi = R+ —Poy,
m
Qi) = Wa(Q ), My, =T, + EFJ(Rk+1,Qk+1)7 j=1,...,n,
h
Pk = Pox+ Ef(RkH, Qu+1),
Py = Paxe” M7+ 1/ %(1 — e,
: 3
. _ h . 4 _ Mlh . .
njk+l = ¢ ”(%“)ZHJA,k+ EZ Iy (17e i >S/Q{<+1 k’lﬁ
=1

j = 1,...,n k=0,...,N—1,



‘Langevin B’ integrator

§k = (51,k7--~7§3n,k)7—7 Ck = (Cl,k7"‘7§3n,k)T7 Tfk = (T/]i,;a s v77§,k T

)’
Jj=1,...,n, with their components being i.i.d. with the same law (30):

PO =0)=2/3, P(0=+V3)=1/6.

Proposition 2. The numerical scheme (34), (30) for (18)—(19) is
quasi-symplectic, it preserves (21) and (22) and it is of weak order two.



‘Langevin C' integrator

Based on the same spliting (31) and (32) as Langevin B, i.e., the
determinisitic Hamiltonian system + OU.

To construct the method:
o 1/2 step of the symplectic method for (32)
o step of OU (33)
o 1/2 step of the symplectic method for (32)



‘Langevin C' integrator

Based on the same spliting (31) and (32) as Langevin B, i.e., the
determinisitic Hamiltonian system + OU.

To construct the method:
o 1/2 step of the symplectic method for (32)
o step of OU (33)
o 1/2 step of the symplectic method for (32)

Various splittings are compared for a translational Langevin thermostat in
[Leimkuhler&Matthews 2013]



[} . T -
Langevin C' integrator
Po=p, Ro=r, Q=aq, |¢[=1j=1....nMo=m q'm=0, (35)
h
Pk =Pi+ Ef(Rk,Qk)7
. h .
n/l,k =T+ EFJ(Rk,QkL j=1,...,n,
h
Rix =R+ —Pix,
2m

(Q M) = WiyaQ ), j=1,0 o,

— m
Poj=Prie "+ S —emng,
j 3
. ol 4 _ Mlh A
nj?»,k:e ( l,k) |-|12)k+ EZ\/W&Q’LU&J’J:L'“’”’
I=1

h
Riy1 = R+ =Pk,
2m

(/)

wh/2(QJi’k7 néyk% j=1,...,n,

h
Piri = Pox+ Ef(Rk+17Qk+1),
) ) h o
My = nfl,k+§Fj(Rk+1;Qk+l)7 j=1,...,n,



‘Langevin C' integrator

where €k = (51,/(7 s 7§3n,k)T and nlk = (77{]._7/(7 s 7%7[()1—7 ./ = 17 R
with their components being i.i.d. random variables with the same law
(30).

Proposition 3. The numerical scheme (35), (30) for (18)—(19) is
quasi-symplectic, it preserves (21) and (22) and it is of weak order two.

Included in LAMMPS



The gradient thermostat for rigid body dynamics
It is easy to verify that
/D exp(—AH(r, p, q, 7)) dpdr ot exp(—BU(r,q)) = p(r, ),  (36)

where (r',q")T €D’ = {(r",q")T € R"": |¢/| = 1} and the domain of

conjugate momenta Dyom = {(p7, 7 )T € R’ : q'w = 0}.



The gradient thermostat for rigid body dynamics
It is easy to verify that
/D el H(r,p.a w)dpd o xp(~3U(r.) = 7{r.a),  (36)
where (¢\T,qT)T € = {(r",q")T € R™: |¢/| = 1} and the domain of

conjugate momenta Dy,om = {(pT,ﬂ'T)T eER:q'm =0}.
We introduce the gradient system in the form of Stratonovich SDEs:

v 2v
dR = —f(R,Q)dt + \/:Bdw(t)’ R(0) =r, (37)
T 2T & i j
d@ = MFJ(Ryo)dt-l- W;SIQJOdM(tL (38)

QJ(O):qlv |qJ|:17 J=1...,n,

where the parameters v > 0 and T > 0 control the speed of evolution of
the gradient system (37)—(38), f = (f17,...,f"T)T and the rest of the
notation is as in (18)—(19).

[Davidchack, Ouldridge&T. J Chem Phys 2015]



The gradient thermostat for rigid body dynamics

This new gradient thermostat possesses the following properties.

o As in the case of (18)—(19), the solution of (37)—(38) preserves the
quaternion length (21).

o Assume that the solution X(t) = (RT(t),Q7(t))" € D’ of (37)—(38)
is an ergodic process. Then, by the usual means of the stationary
Fokker-Planck equation, one can show that its invariant measure is
Gibbsian with the density p(r, q) from (36).



Geometric integrator for the gradient thermostat

The main idea is to rewrite the components @’ of the solution to
(37)—(38) in the form Q/(t) = exp(Y?(t))@(0) and then solve
numerically the SDEs for the 4 x 4-matrices Y7(t). To this end, we
introduce the 4 x 4 skew-symmetric matrices:

Fi(r,q) = F/(r,a)¢’ " — ¢(F(r,q))",j=1,....n.



Geometric integrator for the gradient thermostat

The main idea is to rewrite the components @’ of the solution to
(37)—(38) in the form Q/(t) = exp(Y?(t))@(0) and then solve
numerically the SDEs for the 4 x 4-matrices Y7(t). To this end, we
introduce the 4 x 4 skew-symmetric matrices:

IFj(ra q) = Fj(l’, q)qu - ql(FJ(ra q))Ta./ = 17 EERERLE
Note that FF;(r,q)¢/ = F/(r,q) under |¢/| = 1 and the equations (38) can

be written as

3
dQ/ — %Fj(R, Q)@ dt+ % D> SQedWi(t), F(0)=¢, |¢|=1.
1=1

(39)



Geometric integrator for the gradient thermostat

The main idea is to rewrite the components @’ of the solution to
(37)—(38) in the form Q/(t) = exp(Y?(t))@(0) and then solve
numerically the SDEs for the 4 x 4-matrices Y7(t). To this end, we
introduce the 4 x 4 skew-symmetric matrices:

IFj(ra q) = Fj(l’, q)qu - ql(FJ(ra q))Ta./ = 17 EERERLE
Note that FF;(r,q)¢/ = F/(r,q) under |¢/| = 1 and the equations (38) can

be written as

3
dQ/ — %Fj(R, Q)@ dt+ % D> SQedWi(t), F(0)=¢, |¢|=1.
1=1

(39)
One can show that

T 2T (11 ;
Vi(t+h) = b F(R(1). Q1))+ M—BZ<W,(t+h)fW,(t)) S,
1=1

+ terms of higher order.



Geometric integrator for the gradient thermostat

Ro=r, Q=g |¢|=1j=1,. (40)

Rii1 = R + ho ka,Qk +f,/ o

; T 27T i
Yé = hMIFj(Rk7 Qk) + Vh W Z;ﬁlk’ S,
Q{;H:exp(Y,{)Q,’;, j=1,...,n,

where £, = (f1,kv~--a§3n,k)T and &4, i=1,...,3n, 77{(’/, 1=1,2,3,
j=1,...,n, are i.i.d. random variables with the same law

PO = +1) =1/2. (41)



Geometric integrator for the gradient thermostat

Ro=r, Q=g |¢|=1j=1,. (40)

Rii1 = R + ho ka,Qk +f,/ o

; T 27T i
Yé = hMIFj(Rk7 Qk) + Vh W Z;ﬁlk’ S,
Q{;H:exp(Y,{)Q,’;, j=1,...,n,

where £, = (f1,kv~--a§3n,k)T and &4, i=1,...,3n, 77{(’/, 1=1,2,3,
j=1,...,n, are i.i.d. random variables with the same law

PO = +1) =1/2. (41)

Proposition 4. The numerical scheme (40)—(41) for (37)—(38) preserves

the length of quaternions, i.e., |Q,| =1, j=1,...,n, forall k, and it is
of weak order one.

Davidchack, Ouldridge&T. J Chem Phys 2015



Stochastic Landau-Lifshitz equation

Consider a system of n spins. Let B’ be the effective field acting on spin i
Bi(x) = —V,;H(x),

where V; is the gradient with respect to the Cartesian components of the
effective magnetic field acting on spin / and H is the Hamiltonian.



Stochastic Landau-Lifshitz equation

Consider a system of n spins. Let B’ be the effective field acting on spin i
Bi(x) = —V,;H(x),

where V; is the gradient with respect to the Cartesian components of the
effective magnetic field acting on spin / and H is the Hamiltonian.

dX' = Xix a,(X)dt+X’ X (XY 0 dWi(t), (42)
X(0) = x, |x|=1,i=1,...,n,
where X' = (X[, X], X/)T are three-dimensional unit spin vectors and
X= (XlT,...,X” )" is a 3n-dimensional vector;

Wi(e) = (Wi(E), Wi(t), Wi())T, Wi(e), Wi(e), Wi(t), i=1,...,n,
are independent standard Wiener processes;



Stochastic Landau-Lifshitz equation

Consider a system of n spins. Let B’ be the effective field acting on spin i
Bi(x) = —V,;H(x),
where V; is the gradient with respect to the Cartesian components of the
effective magnetic field acting on spin / and H is the Hamiltonian.
ax’ = ’xa,(X)dt+X’xo( N odWi(t), (42)

X(0) = x, |x|=1,i=1,...,n,
where X' = (X[, X], X/)T are three-dimensional unit spin vectors and
X= (XlT,...,X” )" is a 3n-dimensional vector;

Wi(e) = (Wi(E), Wi(t), Wi())T, Wi(e), Wi(e), Wi(t), i=1,...,n,
are independent standard Wiener processes;
ai(x) = —B/(x) — ax’ x Bi(x) , (43)
a > 0 is the damping parameter; o(x), x € R3, is a 3 x 3-matrix:
« ka
= —Vv2Dy —av2D —_ 44
o(x)y = —V2Dy — aV2Dx x y, = {109 KB (44)

X is the magnetization of each spin and B is a reference magnetic field
strength.



Stochastic Landau-Lifshitz equation

Properties of SSL.:
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Properties of SSL.:

o The length of each individual spin is a constant of motion, i.e.,

IX{(t)|=1, i=1,...,n, t>0.



Stochastic Landau-Lifshitz equation

Properties of SSL.:

o The length of each individual spin is a constant of motion, i.e.,

IXi(t)| =1, i=1,...,n, t>0. (45)

d%|><"|2 = X'dX" = X" [X" x a;(X)] dt+X' [X" x a(X") o dW;(t)] = 0.



Stochastic Landau-Lifshitz equation

Properties of SSL.:

o The length of each individual spin is a constant of motion, i.e.,

IXi(t)| =1, i=1,...,n, t>0. (45)
d%|><"|2 = X'dX" = X" [X" x a;(X)] dt+X' [X" x a(X") o dW;(t)] = 0.

o Ergodic



Stochastic Landau-Lifshitz equation

Properties of SSL.:

o The length of each individual spin is a constant of motion, i.e.,
IXi(t)| =1, i=1,...,n, t>0. (45)
d§|X’|2 = X'dX" = X' [X" x a;(X)] dt+X" [X' x o(X") 0 dW;(t)] = 0.

o Ergodic, the Gibbsian invariant measure with the density

p(x) o exp(=BH(x)) , (46)

where 3 = XB/(kgT) > 0 is the inverse temperature.



Stochastic Landau-Lifshitz equation

Properties of SSL.:

o The length of each individual spin is a constant of motion, i.e.,

IXi(t)| =1, i=1,...,n, t>0. (45)
d§|X’|2 = X'dX" = X' [X" x a;(X)] dt+X" [X' x o(X") 0 dW;(t)] = 0.

o Ergodic, the Gibbsian invariant measure with the density

p(x) o exp(=BH(x)) , (46)

where 3 = XB/(kgT) > 0 is the inverse temperature.
o Stratonovich form of the SDE



Numerics for SLLE

o Mid-point method - preserves spin length, has good long time
simulation properties but very expensive for large spin systems since
it is fully implicit:

, X+ X Xk + X
T e BT
Xi +XI Xi +X' .
+Hp’(2buxa<l<2kH>&H,i:anmk:L“wM
i i1 ei2 i3\ pid .
where gk—}—l = <§k+1?£k+1a§k+1) Sk ) = 1,2,3, I = 1, Lo, n,
k=1,... N, are i.i.d. random variables which can be distributed

according to, e.g. P( LJ = +1) = 1/2. Alternatively, we can choose
) being distributed as
Ca ‘C' < Aha

§p = An, ¢ > Ap, (48)
*Aha C < 7Aha

where Ay = /2| In h| and ¢ ~ N(0,1) [Milstein, Repin, T. SINUM
2002]



Numerics for SLLE

o Heun method - a projection is required to preserve spin length, has
poor long time simulation properties but low cost per step since it is

explicit
XL = X4+ hX{x a(Xi) + WX < o(XD)Ehgr,  (49)
i=1,...,n,
; . h. . .
k1 = Xt > (X x ai(X) + X x ai( X))
ht/2 . L . L
7o [XE X (XD + X oG]
Xli«l»l = *;(+1/‘X*;<+1‘7 i:17"'7na
k=1,...,N,

) . ) . T .
where X = (X,}T,...,X[T)T; Ely1 = (f;’il,fﬁl,fﬁg &7,
j=123i=1....n, k=1,... N, are independent identically
distributed (i.i.d.) random variables which can be distributed, e.g.,
as P(¢) = £1)=1/2 or &’ ~ N(0,1).



Numerics for SLLE

New semi-implicit methods [Mentink, T., Fasolino, Katsnelson, Rasing
2010]
Semi-implicit scheme A (SIA)

= X+ hX{ < ai(Xe) + h72X] < o (X{)Eler, (50)
i=1,...,n,

, X+ X Xy + &

Xiog =X+ he et g (Re Rk

2 2

Xt Xiwa <X4’ + X

+ h'/? > )§;+1,/_1,...,n,

where &}, 1 = (gkﬂ,gkﬂ,gkﬂ) . &Y are i.i.d. random variables

distributed as, e.g. P(§) = +1) =1/2.



Numerics for SLLE

Semi-implicit scheme B (SIB)

. . Xi X Xi by .
XI: = XIL + h% X a,'(Xk) + hl/z% X U(Xli)f"k—}—la (51)
i=1,...,n,
. X+ X X+ &
X1 =X+ h% X aj (";")

4 h1/2

X + X, Xi+ X0\ i
k 2k+1><0( k—; k)ﬁ;@rl,i:l,...,n,

k=1 N.

geeey



Numerics for SLLE

Semi-implicit scheme B (SIB)

. . Xi X Xi by .
XI: = XIL + h% X a,'(Xk) + hl/z% X U(Xli)f"k—}—la (51)
i=1,...,n,
. X+ X X+ &
X1 =X+ h% X aj (";")

4 h1/2

X + X, Xi+ X0\ i
k 2k+1><0( k—; k)ﬁ;@rl,i:l,...,n,

k=1 N.

geeey

Proposition 5. The numerical schemes SIA and SIB for SSLE preserve
the length of each spin and are of weak order one.

SIA and SIB are included in UppASD library



Numerical experiments: rigid body thermostats

Davidchack, Handel&T. J Chem Phys 2009
and Davidchack, Ouldridge&T. J Chem Phys 2015

Two objectives for the experiments:
o the dependence of the thermostat properties on the choice of
parameters v and I for the Langevin thermostat
o errors of the numerical schemes.

TIP4P rigid model of water (Jorgensen et. al J. Chem. Phys. 1983)

The quantities we measure include the translational temperature
p'p

3nkgm’

tr =
rotational temperature

n 3
Tox = 5 30 O Vi),

j=1 I=1

and potential energy per molecule

1
U= ;U(I’,q)
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Figure: Langevin thermostat: v = 4ps™!, I = 0.
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Figure: Langevin thermostat: v = 4ps™', I = 10ps™.

77, = 0.28ps, 77, = 0.26 ps, and 77y = 2.0ps



Parameters of the Langevin thermostat

Figure: Langevin thermostat. Dependence of relaxation time of the
translational temperature on vy and I.



Parameters of the Langevin thermostat

¥, ps”

Figure: Langevin thermostat. Dependence of relaxation time of the rotational
temperature on y and I.
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Figure: Langevin thermostat. Dependence of relaxation time of the potential
energy on y and I.



Parameters of the Langevin thermostat

@ 8
10° > ,
N
: 10° -
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—
10' 4
3
10° \ )
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v, ps~!

T PS

Figure: Langevin thermostat. Dependence of relaxation time of the potential
energy on y and I.

v=2-8pstand =3 —40ps~!



Accuracy of integrators

o Translational kinetic temperature

GO
3mkgn'

(Tox)n =
o Rotational kinetic temperature

2(S XL Vile ™))
3an '

o Translational configurational temperature
(7 IVaUR) -
e (EL Vi),
o Rotational configurational temperature
(S IVaUR).
e (SR VL),

where V; is the angular gradient operator for molecule j;

Tex)h =

<7Ec>h

(7;c>h



Accuracy of integrators

o Potential energy per molecule

o Excess pressure

<Pex>h = _—h>

where V is the system volume;

o Radial distribution functions (RDFs) between oxygen (O) and
hydrogen (H) interaction sites

(8ap(r))h s
where a8 = 00, OH, and HH.

Angle brackets with subscript h represent the average over a simulation
run with time step h.



Accuracy of integrators

EA(X) = EA(X) + Cah” + O(hPT)

p = 2 for Langevin integrators and p = 1 for the gradient thermostat
integrator

Talay&Tubaro Stoch.Anal.Appl. 1990



Accuracy of integrators

Temperature, K

- —4— (T

(), keal/mol

= 116
~ o118
& _120

[o]
—&—Q OH
—4—aj =HH

1 #2227 8 £ R 8 e 1 #2227 8 £
h?, s I s h?, s

Langevin A (left), Langevin B (centre), and Langevin C (right) with

v =5ps~! and [ = 10 ps—1. Error bars denote estimated 95%
confidence intervals.



Accuracy of integrators

Results for Langevin A, B, and C thermostats with v = 5ps~! and
I = 10ps! and gradient thermostat with v = 4fs and T = 1fs.

Langevin A Langevin B Langevin C Gradient

A, unit (Ao Ea (Ao Ea (Ao Ea (Ao Ea

Toe K 300.0(2)  —0.136(8)  299.9(2) 0.100(13) 300.02)  —0.135(7) - -

T, K 299.9(2) —0.808(8) 299.8(3) —0.092(13) 300.1(2) —0.803(8) - -

Tier K 300.1(3) 0.022(13) 299.9(4) 0.45(2) 300.1(3) 0.021(13)  299.6(1.0) 3.6(5)

Teer K 299.8(3) 0.158(11) 299.6(4) 0.99(2) 299.9(3) 0.152(11)  298.6(1.6) 9.9(4)
U, keal/mol  —9.068(4)  —0.0004(2)  —9.071(4) 0.0059(2) —9.066(3)  —0.0005(2) —9.075(11)  0.033(4)
Pex, MPa  —117.4(1.3)  —0.02(5) —117.4(1.6)  027(9)  —117.5(1.4) —001(5) —118(11)  1.7(2.8)
800o(roo) 3.007(4) 0.0006(2) 3.009(4) —0.0027(2) 3.009(4) 0.0004(2) 3.012(9)  —0.011(4)
gon(ron)  1.490(3)  0.0003(2)  1.492(2)  —0.0024(2)  1.490(2)  0.00028(9)  1.491(7)  —0.011(2)
gun (ram) 1.283(2) 0.00012(7) 1.284(2) —0.00082(6) 1.282(2) 0.00018(7) 1.284(4)  —0.004(2)

Values of (A)g and Ea were obtained by linear regression from (A) for
h < 6fs for Langevin integrators and for h < 4fs for the gradient
integrator. Quantities E4 are measured in the units of the corresponding
quantity A per fsP, where p = 2 for Langevin integrators and p = 1 for
the gradient integrator.



Langevin systems with hydrodynamic interactions

In modelling colloidal suspensions, DNA, proteins and other
macromolecules in solutions, solvent-mediated interactions between the
particles should be included. Particles moving in a viscous fluid induce a
flow field which affects other particles. These long-range interactions,
which are only present if particles are moving, are called hydrodynamic

interactions.



Langevin systems with hydrodynamic interactions

In modelling colloidal suspensions, DNA, proteins and other
macromolecules in solutions, solvent-mediated interactions between the
particles should be included. Particles moving in a viscous fluid induce a
flow field which affects other particles. These long-range interactions,
which are only present if particles are moving, are called hydrodynamic
interactions.

For a system of spherical particles, forces and torques due to
hydrodynamic interactions depend linearly on the linear and angular
velocities of the spheres through a position-dependent friction matrix

§(r).

[Davidchack, Ouldridge&T. work in progress]



Langevin systems with hydrodynamic interactions

dR’

dP

P ,

i R’ = !

- dt, R'(0)=r

. n e (RY .
Fi(R,Q)dt — Y gT.()Pfdt

Jj=1

_72 trg(lj AT(Q])D] (Qj)njdt

+Z b (R)dw/ (¢ Z pUD(R)dWI (1),
j=1

(52)



Langevin

dQ’

dn’

where () (r), b (r), b (r), and U (r), i,j=1,...,

systems with hydrodynamic interactions

PN

§(Qi)DiST(Qi)ﬂidt, QI(O) — qi’ |qi| =1,

Rt S

S(NHD'ST(QNM dt + F'(R, Q)dt

—25(0") mE(R)AT(Q) D ST(Q) W dt
—22*5 ) rteD(RYPIdt

+2Zs Q") bU)(R)dW/ (t)

+2Z$ . rtb(l_] )dWJ(t), I—]l(o) — 7_(_1'7 qiT’]T.

i=1,...,n,

3 X 3-matrices.

n, are



Langevin systems with hydrodynamic interactions

The matrices *b()(r), b0 (r, q), ™ b (r,q), and "*b(4)(r, q) are so
that the invariant measure of X(t) is Gibbsian with the density
p(r,p,q,m):

p(r,p,q, ) o exp(—BH(r, p,q,)).

50 o ] [ it | =5 [0 -0 50

[Davidchack, Ouldridge&T. work in progress]



Conclusions

o As in the deterministic case, it is important to preserve structural
properties of stochastic systems for accurate long term simulations

o Geometric integrators for stochastic Hamiltonian systems, for various
Langevin-type equations, for stochastic Landau-Lifshitz equation
were constructed

o Testing of thermostats and numerical integrators.

o Current work includes stochastic rigid body dynamics with
hydrodynamic interactions.

o Development of more efficient methods for stochastic gradient
systems.
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