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» The Hilbert complex framework

m Discretization of Hilbert complexes
m Finite element differential forms

m FEDF on cubical meshes

= New complexes from old



The Hilbert complex
framework



Short closed Hilbert complex

WOMWlmWZ

» d' are closed, densely-defined w/ closed range, d'od? =0
= Null space & range: 3’ := N (d'), B := R(d""1), B! C 3!

dy, Vi d;, Vi
Dual complex: wo (d3,V7) Wl (d3,V3) W2

Harmonic forms: ) = 31N 3% = (B3 = B1/3! (homology)

2 2.

J J
—_——

Hodge decomposition: ! — 3! ¢ &5 %1
\\,./ ~

» Poincaré inequality:  ||u|| < Cpl|du|, ue€ VN3t



Hodge Laplacian

0 1
wo LH Wi %d% W2
dq d;

L=dd*+d'd: W' — W1,
D(L)={ueVNV*|dueV* duecV}
L=L* N(L)=R(L): =95
Strong form: Given f € W find u € D(L) s.t. Lu = f (mod ), u L
Primal weak form: Find u € VN V* N Htst.

(du,dv) + (d*u,d*v) = (f,0), ve VNV NHt

Mixed weak form: Find o € VO, u € V1,p € Hs.t.
(o, 7T) — (u,dt) =0, e VP,
(do,v) + (du,dv) + (p,0) = (f,v), ©ve V!,
(u,q) =0, q€89.



Well-posedness

Let WO 4 W' 4 W2 bea closed H-complex. Then
1. Vf € WL 3l (0,u,p) € VOX VI x$ solving the weak mixed form.

2. dcdepending only on the Poincaré constant for the complex s.t.
lellv + llullv + llpll < cllfl

3. u € D(L) and satisfies Lu = f (mod ), u L $. (weak <= strong)

To show: inf-sup cond’n for (¢, T) — (u,dt) + (do,v) + (du,dv) + (p,v) + (u,q).
So we need to bound |||y + [|u|y + ||p|| by bounded choice of , v, 4.

Easy to bound |||, [|de]|, [|pl], ||dul|, but...what about ||u||?
Hodge decomp of W': 1 = usg + gy + tisg.

Easy to bound ||u ||. To bound ug take T € VO N 31 with dt = ugs and use
Poincaré’s inequality in V.

Finally ||ugs-|| < Cp||duss:|| = Cp||dul|| by Poincaré’s inequality in V.



rad,H!
(8 )

Ex0. O C R? 0 — L2(Q) [*(Q) @ R3

Mixed=Primal: Find u € H}, pER st

(gradu, gradv) = (f —p,v), v€H, /u =0.



rad,H!
(8 )

Ex0. O C R? 0 — L2(Q) [*(Q) @ R3

Mixed=Primal: Find u € H}, pER st

(gradu, gradv) = (f —p,v), v€H, /u =0.

0%
5@5«\@‘\(\ .
d,H!
Ex Oa. 0 — 12() B2, 1200) o RO

Find u € A" s.t. (gradu,gradv) = (f,v), v H.
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rad,H!
(8 )

Ex0. O C R? 0 — L2(Q) L2(Q)®R3

Mixed=Primal: Find u € H?, pER st

(gradu, gradv) = (f —p,v), v€H, /u =0. ’\yd\’""ogc
Lo
d it

Ex Oa. 0 — 12() B2, 1200) o RO

Find u € A" s.t. (gradu,gradv) = (f,v), v H.

divH(di

Ex 3. 12(0) @ R® AU 12y g
Mixed: Find ¢ € H(div), u € L? s.t. 0 s

(o,7) — (u,divt)=0, T € H(div), e
(dive,v)= (f,0), wvel?
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The de Rham complex in 3D

rad,H! curl,H (curl) div,H(div)
2 BT Lo I — ] 3 — Ty g2
0—1L L“®R L“®R L-—0



The de Rham complex in 3D

grad,H' curl,H(curl) div,H(div)
052 PR ——— 20R ————= [~ 0
— div,FI(div) curl, F(curl) — grad,H!



The de Rham complex in 3D

grad,H' curl,H(curl) div,H(div)
02— 2R} ——— [?@R3 ———= 12 >0
— div,H(div) curl,H (curl) — grad,H!

Ex1. dd* +d*d = — grad div + curl curl
Natural magneticb.c. u-n=0, curluxn=0

o= —divu

Ex 2. dd* +d*d = curl curl — grad div
Natural electricb.c: uxn=0, divu=0

o =curlu

The dimensions of the homology groups (harmonic forms) are the
Betti numbers of ().



The Hodge wave equation

U+ (dd* +d*d)u =0, U0)=1Uy, U()=U
Theno :=d*U, p:=dU, u:= u satisfy

log 0 —d* o0 o
|+ f(d 0 d°)|u]=0 strona
0 0 —d 0 0

Find (o,u,p):[0,T] — VOxVIxW? st

(6,7) — (u,d7) =0, eV,

. 1
(i,0) + (do,v) + (p,dv) =0, ©veV, wesk
(o) — (du, ) =0, ne W

THEOREM

Given initial data (0, ug, po) € VOx VI x W2, 31 solution
(o,u,p) € CO[0,T], VOx VIx W2) n CL([0, T], WO x W x W?).

Proof: Uniqueness: (7,v,17) = (,u, p). Existence: Hille-Yosida.
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Example: Maxwell’s equations

D = curlH B = —curlE
divD =0 divB =0
D =¢€E B=uH
W0 = 12(Q) (0,E,B) : [0,T] x QO — RxRR3 xR solves
W = LX(Q, R’ edx) (0, T)—(€E,grad T) = 0 V1,
W2 = L2(Q,R?, u~dx) (eE,F)+(egrad o, F) — (u'B,curl F) = 0 VF,

grad (4™ 'B,C)+(u~ ' curl E,C) = 0 VC.

wo 25 w1 —eurd, 2

THEOREM

If 0, div eE, and div B vanish for t = 0, then they vanish for all t, and E, B,
D = eE, and H = y~'B satisfy Maxwell’s equations.



Simulation of radar scattering off building

Stowell-Fassenfass-White, IEEE Trans. Ant. & Prop. 2008

= Solved time-dependent Maxwell equations using Q7 Al for E and
Qr A? for B (Nédélec elements of the first kind on bricks)

= 10,114,695,855 brick elements (=~ 1 cm resolution)

~ 60,000, 000,000 unknowns

~ 12,000 time steps of 14 picoseconds

concrete walls
cinder block/rebar walls
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Some other complexes

0 2R3 Ymed 120 g3 culTeurd 12 o3 div 2R3

displacement strain stress load
sym grad . ..
" 0 2R 2T 12663 primal method for elasticity

" 208 B 29 R 0 mixed method for elasticity



Some other complexes

0 2R3 Ymed 120 g3 culTeurd 12 o3 div 2R3

displacement strain stress load
sym grad . ..
" 0 2R 2T 12663 primal method for elasticity

" 208 B 29 R 0 mixed method for elasticity

R3*3 trace-free

12 grad grad 12

0— ®8 <l 2o 4V, 125 R3 50

dgrad
n 02 B 12 63 primal method for plate equation

rad grad
o gradg

m L ’®S? curl, 72 ® V Einstein-Bianchi eqs (GR)
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Discretization of Hilbert
complexes



Discretization

Choose finite dimensional spaces Vg c Vo, V}l c vh
Of course they must have reasonable approximation:

lim 1nf lu—o[lw=0, ueW.
h—0ve

Letd, =d|v,, 3, = N'(dy), B, = R(dy), H, = 35 N Bjr

Galerkin's method: Find (07, up,, p) € VO x V) x $l s.t.

(o, T) — (up, dt) =0, TeVy,
(doy,, 0) + (duy, dv) + (p,0) = (f,0), ©vEV]},
(up, q) =0, q € Dp-

When is this approximation stable, consistent, and convergent?
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Assumptions on the discretization

Besides approximation, there are two key requirements:
Subcomplex assumption: — d Vﬁ - VZH
Bounded Cochain Projection assumption: 3 n;‘l SV V,’;
vk 4k
Ix
4k

vk Syt o itk = dfnf

] 7'(115 is bounded, uniformly in

k1
7T,
h k k
J ! = 77, preserves V)



Consequences of the assumptions

The subcomplex property implies that V0 V1 W2 s itself
an H-complex. So it has its own harmonic forms, Hodge
decomposition, and Poincaré inequality. The Hodge Laplacian for the
discrete complex is the Galerkin method for the original problem.

THEOREM

Given the approximation, subcomplex, and BCP assumptions:
" §) = 5, and gap (9, Hy,) — 0.
» The Galerkin method is consistent.

w The discrete Poincaré inequality  ||w|| < c||dw||, w € 3Kt
holds with ¢ independent of h.

m The Galerkin method is stable.
» The Galerkin method is convergent with the error estimate:

lo = oullv + [lu —unllv + llp = pullv < c[E(0) + E(u) + E(p) + €]

where € < E(Pygu) - sup E(r).
rGka,HrH:1



Finite element differential
forms



Differential forms on a domain () C R”

= Differential k-forms are functions Q) — AIt‘R”

0-forms: functions; 1-forms: covector fields; k-forms: (}) components

u = ngdx(f = Z fﬁ---ﬂk dxlfl A--- /\dxg-k
a

1<op < <o <n

The wedge product of a k-form and an I-form is a (k + [)-form

The exterior derivative du of a k-form is a (k + 1)-form

A k-form can be integrated over a k-dimensional subset of ()

Given F : QO — (Y, a k-form on ()’ can be pulled back to a k-form on Q).

m The trace of a k-form on a submanifold is the pull back under inclusion.
= Stokes theorem: / du = / tru, ue AF(Q)
JQ JoQ)

m The exterior derivative can be viewed as a closed, densely-defined op
L2AF — [2A*1 with domain HA¥(Q) = {u € L>AF |du € [2AF1},
If O has a Lipschitz boundary, it has closed range.
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The L? de Rham complex and its discretization

0 L2A0 Ay [2A1 4y o A 2An

Our goal is to define spaces V’,j C HAF satisfying the approximation,
subcomplex, and BCP assumptions.

In the case k = 0, Vﬁ C H' will just be the Lagrange elements. It turns
out that for k > 0 there are two distinct generalizations.

16/ 40



. o i ew
The Lagrange finite element space P,A°(7},) &%ﬁh‘rr\\gtra\t\or\\

Elements: A triangulation 7}, consisting of simplices T
Shape functions: V(T) = PVAO(T) =P,(T), somer>1

Degrees of freedom (unisolvent):
m v e AT): ur u(v)
mec A(T): uws [,(treu)gdt, g€ Prse)
mfeNT): urs ff(trfu)qu, g € Pr_3(f)

T 4@ WAG, € P g AN, feAT), d>0

The resulting finite element space belongs to HA? = H'. In fact, it equals

{uc HAY(Q) : ulr e V(T)VT € Tp, }



The P, Ak(ﬁ) and P, Ak(771) finite element spaces

Elements: A triangulation 7, consisting of simplices T
to Be defined

Shape functions: V(T) = P,AX(T) or P; A¥(T), somer >1

Degrees of freedom for P, A* (unisolvent):

= /f(trfu) NG, qEP, 4 NTKE), fEA(T), d >k

Degrees of freedom for P,~ AF (unisolvent):
U /f(trf W) AG, G € Prgpka AT, f € Dy(T), d >k

Hiptmair "99

The resulting finite element spaces belongs to HA*. In fact, they equal

{uc HAY(Q) : ulr € V(T)VT € Tp, }



The Koszul differential

x is a simple algebraic operation take k-forms to k — 1-forms.
It takes polynomial forms to polynomial forms of 1 degree higher.

w k(dy) =x, x(uAv) = (ku) Ao+ (=)*u A (xv)

mo(fdx N /\dx"k) =Yk (Z)ifxoidx A - X A dx

= InR: PAS P A2 P Al T P Al
Two basic properties:

® « is a differential: xox =0
s Homotopy property: (dx + kd)u = (r+k)u, u 677‘-@/\"

h . dea.
e.g., curl(¥ x9)+ X (divd) = (deg? +2) T oMo dea T
Consequences:
m The Koszul complex 0 — H,A" LN ’;’—l,,HA”’1 5.5 HyinA? — 0
is exact.

» WA=k H, AT S dH, AT

Definition: P, A = P,_1AF 4 «H,_1 AFH!

9/40



Finite element discretizations of the de Rham complex

= P, AF - P,TAk - P, Ak except P, A0 = P,AY, P A" = P,_1A")
» The DOFs given above for P,AF and P;~ A¥ are unisolvent.
m The DOFs define cochain projections for the complexes

0= PANT) — P AV (T - o L P AT — 0

0= PrAYT) - PoAYT) - oo =L PoAM(T) — 0

decreasing dearee constant dearee
= This leads to four stable discretizations of the mixed k-form Laplacian:

PATH(T,) x P AN(TR) PNTHT) x PrAK(T)
Py AT x P AN (Th) Py AT x PrAN(T)
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Finite element differential
forms on cubical meshes



The tensor product construction

DNA-Boffi-Bonizzoni 2012
Suppose we have a de Rham subcomplex V on an element S C R™:

s VRS VR vk C HAK(S)
and another, W, on another element T C R":
..._>Wki>wk+1_>...

The tensor-product construction produces a new complex VAW, a
subcomplex of the de Rham complex on S x T.



The tensor product construction

DNA-Boffi-Bonizzoni 2012
Suppose we have a de Rham subcomplex V on an element S C R™:

oo VR R Yk c HAK(S)
and another, W, on another element T C R":
..._>Wki>wk+1_>...

The tensor-product construction produces a new complex VAW, a
subcomplex of the de Rham complex on S x T.

Shape fns: (VAW = D eV W (g :SXxT—S)
i+j=k

DOFs: (n A\ p)(méonmiw) == 1 (v)o(w)



Finite element differential forms on cubes: the O, Af family

Start with the simple 1-D degree r finite element de Rham complex, V-

0 = PAYN) L P AY(D) — 0

Take tensor product n times:  Q,; AK(I") := (V, A--- A V,)F
Q;AO - QT’/

Qr_Al = Qr—l,r,r,...dxl + Qr,r—l,r,...dx2 + -,
Q;AZ = Qrfl,rfl,r,‘..dxl A dx? +--,

— A0 — Al — A2
QA QA Q; A

constant degree




Q, AF

(S
o

~
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The 2nd family on cubes: 0-forms

DNA-Awanou 2011

The O, Ak family reduces to Q, when k = 0. For the second family,
we get the serendipy space S;.



The 2nd family on cubes: 0-forms

DNA-Awanou 2011

The O, Ak family reduces to Q, when k = 0. For the second family,
we get the serendipy space S;.

2-Dshape fns:  S,(I?) = P,(I?) @ span[x}xo, x1x5]

DOFs:  u jf trrug, q€ Pra(f).f € By(I")



The 2nd family on cubes: 0-forms

DNA-Awanou 2011

The O, Ak family reduces to Q, when k = 0. For the second family,
we get the serendipy space S;.

2-Dshape fns:  S,(I?) = P,(I?) @ span[x}xo, x1x5]

DOFs:  u jf trrug, q€ Pra(f).f € By(I")

n-D shape fns:  S,(I") = P,(I") ® @ Hyppo(I)

>1

H, ¢(I") = span of monomials of degree r, linear in > ¢ variables



The 2nd family of finite element differential forms on cubes

DNA-Awanou 2012

The S, AX(I"") family of FEDFs, uses the serendipity spaces for
0-forms, and serendipity-like DOFs.

DOFs:  u +— /f trrung, g€ Pr_z(d_k)/\dfk(f)/f e A7), d >k
Shape fns:

SN = PN (™) @ @D (Mg 1,0 NTHI™) @ dicH, g o A (TM)]
>1

deg=r+/{

Hr,gAk(I”) = span of monomials x|" - - - xi" dxg, A+ -+ Adxg,
|a| = r,linear in > ¢ variables not counting the x,,

Unisolvence holds foralln > 1,r > 1,0 <k < n.



The 2nd cubic family in 2-D

S A° SiA! SoA?
b — —
decreasing degree
=S3/t0 l SA! S A2
l — —
SeAK(12) Q AK(I?)
ki1 2 3 4 5 ki1 2 3 4 5
0/4 8 12 17 23 04 9 16 25 36
118 14 22 32 44 114 12 24 40 60
213 6 10 15 21 211 4 9 16 25



The 3D shape functions in traditional FE language

S, A0: olynomials u such that degu < r+ ldegu
poly g g

S AL
(v1,02,03) + (x2x3(wp — w3), x3%1 (w3 — wy ), x1x2(wy — wy)) + grad u,

v; € P, w; € Py_1independent of x;, degu <r-+ldegu+1

S, A%
(v1,v2,03) + curl(xpx3(wy — w3), x3x1 (w3 — wq), X132 (w1 — w2)),

v;, w; € P,(I3) with w; independent of x;

S;’A3: A Pr



Dimensions and low order cases

SA(IP) Q AK(I?)
1 2 3 4 5 1 2 3 4 5
8 20 32 50 74 8 27 64 125 216
48 84 135 204 54 96 200 540
18 39 72 120 186 6 36 108 240 450
4 10 20 35 56 1 8 27 64 125

WIN RO
N
=
WIN RO
—_
N

T

SIAY(P) S1A%(PP)

new element corrected element



Approximation properties

On cubes the Q;” AF and S;” A¥ spaces provide the expected order of
approximation. Same is true on parallelotopes, but accuracy is lost by
non-affine distortions, with greater loss, the greater the form degree k.

The L? approximation rate of the space @, = Q; A%isr + 1 on
either affinely or multilinearly mapped elements.

The rate for S, = S,A is 7 + 1 on affinely mapped elements, but
only max(2, |r/n] + 1) on multilinearly mapped elements.

The rate for Q; AK, k > 0, is r on affinely mapped elements,
r — k 4+ 1 on multilinearly mapped elements.

The rate for P, A" = S;A" is r + 1 for affinely mapped elements,
|r/n| —n + 2 for multilinearly mapped.

DNA-Boffi-Bonizzoni 2012
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New complexes from old



Elasticity with weak symmetry

The mixed formulation of elasticity with weak symmetry is more
amenable to discretization than the standard mixed formulation.
Fraeijs de Veubeke 75

p =skwgradu, Ac =gradu—p

Find ¢ € L?(Q)@R"™, ucl?>(Q)®R", pe2(Q) @R s.t.

skw

(Ao, T) + (u,divt) + (p,T) =0, T € L2(Q) @ R™"
—(dive,v) = (f,v), ©vel*(Q)R"

—{o,q) =0, 9 € L3(Q) @ Ry

This is exactly the mixed Hodge Laplacian for the complex:

12(Q) @ R T 120y 0 R @ [12(Q) @ RWY) —— 0

skw



Well-posedness

13(0) o RV S 12(0) @ RY @ [12(0) 9 R —— 0

skw

Well-posedness depends on the exactness of the complex. This can be
shown by relating the complex to two de Rham complexes:

12(Q) @ R" @ Ry~ 12(0) @ RY” — 0

skw

S — skw

_ di
L2(0)®]R”X” , Lz(Q)QO]R”X” RN LZ(Q)®R'1 0

St=1" —tr(7)] (invertible)



Well-posedness

13(0) o RV S 12(0) @ RY @ [12(0) 9 R —— 0

skw

Well-posedness depends on the exactness of the complex. This can be
shown by relating the complex to two de Rham complexes:

q
12(Q) @ R" @ Ry~ 12(0) @ RY” — 0

skw

S — skw

_ di
L2(0)®]R”X” , Lz(Q)QO]R”X” RN LZ(Q)®R'1 0

0

St=1" —tr(7)] (invertible)



Well-posedness

13(0) o RV S 12(0) @ RY @ [12(0) 9 R —— 0

skw

Well-posedness depends on the exactness of the complex. This can be
shown by relating the complex to two de Rham complexes:

q
12(Q) @ R" @ Ry~ 12(0) @ RY” — 0

skw

S — skw

_ di
L2(Q) @ RN , Lz(Q) @ RM*n RN LZ(Q) @ R" 0
0 v

St=1" —tr(7)] (invertible)



Well-posedness

13(0) o RV S 12(0) @ RY @ [12(0) 9 R —— 0

skw

Well-posedness depends on the exactness of the complex. This can be
shown by relating the complex to two de Rham complexes:

12(Q) 9 R" @ Ry — L2(Q)

1Y v

St=1" —tr(7)] (invertible)



Well-posedness

13(0) o RV S 12(0) @ RY @ [12(0) 9 R —— 0

skw

Well-posedness depends on the exactness of the complex. This can be
shown by relating the complex to two de Rham complexes:

P g+ skwp
12(Q) 9 R" @ Ry — L2(Q)

1Y v

St=1" —tr(7)] (invertible)



Well-posedness

13(0) o RV S 12(0) @ RY @ [12(0) 9 R —— 0

skw

Well-posedness depends on the exactness of the complex. This can be
shown by relating the complex to two de Rham complexes:

X div
SR @RYS AV,

¢ p v

St=1" —tr(7)] (invertible)



Well-posedness

13(0) o RV S 12(0) @ RY @ [12(0) 9 R —— 0

skw

Well-posedness depends on the exactness of the complex. This can be
shown by relating the complex to two de Rham complexes:

X div
SR @RYS AV,

¢ curl g+ o v

St=1" —tr(7)] (invertible)



Discretization

To discretize we select discrete de Rham subcomplexes with
commuting projs

- 1 -
o, gl —dv, g2y oyl odvy g2

to get the discrete complex

N — div,— sk .

7o R EEIY (72 9 Ry X (V@ RN 0

We get stability if we can carry out the diagram chase on:
V;@]R”X” div V%@IR”X” 50

skw skw
™8 — 12 skw
- 1 - —di -
WoR — L V@R — == 72 @R" — 0
This requires that 77,5 : V) @ R" — V] @ R is surjective.
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Stable elements

The requirement that 77}S: V) @ R" — V) @ R is surjective
can be checked by looking at DOFs.
The simplest choice is

chv

PraA'2 S p At 2O p A0, PrAT L P 0

which gives the elements of DNA-Falk—-Winther "07

Other elements:
Cockburn—-Gopalakrishnan-Guzman,
Gopalakrishnan-Guzman, Stenberg, ...



More complexes from complexes
v : W2
S D -
/ Ay 0— T —5 {2
7 W2

where T = {(v,7) € VI xV!|dv=St}, D(v,7)=dr.

: e d O*>Fh$w2
0 vl W2

where T, ={(v,7) € Vi x V} |dvo = n2St }.

Find w, €V}, 0, €V}, A, €V2 st
(doy,, dT) + (A, do — ,ST) = (f,0), veEV], T€V],
(duy, — m,Soy, w) =0, He Vﬁ'



FEEC discretization of the biharmonic

o grad grad
0 — H'(Q) ——— L*(O;R") 0 P, A0 PrAL
I Tty

°rl n grad 2 () R X1 0 n e 2 (). R X1
0 — HY(Q;R") — L&(Q;R™") 0 = P AP @ R” — Le (Q; R"*™)
Find uy; € 'P,'AO, oy € PerlAO, Ay € Pf[\l s.t.

(Cgrad oy, grad T) + (A, gradv — m,7) = (f,0), v € P,AY, T € Py A",
(grad uj, — muop, 1) =0, pe P AL
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