
Nonstiff, Stiff and Geometric Integration
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Nonstiff, Stiff and Geometric Integration

E. Hairer, Chr. Lubich, S.P. Nørsett, G. Wanner
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From where come Differential Equations ??

Kepler Newton Euler
– p.2/72



... from heaven !!

Astronomy is older than physics. In fact, it
got physics started by showing the beautiful
simplicity of the motion of the stars and
planets,the understanding of which was the
beginning of physics.

(R. Feynman 1963)
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Johannes Kepler (1609):
Astronomia Nova
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Johannes Kepler (1609):
Astronomia Nova

What was theold astronomy ?? ...
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Ptolemy – Copernicus – Brahe ::

geometricallyall equivalent:

orbits areexcentric circles !!
(Inaequalitatis primae)

rotation speed governed by
“punctum aequans”C

with CB = BS

(Inaequalitatis secundae)

Thousands of data
to adapt parameters

S

B

C

S: Sun,
B: “Mean” Sun,
C: punctum aequans.

Did not work for Mars !!
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Astronomia Nova: Search first law for speed (Chap. 32 – 39):

Long discussions,
attractive forces, magnetism,
the planets have a “Soul” ;
the planets “wish” to move;
the planets “look” at the Sun and
see diameter inv. prop. tor

⇒ Speed inversely prop. tor !!
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c
r

S

No good ...
arc length
requires Pythagoras
and√...
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Chap. 40: End of Pars Tertia : Simplified model:

Above model too complicated ...
⇒ Inspired by Archimedes

Kepler 2:
all triangles have same area !!
“Equal times — equal areas”
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Kepler’s Pars IV : The Great Idea in Chap. 56:

1.00429

1

1

5◦18′
u

S

B
R

O

P

Obs.: Dist.BS of Tycho’s circle by factor1.00429 too large;
This value is (by chance)1/ cos 5◦18′;
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Kepler’s Pars IV : The Great Idea in Chap. 56:

1.00429

1

1

5◦18′
u

S

B
R

O

P

Idea: Replace ‘hypoth.’ by ‘legs’,BS = BO, PS = PR,...
and“I awoke from sleep & new light broke on me”!!!

PS = PR = 1 + e cos u

Kepler 1: Planet moves on ellipse !!
– p.10/72



Newton: Manuscript (1684),Principia (1687)

(Newton, Cambridge Univ. Lib. manuscript Add.39657a from 1684)

Huygens(Horologium 1673)
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Proof of Kepler 2:

at end of time step∆t

oneforce impulsef ·∆t

(Picture from ms. Add.39657a)

S

A
B

c

C

S

A
B

c

C

S

A
B

c

C

Eucl. I.41: All triangles have same area!
This became the“Theorema 1”of thePrincipia (1687). – p.12/72



Newton’s Discovery of Gravitation Law from Kepler 1 & 2.

... i libri di Apollonio, ... delle quali sole siamo bisogni nel

presente trattato. (Galilei 1638, giornata quarta)

(Newton’s Princ. 1687, Leibniz’ handwriting)

Conj. diam.‖ tang.
(Apoll. II.6+Eucl. II.14)
⇒ PV = Const·QV 2

Tangentsα = α

(Apoll. III.48)

SP + HP = 2a

(Apoll. III.52)

⇒ EP = a

⇒ RQ = Const·QT 2

(Thales)
– p.13/72



The Law of Gravitation.

RQ prop.QT 2

(Newton’s Lemma)
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S

P

Q

T

QT prop. 1
r

(Kepler 2)

hence: force is proportional to
1

r2

(Prop. XI of thePrincipia).
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L. Euler (E122,1747):Differential Eqs. for Mechanics.

“While physicists call these
“Newton’s equations”,
they occur nowhere in the work of Newton
or of anyone else prior to 1747.”
“... such is the universal ignorance
of the true history of mechanics.”

(C. Truesdell,Essays in the
History of Mechanics,1968)
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L.Euler (E342), Inst. Calc. Integralis 1768, §650:

1

−1

1

a, b

a′, b′

a′′, b′′

h=1/4 h=1/8

h=1/32

dy
dx = V (x, y), y(a) = b
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1. Taylor Method (Londini MDCCXV) 300 years !!!

(EulerE342, ICI 1768, §656):

dy
dx = V (x, y) ⇒
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Order 2 Order 3

1

−1

1

x0,y0

x1,y1
x2,y2

h=1/2

h=1/4

h=1/16

1

−1

1

x0,y0

x1,y1

x2,y2

h=1/2

h=1/4
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2. Multistep methods (J.C. Adams-F. Bashforth 1883)

t

y

t0 t1 t2 t3 t4 t5

y0

y1

y2

Initial valuesy0, , . . . , yk−1

approximating solutiony(ti);

Initialize slopesf0, . . . , fk−1

fi = f(ti, yi);

Interpolatefn, . . . , fn+k−1,

find area
∫ tn+k

tn+k−1
p(t) dt;

Compute newy value
yn+k = yn+k−1 + area;

Evaluate new derivative
fn+k = f(tn+k, yn+k)

and continue from item 3;

Explicit Adams3

t

f

t0 t1 t2 t3 t4 t5

f0

f1

f2
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2. Multistep methods (J.C. Adams-F. Bashforth 1883)

t

y

t0 t1 t2 t3 t4 t5

y0

y1

y2

y3
Initial valuesy0, , . . . , yk−1

approximating solutiony(ti);

Initialize slopesf0, . . . , fk−1

fi = f(ti, yi);

Interpolatefn, . . . , fn+k−1,

find area
∫ tn+k

tn+k−1
p(t) dt;

Compute newy value
yn+k = yn+k−1 + area;

Evaluate new derivative
fn+k = f(tn+k, yn+k)

and continue from item 3;

Explicit Adams3

t

f

t0 t1 t2 t3 t4 t5

f0

f1

f2

– p.20/72



2. Multistep methods (J.C. Adams-F. Bashforth 1883)

t

y

t0 t1 t2 t3 t4 t5

y0

y1

y2

y3
Initial valuesy0, , . . . , yk−1

approximating solutiony(ti);

Initialize slopesf0, . . . , fk−1

fi = f(ti, yi);

Interpolatefn, . . . , fn+k−1,

find area
∫ tn+k

tn+k−1
p(t) dt;

Compute newy value
yn+k = yn+k−1 + area;

Evaluate new derivative
fn+k = f(tn+k, yn+k)

and continue from item 3;

Explicit Adams3

t

f

t0 t1 t2 t3 t4 t5

f0

f1

f2

f3
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2. Multistep methods (J.C. Adams-F. Bashforth 1883)

t

y

t0 t1 t2 t3 t4 t5

y0

y1

y2

y3

y4

Initial valuesy0, , . . . , yk−1

approximating solutiony(ti);

Initialize slopesf0, . . . , fk−1

fi = f(ti, yi);

Interpolatefn, . . . , fn+k−1,

find area
∫ tn+k

tn+k−1
p(t) dt;

Compute newy value
yn+k = yn+k−1 + area;

Evaluate new derivative
fn+k = f(tn+k, yn+k)

and continue from item 3;

Explicit Adams3

t

f

t0 t1 t2 t3 t4 t5

f0

f1

f2

f3
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2. Multistep methods (J.C. Adams-F. Bashforth 1883)

t

y

t0 t1 t2 t3 t4 t5

y0

y1

y2

y3

y4

Initial valuesy0, , . . . , yk−1

approximating solutiony(ti);

Initialize slopesf0, . . . , fk−1

fi = f(ti, yi);

Interpolatefn, . . . , fn+k−1,

find area
∫ tn+k

tn+k−1
p(t) dt;

Compute newy value
yn+k = yn+k−1 + area;

Evaluate new derivative
fn+k = f(tn+k, yn+k)

and continue from item 3;

Explicit Adams3

t

f

t0 t1 t2 t3 t4 t5

f0

f1

f2

f3

f4
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2. Multistep methods (J.C. Adams-F. Bashforth 1883)

t

y

t0 t1 t2 t3 t4 t5

y0

y1

y2

y3

y4

y5

Initial valuesy0, , . . . , yk−1

approximating solutiony(ti);

Initialize slopesf0, . . . , fk−1

fi = f(ti, yi);

Interpolatefn, . . . , fn+k−1,

find area
∫ tn+k

tn+k−1
p(t) dt;

Compute newy value
yn+k = yn+k−1 + area;

Evaluate new derivative
fn+k = f(tn+k, yn+k)

and continue from item 3;

Explicit Adams3

t

f

t0 t1 t2 t3 t4 t5

f0

f1

f2

f3

f4
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2. Multistep methods (J.C. Adams-F. Bashforth 1883)

t

y

t0 t1 t2 t3 t4 t5

y0

y1

y2

y3

y4

y5

Initial valuesy0, , . . . , yk−1

approximating solutiony(ti);

Initialize slopesf0, . . . , fk−1

fi = f(ti, yi);

Interpolatefn, . . . , fn+k−1,

find area
∫ tn+k

tn+k−1
p(t) dt;

Compute newy value
yn+k = yn+k−1 + area;

Evaluate new derivative
fn+k = f(tn+k, yn+k)

and continue from item 3;

Explicit Adams3

t

f

t0 t1 t2 t3 t4 t5

f0

f1

f2

f3

f4

Codes LSODE, DEABM, ...

etc.
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3. Runge-Kutta (Kutta 1901)

1

1

x

y

y0 1
2

C. Runge 1895

1

1

x

y

y0 1
3

K. Heun 1900

1

1

x

y

y0 1
2

W. Kutta 1901
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3. Runge-Kutta (Kutta 1901)

1

1

x

y

y0 1
2

y1

C. Runge 1895

1

1

x

y

y0 1
3

2
3

K. Heun 1900

1

1

x

y

y0 1
2

W. Kutta 1901
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3. Runge-Kutta (Kutta 1901)

1

1

x

y

y0 1
2

y1

C. Runge 1895

1

1

x

y

y0 1
3

2
3

1
4

y1

K. Heun 1900

1

1

x

y

y0 1
2

W. Kutta 1901
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3. Runge-Kutta (Kutta 1901)

1

1

x

y

y0 1
2

y1

C. Runge 1895

1

1

x

y

y0 1
3

2
3

1
4

y1

K. Heun 1900

1

1

x

y

y0 1
21

6

5
6

y1W. Kutta 1901

... nice pictures — but the theory became...
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... soon very ugly (A. Hut’a 1956, Order 6):

– p.30/72



Towards a New Era:

Autonomous syst.
(Gill, Ferranti Ltd.)

“It is difficult to keep a cool head
when discussing the various derivatives ...”

... cool the head down
with the use of Trees...

(Merson 1957)

... and an elegant notation
for the coefficients

aij, bi, ci =
∑

aij

(Kuntzmann 1959)
– p.31/72
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3 · 4 · 2 ·
∑

i,j,k,l

bi aij aik akl · f ′′(f, f ′(f))0

↑ ↑ ↑

4

1 2

1

i

j k

l

f ′′
f f ′

f

1 : 2 : 3 : 4 : . . . – p.33/72



Butcher’s Classical Achievements :
• 1963: Simplifying assumptionsB(η), C(µ), D(ν);
• 1963: Implicit method of order 5.
• 1964: Implicit RK processes order2s (Gauss);
• 1964: Radau I, Radau II, Lobatto III methods;
• 1964: Explicit methods of high order; 6th order, 7 stages;
• 1965: Order barriers for explicit methods (5-5 and 7-8
impossible);
• 1966: towards general linear methods;
• 1968: ERK 7-9 constructed;
• 1969: Composition laws; effective order;
• 1972: Algebraic theory, “my” Group;
• 1975, 1979: B-stability, algebraic stability (with Burrage);
• 1976: Implementation of IRK (tensor structure);

⇒ SIRK methods, code STRIDE;
• 1985: Non-existence of ERK 8-10;

– p.34/72



Step-Size Control (Merson, Ceschino, Zonneveld,....)

y0

y1

ŷ1

h hnew

. . .

Ex. Restr. 3-body problem:

µ = 0.012277471

y1(0) = 0.994

ẏ1(0) = 0

y2(0) = 0

ẏ2 = −2.0015851063790825224

T = 17.06521656015796255889

−1 1

−1

1

74 steps of DOPRI574 steps of DOPRI5
(polygonal and(polygonal and
interpolatory solution)interpolatory solution)

earthearth

moonmoon

RK solution

6000 RK steps6000 RK steps

2400024000
Euler stepsEuler steps

initialinitial
valuevalue

DOPRI5DOPRI5

Codes:DOPRI5, DOP86(Dormand-Prince)DOP853(E.Hairer).– p.35/72



4. Stiff Equations
. . . Around 1960, things became completely different and

everyone became aware that the world was full of stiff

problems. (G. Dahlquist in 1985)
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Recent Example:
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... is simply stiff equation with steady state solution
y′ = p y(0) = 1

p′ = −x

y
· p p(0) = −γ ,

⇒ p = c− a log y

– p.38/72



4. Stiff Equations
. . . Around 1960, things became completely different and

everyone became aware that the world was full of stiff

problems. (G. Dahlquist in 1985)

Explicit methods don’t work ...Example: y′ = −λ(y − cos x)

0 1

1

expl. Euler, h = 0.039expl. Euler, h = 0.039
λ=50.λ=50.

0 1

1

Trap. Rule, h = 0.25Trap. Rule, h = 0.25
λ=50.λ=50.

0 1

1

impl. Euler, h = 0.5impl. Euler, h = 0.5
λ=50.λ=50.

Remedy: implicit methods(EulerE342§656)
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IRK (Gauss-Kuntzmann-Butcher 1963, Radau-Ehle 1968)

−1 1

1

−1

y0y0
Y1Y1

Y2Y2

y1y1

Gauss4Gauss4

nonstiffnonstiff

−1 1

1

−1

y0y0

Y1Y1

Y2=y1Y2=y1

Radau3Radau3

nonstiffnonstiff

−1 1

1

−1

y0y0
Y1Y1

Y2Y2

y1y1

Gauss4Gauss4

stiffstiff

−1 1

1

−1

y0y0

Y1Y1

Y2=y1Y2=y1

Radau3Radau3

stiffstiff

highest order↑ best stability↑
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RADAU (General purpose code for stiff problems,E. Hairer):

Example: (Robertson 1966)
A

0.04−−→ B (slow)
B + B

3·107

−−→ C + B (very fast)
B + C

104

−−→ A + C (fast)

A: y′1 = − 0.04y1 + 104y2y3 y1(0) = 1

B: y′2 = 0.04y1 − 104y2y3 − 3 · 107y2
2 y2(0) = 0

C: y′3 = 3 · 107y2
2 y3(0) = 0.

.0 .1 .2 .3 .4 .5

.000032

.000034

.000036

t

y2

transient
solution DOPRI5: 345 steps,Tol= 10−2

337 steps,Tol= 10−3

solution RADAU5: 14 steps,Tol= 10−2
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Stability Analysis: (CFL 1928, Dahlquist 1963)

the famous definition of A-stability ...

stable fory′ = λy, ℜλ ≤ 0,⇒A-stable;
... and “Dahlquist’s second barrier”

A-stable MSM⇒ p ≤ 2 .

“I searched for a long time, finally Professor Lax showed me the

Riesz-Herglotz theorem and I knew that I had my

theorem.” (G. Dahlquist in 1979)
– p.42/72



Stability Analysis for IRK methods: (Ehle 1968)
y′ = λy ⇒ yn+1 = R(z)yn z = hλ; Stab. Cond.|R(z)| ≤ 1

Expl. Euler Trap. Rule Impl. Euler

R(z) = 1 + z R(z) =
1+ z

2

1− z
2

R(z) = 1
1−z

−2 −1

1

−1

Euler expl.

S

z
−3 −2 −1 1 2

1

2

−2

−1

Trap. Rule

S

z

1 2

1

−1

Euler impl.

S

z

A-stable A-stable
Padé approx.to ez

R(z) = Pk(z)/Qj(z)

Pk(z) = 1 + k
j+k z + . . . + k(k−1)...1

(j+k)...(j+1) · zk

k!

Qj(z) = 1− j
k+j z + . . .± j(j−1)...1

(k+j)...(k+1) · zj

j!
– p.43/72



Padé Table forez:

1

1

1 + z

1

1 + z + z
2

2!

1

1

1− z

1 + 1

2
z

1− 1

2
z

1 + 2

3
z + 1

3

z
2

2!

1− 1

3
z

1

1− z + z2

2!

1 + 1

3
z

1− 2

3
z + 1

3

z2

2!

1 + 1

2
z + 1

6

z
2

2!

1− 1

2
z + 1

6

z2

2!

1

1− z + z2

2!
− z3

3!

1 + 1

4
z

1− 3

4
z + 1

2

z2

2!
− 1

4

z3

3!

1 + 2

5
z + 1

10

z
2

2!

1− 3

5
z + 3

10

z2

2!
− 1

10

z3

3!

Birkhoff-Varga(1965):Thm.: Entire Diagonal A-stable.

Ehle(1968):Thm.: 1st and2nd Subdiagonal A-stable.

Ehle(1968):Conj.: All othersnot A-stable.
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Why ??

−6 −3 0 3 6

3

6

−6

−3

k = 3k = 3
j = 3j = 3

−6 −3 0 3 6

3

6

−6

−3

k = 2k = 2
j = 4j = 4

−6 −3 0 3 6

3

6

−6

−3

k = 1k = 1
j = 5j = 5

−6 −3 0 3 6

3

6

−6

−3

k = 0k = 0
j = 6j = 6

−6 −3 0 3 6

3

6

−6

−3

k = 6k = 6
j = 0j = 0

−6 −3 0 3 6

3

6

−6

−3

k = 5k = 5
j = 1j = 1
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Order Stars (1978).Idea:|R(z)| ≤ 1 ⇒ |R(z)| > |ez|

−6 −3 0 3 6

3

6

−6

−3

k = 6k = 6
j = 0j = 0

−6 −3 0 3 6

3

6

−6

−3

k = 5k = 5
j = 1j = 1

not enough poles

−6 −3 0 3 6

3

6

−6

−3

k = 3k = 3
j = 3j = 3

−6 −3 0 3 6

3

6

−6

−3

k = 2k = 2
j = 4j = 4

just right

−6 −3 0 3 6

3

6

−6

−3

k = 1k = 1
j = 5j = 5

−6 −3 0 3 6

3

6

−6

−3

k = 0k = 0
j = 6j = 6

too many poles

Proof of B-V-Ehle’s theorem and Ehle’s conjecture. – p.46/72



BDF methods (Curtiss-Hirschfelder 1952, Gear 1971)
“BDF is so beautiful that it is hard to imagine something else

could be better.” (L. Petzold 1988, heard by P. Deuflhard)

Polyn. collocation attn+1 :
∑k

j=1
1
j∇jyn+1 = hfn+1

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3

BDF3 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3

BDF4 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3

BDF5 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3

BDF6 at stiff problem
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BDF methods (Curtiss-Hirschfelder 1952, Gear 1971)
“BDF is so beautiful that it is hard to imagine something else

could be better.” (L. Petzold 1988, heard by P. Deuflhard)
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y0

y1

y2

y3 y4

BDF6 at stiff problem

– p.48/72



BDF methods (Curtiss-Hirschfelder 1952, Gear 1971)
“BDF is so beautiful that it is hard to imagine something else

could be better.” (L. Petzold 1988, heard by P. Deuflhard)

Polyn. collocation attn+1 :
∑k
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1
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BDF methods (Curtiss-Hirschfelder 1952, Gear 1971)
“BDF is so beautiful that it is hard to imagine something else

could be better.” (L. Petzold 1988, heard by P. Deuflhard)

Polyn. collocation attn+1 :
∑k

j=1
1
j∇jyn+1 = hfn+1

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4 y5 y6

BDF3 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4 y5
y6

BDF4 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4
y5 y6

BDF5 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4 y5 y6

BDF6 at stiff problem
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BDF methods (Curtiss-Hirschfelder 1952, Gear 1971)
“BDF is so beautiful that it is hard to imagine something else

could be better.” (L. Petzold 1988, heard by P. Deuflhard)

Polyn. collocation attn+1 :
∑k

j=1
1
j∇jyn+1 = hfn+1

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4 y5 y6 y7

BDF3 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4 y5
y6 y7

BDF4 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4
y5 y6 y7

BDF5 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4 y5 y6 y7

BDF6 at stiff problem
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BDF methods (Curtiss-Hirschfelder 1952, Gear 1971)
“BDF is so beautiful that it is hard to imagine something else

could be better.” (L. Petzold 1988, heard by P. Deuflhard)

Polyn. collocation attn+1 :
∑k

j=1
1
j∇jyn+1 = hfn+1

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4 y5 y6 y7 y8

BDF3 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4 y5
y6 y7 y8

BDF4 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4
y5 y6 y7 y8

BDF5 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4 y5 y6 y7
y8

BDF6 at stiff problem
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BDF methods (Curtiss-Hirschfelder 1952, Gear 1971)
“BDF is so beautiful that it is hard to imagine something else

could be better.” (L. Petzold 1988, heard by P. Deuflhard)

Polyn. collocation attn+1 :
∑k

j=1
1
j∇jyn+1 = hfn+1

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4 y5 y6 y7 y8 y9

BDF3 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4 y5
y6 y7 y8 y9

BDF4 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4
y5 y6 y7 y8 y9

BDF5 at stiff problem

t

y

t0 t1 t2 t3 t4 t5 t6 t7 t8 t9

y0

y1

y2

y3 y4 y5 y6 y7
y8

y9

BDF6 at stiff problem
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BDF methods (Curtiss-Hirschfelder 1952, Gear 1971)
“BDF is so beautiful that it is hard to imagine something else

could be better.” (L. Petzold 1988, heard by P. Deuflhard)

Polyn. collocation attn+1 :
∑k

j=1
1
j∇jyn+1 = hfn+1

Codes:
LSODE (MF=21, Hindmarsh),
DEBDF (Shampine & Watts),
VODE (Brown, Byrne & Hindmarsh),
MEBDF (Cash & Considine),
DASSL (Petzold; for DAE-systems),...

– p.54/72



Stability Analysis for BDF.

3

2
yn+1−2yn+

1

2
yn−1 = hfn+1

f = λy
hλ = z

(
3

2
− z)yn+1−2yn+

1

2
yn−1 = 0.

Lagrange opus 2 (1759):

yn = c1 ·Rn
1 + c2 ·Rn

2 where (
3

2
− z)R2 − 2R +

1

2
= 0.

with solutionsR1,2(z) =
2±
√

1 + 2z

3− 2z

−.5 1.5

1

−1

−.5 1.5

1

−1

|R(z)| > |ez|

– p.55/72



Multistep Methods. Example: BDF2.
• 1 Implicit stage

3

2
yn+1 − 2yn +

1

2
yn−1 = hfn+1

(
3

2
− z)R2 − 2R +

1

2
= 0.

R1,2(z) =
2±
√

1 + 2z

3− 2z
⇒ 1 Pole ofR

−.5 1.5

1

−1

−.5 1.5

1

−1

|R(z)| > |ez|

– p.56/72



Multistep Methods. Example: BDF2.

• Implicit stage ⇒ Pole ofR

• Order 2 ⇒ ez −R1(z) = C · z3 + . . .

−.5 1.5

1

−1

−.5 1.5

1

−1

|R(z)| > |ez|

– p.57/72



Multistep Methods. Example: BDF2.

• Implicit stage ⇒ Pole ofR

• Order ⇒ ez −R1(z) = C · z3 + . . .

• A-stable ⇒ order star away from imag. axis.

−.5 1.5

1

−1

−.5 1.5

1

−1

|R(z)| > |ez|

Numerical properties ⇔ Geometrical properties– p.58/72



Dahlquist’s second barrier:

Example BDF3:

11

6
yn+1 − 3yn +

3

2
yn−1 − 1

3
yn−2

= hfn+1

(
11

6
− z)R3 − 3R2 +

3

2
R− 1

3
= 0.

A-stable MSM⇒ p ≤ 2 .

Daniel-Moore Conj.: A-stable MDM withj poles⇒ p ≤ 2j .
Similar proof.

– p.59/72



The Controversy Runge-Kutta⇔ Adams

A. Ralston 1962

W.E. Milne, Oregon 1926

T.E. Cherry, Melbourne 1957

RK2

AD2

RK2/2
AD2

R.H. Merson (1957):
“I am talking about the stability !!”

← unfair
fair→

– p.60/72



Jeltsch-Nevanlinna Theorem(for explicit methods):

−1

1

−1

ADAMS2
RK2

B

Forscaledstability domains

Sscal
1 6⊃ Sscal

2

and Sscal
1 6⊂ Sscal

2

there is no overall
bestexplicit method !

Proof by order stars

|Radams(z)| > |Rrk(z)|.

There is a sort of ‘Conservation Law of Misery’ in Numerical

Analysis. (H. van der Vorst, in a talk, Sydney 2003)– p.61/72



5. Qebyxev Methods.
Yuan Chzao Din 1958Medovikov, Lebedev... van der Houwen

Sommeijer...
and Assyr Abdulle

– p.62/72



Qebyxev - Zolotarev Polynomials.

z3z4z5z6z7z8z9

.985

−.985
−65.15

1st2nd 2nd3rd 3rd 4th4th 5th

−65

3

−3

Codes are good forreal neg. eigenvalues:

DUMKA (Russian),RKC (Dutch),ROCK4 (Swiss)

Runge

α
α

Orthog. Chebyshev Kutta – p.63/72



Example. Reaction-Diffusion(Brusselator with 1D diffusion).

∂c

∂t
+ f(c) = D∆c, CFL:

∆t

(∆x)2
≤ 1

2D

DOPRI5 ROCK4
406 steps 23 steps

Fcn. evaluation C/(∆x)2 Fcn. evaluation C̄/(∆x)
– p.64/72



6. Geometric Numerical Integration.

Newton Euler Lagrange Hamilton Jacobi Poincaré

−1 0 1 2 3 4 5 6 7 8 9

−2

−1

1

2

A

ϕπ/2(A)
ϕπ(A)

B

ϕπ(B)
ϕ3π/2(B)

ṗk = −∂H

∂qk
(p, q),

q̇k =
∂H

∂pk
(p, q)

q̇ = p

ṗ = − sin q

Poincaré (1899):Flow sÔmplekto, i.e. pres. 2-dim. areas.
– p.65/72



The Symplectic Euler Method. (de Vogelaere 1956)

(pn+1, qn)

(pn, qn)

(pn+1, qn+1)

SE

q

p

δ
δ

δ+δhHpq

δ+δhHqp

SE

q

p

ṗ =−Hq

q̇ = Hp

⇒
pn+1 = pn − hHq(pn+1, qn)

qn+1 = qn + hHp(pn+1, qn)
⇒

pn = pn+1 + hHq(pn+1, qn)

qn+1 = qn + hHp(pn+1, qn)

Strang splitting ⇒ Störmer-Verlet Method (order 2)

(Principal battle horse for calculations in mol. dynamics). – p.66/72



Symplectic Runge-Kutta Methods:

Theorem (Sanz-Serna, Suris, Lasagni 1988).
A Runge-Kutta method issymplectic, if biaij + bjaji = bibj .

In particular,Runge-Kutta-Gauss methods are symplectic.

Sanz-Serna

1 2 3

1

2

q

p

Gauss4

ϕt

u(t)

Elegant proof: Along the collocation polynomial, the area is of
degree2s, it’s derivativeis of degree2s− 1 and zero at the
Gauss points. Apply Gaussian quadrature formula.

GNI_CODES (Runge Kutta, Composition, Multistep);
(E. Hairer and Martin Hairer 2002). – p.67/72



Symplectic versus not symplectic(at Kepler problem):

A
h = 1/32

y1(0) = 1.1, ẏ1(0) = −1
y2(0) = 0.9, ẏ2(0) = 0.
mA = 2, T = 10.

symplectic Euler
(order 1).

A
h = 1/32

order 3 Taylor method
(for long time integration
worse than symplectic
order 1 method)

– p.68/72



Surprise. (L. Verlet , priv. comm. 2002)

Newton’s drawing 1684 Drawing by R. Feynman 1964

Symplectic Euler method used byI. Newton,Principia 1687

Funny:

“Newton’s equations” are due to Euler...
“Symplectic Euler method”is due to Newton.

– p.69/72



Thank you.

– p.70/72
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