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Extension to Coupled Problems

Multiphysics Coupled Problems: Micro-fluidics

No net charge far from wall

o
Diffuse ions @ @

% ®) ®
Layerofr QOOOOOOOO

adsorbed ions

Structure of the Electric Double Layer (EDL)
between the fluid and the wall.

Under the effect of an electric field tangent to
the wall, charged particles are subjected to
an electric force and thus move in the
direction of the electric field.

Garg, Prudhomme, van der Zee, Carey, 2013
(Submitted).
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Coupled model (simplified):

V- (0:Vp)=0 inQ
—pAu+Vp=0 inQ
V-u=0 inQ

Boundary conditions:
n-(o.Vg) =0 onTy,
(b =g on Fio
u+AVep=0 only
u-t=0 onT}y,
n-(c-n)=0 onTy
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Extension to Coupled Problems

Micro-Fluidic Flows

u-n+ Ao =0

Computed Adjoint Potential

"k distandé along béttorh botindary

u .

n=>0

S. Prudhomme

Adaptive modeling for coupling methods

Computed Adjoint Potential

“ x distance along bottom boundary




Extension to Coupled Problems

Micro-Fluidic Flows
Strong form of adjoint problem:

-V - (0.Vp*) =0
—Aw* + Vp* = ka
V-w"=0

in Q
in Q
in Q

with three boundary conditions on I';,:

' =0
w*-t=0
n-(ec*-n)==k

and three BCs on T',;:

n-(0.Ve*) 4+ Vr, - (M- (o n))t) =

onT,
onT,
onl,

onl,
onT,
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Micro-Fluidic Flows

v: -0.014 -0.012 -0.01 -0.008 -0.006 -0.004 -0.002 phi: -0.08 0.06 -0.04 002 0 002 0.04 0.06 008 0.1 0.12 0.14 0.16

Adjoint velocity u* (in y direction). It is Adjoint potential ¢*. Note that ¢* almost
mainly different from zero inside the vertical ~ vanishes everywhere except at the corners
channel indicating that the primal solution and along the middle section of the top

needs to be accurate in that region. wall.

S. Prudhomme Adaptive modeling for coupling methods



Micro-Fluidic Flows

Convergence of the Qol error

=¥~ Uniform
—©- Adjoint Residual

Log1 0(Relative Error)

-3 - L L L
LOQm(bofs), Degrees of Freedom °*

Adaptive mesh obtained using
adjoint-based error estimates. Note that
the elements get refined almost
exclusively near the corners due to the
singularities in the primal velocity and
adjoint potential.

Convergence plots for the relative error in
Qol using uniform and adjoint based
refinements.
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Introduction

Catenary (linearized) model:

~Tu" = —pg, InQ=(0,1)

u=ug, atx =20

u=u;, atx=1

This is actually an approximation of the nonlinear catenary model:

~Tu" = —\/14+u2pg, inQ=(0,1)
u=ug, atx =20

u=1u;, atx=1

The linearized model may provide a poor approximation in the case of
large deflections in the chain.
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Base Model and Surrogate Model

1. Base model* 3. Surrogate models
Findu € U s.t. Find up € Up s.t.
B(u;v) = F(v) Yo eV By(ug;v) = Fy(v) Yv € Vp
® |s believed to capture the events of e Must be tractable.
interest but is intractable. e Ideally captures coarser scales of
® |s never "solved”; is only a datum the phenomena (may involve fine
for assessing other models. and coarse scale components).
2. Quantities of Interest 4. Modeling Error
Given@Q : U — R, € =Q(u) — Q(mup)
find Q(u) where 7 : Uy — U
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Error Representation

& = Q' (mup;u — mug) + Ag = B'(mup; u — mug, p) + Ag
= B(u;p) — B(muo;p) — Ap + Aq
= F(p) — B(mup;p) + Aq — Ap
=R (ruoip) =A

where “adjoint” problem is defined as:

Find p € V such that B'(7mup;v,p) = Q' (rug;v), Yv eV

and 1
Ap = / B"(rug + se;e, e, p)(1 — s)ds
0

1
Ag = / Q" (mup + se; e, e)(1 — s)ds
0
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Adaptive Modeling

Adjoint Problem: Theorem: If u is a solution of the base
model and ug an arbitrary member
| Bluv,p) = Q(uwv), VoeU| 5= C g
B’ (u;v,p) = 11_)11%) B(u+ 91};1;) — Bluip) | Q (7T'LL0) ,R'(ﬂ-u();p) +A ‘
Q'(u;v) = lim w where A is a remainder involving

terms of O(||lu — uo||"), » > 2 and

| R(wuo;p) = F(p) — B(ruo;p) |

| B'(rug;v,p) = Q (mup; v), Vv € U]

Base (u) and surrogate models (uo)

Oden, Prudhomme, J. Comp. Phys. (2002).
Oden, Prudhomme, Romkes, and Bauman, SIAM J. Sci. Comput. (2006).
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Example: Stokes & Navier-Stokes

Navier-Stokes Geometry
w-Vu—V-o(u,p) =0 in Q" 5 i
V-u=0 in Q" Q° e NN i
u=g on OQpNo" ;
o0p
o(u,p)-n" =h on QN NIN" on
Stokes
—V.o(u,p) =0 in Q° Interface conditions
V-u=0 in S;Q o w2 on
v=gon b c-n®=—c-n" on X
o(u,p)-n®=h on 00N NIN°
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Example: Stokes & Navier-Stokes

e () = averaged vorticity in lower right corner of cavity.
¢ Adjoint equations:

uy - Vay + 2, - Vug — V- 0(zy, 2p) = k(v,q) in Q
V-z,=0in Q
zy =0 on O0Qp

0(zu,2p) -n=0 on 0Oy

e Residual:

R((u, po); (v, q)) = /Q (o - V)utg - v d

e Error estimate: £ ~ —R((uo0,p0); (2u> 2p)) = — Jo(uo - V)ug - 2, dx
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Example: Stokes & Navier-Stokes

True solution at Re = 1000 (velocity magnitude and streamlines)
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Example: Stokes & Navier-Stokes

Stokes solution (£g = 1.73 x 10°)
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Example: Stokes & Navier-Stokes

Coupled solution after iteration # 12 (€ = -7.24 x 10®)
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Adaptive Modeling

Example: Stokes & Navier-Stokes

Dual solution (velocity magnitude)

dual velo mag
1
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Example: Stokes & Navier-Stokes

Relative error g in Qol vs. percent of elements “refined”

10?
10*
1QO e
1071

102 o Re =10

Re =100
Re =1000
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Nano-manufacturing Process

Continuum models
are unable to
simulate roughness.

A molecular
approach is suited
for simulating
roughness.
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1D Spring Model

S B B b
ki k; Ky :
Xo Xy Xi_1 X Xn-1 X, — -

X

e N linear springs (k;,¢;),i=1,...,N and

N + 1 particles with positions x; and displacements z;,7 =0, ...

¢ Quadratic potential:

N

2
;Zkz[ i — Ti—1) li:| —;z_:ki(wi_wi—l)2

e Assume periodic distribution with springs (k1, ¢) and (k2, ¢).
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1D Continuum Model

1D linear elasticity model
Let Q= (0,L)with L ="\ {;.

—(BEu) =0, inQ, u(0)=0, EJ(L)=T

Homogenization based on “Representative Volume Element”:

u T
E o kiko (11 +12)
k, k1 + ko A
[ k : (We take A = 1 here)
, | , |X
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Continuum model

Coupling Strategy

i
[T ———

g

Concurrent multiscale simulation
Large and small scales models are solved simultaneously
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Coupling Method by the Arlequin

Continuum model

Overlap

- " domain
d
Od
Particle model

Cubic Linear

Framework*

o Partition of energies.

o Weight coefficients
may be chosen
constant, linear, cubic
in overlap region.

e Coupling through
Lagrange multipliers.

¢ Resulting mixed
problem is well-posed.

“Ben Dhia, Comptes Rendus de I'’Académie des Sciences (1998)

Xiao and Belytschko, IJNME (2004)

Bauman, Ben Dhia, Elkhodja, Oden, and Prudhomme, Comput. Mechanics (2008)
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Coupling of Molecular and Continuum Models

Q. (continuum model)
Qg (molecular model)
Q,=0Q:.NQ; (Overlap)

V. ={v e H(Q.); v(0) = 0}
Vy=RM (M < N)

Partition of unity:
ac+ag=1
a. <1
ag <1

Find (u,w) € V. x Vg such that:

(u,w) =  argmin [Ec(v) + Ed(z)}
(v,2) € Ve x Vy
v=1IIzinQ,
where:

I:Vy — HY(Q,)

E.(v) =

(interpolation)

1
7/ a.Ev?dx
2 Q.

M
1
Ba(z) = 5 > aaki(z = 2i1)" = fau
=1
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Mesh Dependent Coupling

Coupling term:

Clin () = [ Fotu=Thu) + gl (u = Thw) o e M = H'(9)

(v,2)EVoxVy AEM

min  max [Ec(v) + Eq(z) + C(A, (v, 2))

Find (u,w) € V. x Vg, A € M such that:
a((u, w), (v,2)) + C(A, (v, 2))
C(p, (u,w))

fzmu Y(v,2) € Vo x Vg

0

Yue M

a((u,w), (v,2)) = /

Q

M
acBu'v'de + Z agk;(w; —wi_1)(zi — zi-1)
e i=1

| Theorem: Let 5; > 0. Then, the above problem is well-posed. ‘
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Coupling Method

Discretization of Arlequin method: Examples

Arlequin Solution

Arlequin Solution

1.2 1 1.2 1
LM meshsize = h (cont. model) d LM meshsize = € (RVE) d
*3 L H! norm coupling o0 *3 1 H' norm CDH]}lil‘lg. o o ‘9./-
o 0.8} o linear g ] o 081 o linear o’ 1
g (<] g <]
r_'-‘_,’. 0.6 1 r_'-‘_,’. 0.6 1
& &
A 04 o 1 A 04 1
0.2 —+— FE nodes || 0.2 —+— FE nodes ||
Particles : Particles
0 0
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3
X X
Arlequin Solution Arlequin Solution
1.2 1 1.2 1
LM meshsize = [ (part. model) LM meshsize = h (cont. model)
@ L H!' norm coupling 1 @ H' norm coupling j
g 0.8 o constant & g 0.8 o linear .,0—0/ 1
g 06 o1 gos -o ]
B < B
A 04 & 1 A 04 1
0.2 —+— FE nodes || 0.2 —+— FE nodes | |
Particles Particles
o} 0
0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 25 3
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Coupling Method

Mesh-independent coupling

Continuum model

Overlap
domain

Particle model

Q4

a X+ E X XyTE Xp

Oy (u, w)) = fofilu — Tw) + By / w* (1 — Tw)*dz

o

Prudhomme, Bouclier, Chamoin, Ben Dhia, and Oden, LNCSE (2011)
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Mesh Independent Coupling

by, (u, w)) = oo — TI2) + /Q w0 — Tz) da

V= vdx
0] Jo,

1 [rate 1
g/ v'dy = g[v(xa +e) —v(za)] VT € [Xa,Ta + €/2]
1 ;:+5/2 , 1
g/ v'dy = g[v(x +e/2) —v(x—€/2)] VreE (va+e/2,2p—e/2)

r—e/2
1o, 1
g/ v'dy = g[v(:cb) —v(xp —€)] Vz € [xp — /2, xp)

zp—€

Note: ¢ is the size of the Representative Volume Element.
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Numerical Examples - 1D

Arlequin Solution Arlequin Solution
—+— Continuum model
» 1t -0- Particle model A, 1t A
< oo c o9
@ R @ ke
& i £ @
4 05 1 & 05f f
a a
o o
0 0.5 1 15 2 2.5 3 0 0.5 1 15 2 2.5 3
X X
Arlequin Solution Lagrange Multiplier
q -0.25
1 ‘/,
2 -
c . < _
qE) o -® 5 0.3
e p = G\e*o
o5 : ¢ : 1 35 -035 X
@ [oRTe ) s
a
-0.4
0 0.5 1 1.5 2 25 3 0 1 2 3
X X
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Numerical Examples - 2D

R
[T HEEE
RN .
o SEEE
Y Y A - 111
= HH
[1T11]
[T T[] Hl’l’lll|
[T LTI T
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Coupling Method

Molecular-to-Continuum Coupling Method
Base model
Find u € R3N such that B(u,v) = F(v), Vv € R3" where

0-3

=1 k=1

N OE;,

N
8uz F(”)Z;fi‘”i

Surrogate model
Find ug € Uy such that B()(UO, Uo) = Fo(’U()), Yv € Uy where

BO(UO; 'UO) = a((uv w)’ (Uv Z)) + C()" (7)7 Z)) + C(u7 (u7 w))
M
vp) = Z fi-vi
=l

with ug = (u, w, X) and vo = (v, 2, p)
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Model Adaptation

Unknown parameters of Arlequin formulation:

1) Size of y: is related to RVE size.
2) Size of €2,,,: depends on Qol.

Two approaches for adaptation:

1) Error estimation of Qol.
2) Optimization approach based on
parametrization of €2,,.

Deterministic case

it coturton of o Ao e

[T

[T
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Coupling Method

eps.xx for the full lattice

0.04 Initial Arlequin Model

0.03

0.02

0.01

0 SEBRG60,
R

~0.01 SRS

-0.02

-0.03

-0.04

eps.xx for the projected arlequin solution Adapted Arlequin Model

-0.01

-0.02

-0.03

Prudhomme, Chamoin, Ben Dhia, and Bauman, “An adaptive strategy for the control of modeling error
in two-dimensional atomic-to-continuum coupling simulations”, CMAME (2009).

S. P Adaptive modeling for coupling methods October 2-4, 2013 33/40




Coupling Method

Optimal Approach

Parameterization of the particle region

Ben Dhia, Chamoin, Oden, Prudhomme, CMAME (2011)
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Optimal Approach

Arlequin Problem:

Find (um, wm), Am) € U x W x X such that:
BO,m((umvwmv Am)a (’vawu)) = Fo(w,v,,u),
V(w,v,pu) €U x W x X

Compact form:

Find Uy, € V such that: B (Un: V) = Fo(V), YV €V

Optimal control problem:
Find the set of parameters m* such that:

m* = argmin [; (Atol —[Qy) — Q(yoym)])Q] = argmin J(U,,)

m m
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Optimal Approach

Lagrangian:

LU, P,m)=JU) - [BO,m(U5 P) - FO(P)]

Saddle point (U, P,m):

7 ¢
oL
s =0 Bowm(U: V) = Fo(V), WV eV
oL
SE=0 =\ Bon(ViP)= Vi)V, Wev
8—£ =0 VinBom(U; P)-q =0, Vq € Q
L Om \
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Optimal Approach
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QO,A m;

d, A

m; +Am;




Coupling Method

Numerical Example

A two-dimensional example: L-shaped structure

} o
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Numerical Example
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Optimal Approach
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Concluding Remarks

o Model adaptivity.

o Application to the coupling of Stokes and Navier-Stokes
equations.

e Concurrent coupling method based on Arlequin framework.

¢ Development of an adaptive schemes based on a posteriori
error estimates of the modeling error with respect to quantities
of interest and on an optimal approach.

¢ Modeling of heterogeneous molecular models such as
polymeric networks.
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