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Outline

1) Introduction
2) Estimation and control of discretization errors in quantities of interest

¢ Linear problems (adjoint and error representation).
¢ Extension to nonlinear problems.
o Extension to time-dependent problems: Cahn-Hilliard equations.

3) Conclusions
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Introduction

Error estimation is useful for two purposes:
1. To provide a measure of the accuracy in approximations.

2. To control errors in those approximations (for example via mesh
adaptation in the case of finite element solutions).

Error estimates have been constructed with respect to:
a) Norms associated with the solution function spaces.
b) Quantities of interest = goal-oriented error estimation.
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Introduction

Catenary (linearized) model:

~Tu" = —pg, InQ=(0,1)
u=ug, atx=20
u=u;, atx=1
Exact solution:
Py
== 1—
u(x) 2Tx( x) +up(l—z)+uz
Quantity of interest:
Deflection at center point:  Q(u) = u(0.5) = [uo ; ul] — g_;
1
. up + U1 Pg
Average deflection: Qu) = / u(z)d [ ]
(u) ; (z) 5 5T
Slope at origin: Q(u) = u'(0) — [w —uop] — g_T
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Green’s function

Suppose that ug = u; =0, i.e. Weak formulation:
~Tu" = —pg, inQ=(0,1) Given pg,
u=0, atr=0 Findu € V = H}(0,1) s.t.
u=0, atrx=1 B(u,v) =F(v) YveV
where
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Introduction

Green’s function

Let Q(u) = u(xo).

The Green function is the function Gy = G(z) € V that satisfies:

1
Q) = u(wo) = /0 ~pg Codz = F(Gy)

that is:

Q(u) = F(Go) = B(u, Go)

Note that:

1
Q(u) = u(zo) = /0 u(z)d(x — xo)dz
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Green’s function

Q(u) = B(u,Go) = F'(Go)

Primal problem: Adjoint problem:
~Tu" = —pg in(0,1) Find Gp € V s.t.
u=0 atz=0,1 B(v,Go) =Q(v) YweV
Weak form: Strong form:
Given pg, findu € V s.t. 1 o 1 5
B(u,v) = F(v) YveV /OTD Ox—/ov o
Provide Qol: so that
1 ~TGy =46 in(0,1)
Qw = [ lo)ile —zujde Go=0 atr=01
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Generalized Green Function

Abstract linear BVP:
(Findu €V, B(unv)=F@), WweV

Quantity of interest:

Adjoint problem:

‘Findp eV, B(v,p)=QW), Yve V‘

FE approximation: Let V" c V
Findup € V", B(up,v) = F(vg), Yo, € VP

Error equation:

‘ Findee V, B(e,v,) = R(up;v) = F(v) — B(up,v), YveV
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____ForRepresentaion |
Error Representation

Goal is to estimate ‘ E=Qu) — Q(up) ‘

(From adjoint problem
(From primal problem
Up; p) (From definition of residual
Up; P — Dh) (From orthogonality property

& = B(u,p) — B(up,p)
= F(p) — B(un,p)
= R(
= R(

E=Q(u—up) =Qe)
= B(e,p)

—B
= R(un;p — pn)

( (From linearity of Q
(From adjoint problem

(e,p—pp) (From orthogonality property
(From error equation
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Adaptive strategies

Adaptive strategies

Let p be a higher-order approximation of the adjoint solution on same
mesh as uy, i.e.

Findp € VPPl B(v,p) = Qv), Yve Vhrtl

Approach 1: Using only $ and p;, = II"75

€~ n=R(un;p—pn) = Y Ric(un; P — pn)
K

Approach 2: Using p, but also & € VhP+1

€~ n=B(i—up,p—pn) =Y _ Br(li—unp— pn)
K

Strategy favored by Demkowicz et al. in hp-adaptation scheme.
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Adaptive Strategies

Adaptive scheme (catenary exemple):

n =~ R(un;p — pn) = F(p — pn) — B(un,p — pn)

1 1
:/0 —pg(ﬁ—ﬁh)dx—/o Tuy, (p — pn)’ dz

_Z [/ —pg (P - ph)+T“h(13—ﬁh)dx—/

T, (p — ) ds|
oK

Ne 1
=3[ oo Tai) o=y de = 3 ST~ )]
K=1 1=1,2
K

/

Refinement criterion:

i InK|
maxg [nk|
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Example: Elliptic problem
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Nonlinear Problems

Nonlinear Problems
Abstract nonlinear problem:

lFinduEV, B(u;v) = F(v), YveV

where V' = Banach space and B(+; ) = differentiable semilinear form.
Let Q(u) denote a possibly nonlinear differentiable functional on V.

Linearization (Taylor with exact remainder):

B(u + w;v) = B(u;v) + B'(u;w, v) + Ap(u, w,v)
Qu+w) = Q(u) + Q'(u;w) + Ag(u, w)

1
Ap(u,w,v) = / B"(u + sw;w,w,v)(1 — s)ds
0

1
Ag(q,w) = /0 Q" (u+ sw;w,w)(1 — s)ds
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Secant Form (exact) Representation

1
B(u;v) = B(up;v) —i—/ B'(su+ (1 — s)up;e,v)ds, YveV
0

-~

=B (u,up;e,v)=secant form of B

Then
Qu) — Q(urn) = Q(e) = B*(u,up; e, p)

= B(u; p) — B(un;p)
= F(p) — B(un;p)
= R(un;p)

where p is the solution of the dual problem:

Findp € V suchthat B*(u,up;v,p) = Q(v), Vv e Vl

S. Prudhomme An Introduction to Goal-oriented Error Estimation October 2-4, 2013

15/33



Optimal Approach

Constrained minimization problem*

Find v € V such that
Qu) = inf Q(v)
where
M ={veV; B(v,q) = F(q), VqeV}

Lagrangian:
L(u,p) = Q(u) + F(p) — B(u; p)

Here p = influence function (or Lagrange multiplier or adjoint solution)
corresponding to the choice @ of the quantity of interest.

*Becker & Rannacher (2001).
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Optimal Approach
The critical points (u, p) of L(-, ) satisfy:

U((p); (0,0) =0 Y (v,0) €V XV
L'((u, p); (v,9)) = Q'(u;v) — B'(u;v,p) + F(q) — B(u; q)

= e;drjoint = primal
where B'(u;v,p) = lim 0~ [B(u+ 0v;p) — B(u;p)]
—
Q'(wv) = lim 0~ Q(u+6v) — Q(u)]
6—0
Primal and adjoint problems:
B(u;v) = F(v), VgeV
B'(u;v,p) = Q' (u;v), VoeV
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Nonlinear Problems

Optimal Approach

Approximation of primal problem:

Find uy, € V" such that B(Uh; Uh) = F(Uh) Yo € vh

Approximation of adjoint problem:
Define FE space V" such that V* ¢ V". Then

Find j, € V" such that  B'(un; vn, pn) = Q' (un;vn), Vop € VP

Error Estimation:
Define residual as before, i.e. R(up;v) = F(v) — B(up;v). Then:

| Q) — Q(un) = R(un; pn) + A = R(un; ) |

where A represents higher-order terms in v — uy and p — py,.
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Nonlinear Problems

Optimal Approach

Expression for the remainder A:

1
A= 5/ B (uy, + se; e, e, pp, + se)ds
0

1
—5/ Q" (up, + se; e, e)ds
0

3 /1
- 5/ B"(up, + se;e,e,e)(s — 1)sds
0

1 /1
- 5/ B" (up, + se; e, e,pp, + sg)(s — 1)sds
0

1 M
+ 5/ Q" (up, + se;e,e,e)(s — 1)sds
0
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Linearization approach: Error Equation, Adjoint problem
Error Equation: Let e = uw — uy,
B(u;v) = Bup, + ¢;v) = B(up;v) + B'(upse,v) + Ap(up, e,v) = F(v)

So

Finde €V, B'(up;e,v) + Ap(up,e,v) = R(up;v), YveV

Dropping higher-order terms, error can be approximated by:

Findée €V, B'(up;é,v) = R(up;v), YveV

Adjoint problem:

Find p € V such that B'(up;v,p) = Q' (up;v), Yo eV
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Linearization approach

Representation of the error:

€= Q(u) — Qun) = Q'(un; e) + Ag(up, €)
= B'(up; e, p) + Aq(up, e)
= R(un; p) + Ag(up,e) — Ag(un, e,p)
= R(un;p — pr) + Aq(un, €) — Ap(up, e,p)

~~

TV
Discretization error Linearization error

with

1
Ap(un, e, p) = / B"(up + se;e,e,p)(1 — s)ds
0

Ag(up,e / Q" (up, + se;e,e)(1 — s)ds

S. Prudhomme An Introduction to Goal-oriented Error Estimation



Tumor Growth Model (Cahn-Hilliard)
Mixture theory: diffuse-interface phase-field model

The tumor cell concentration w satisfies

Qo ¢

up = Ap(u) + g(o,u) in Q

pu) = f'(u) —EAu inQ
Ontt = Oppt =0 on 9f)

u(0) = ug in Q

Nonlinear free energy density
f(u) drives phase separation

flu) = 32— 12

0

-1 0 1

Lowengrub et al., NL (2010), Cristini et al., JMB (2009), Oden et al, M3AS (2010)
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Nonlinear Problems

Model is sensitive!
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Nonlinear Problems

Model is sensitive!
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Approaches for error estimation

e Ignore A = Ag — Ap. Compute p and py, = 1" such that:

Find p € VhrtL B'(up;v,p) = Q' (up;v), Yov e Vhptl

=1 = R(un;p — Pn)

Estimate A:

» From linear case: Q(uy) = F(pg). In nonlinear case,
is Q(up) — F(pp) related to A?
» Approximate error e, i.e. é, using the linearized error equation:

Findé € VPH1 B'(up;é,v) = R(up;v), Yo e Vhrtl

Estimate A =~ Ag(up, €) — Ag(un, €, D). Relatively cheap but ignores
linearization error in error equation.
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Approaches for estimation

o Approximate iteratively error ¢; from é;_1

€; € Vh’erl, B'(uh + €;_1; ’U) = 'R(Uh + €;_1; 1)), v e Vh’erl

e Compute:
A; = Ag(up, &) — Ap(un, €;,D)
or simply:
A; = Qup + &) — Q(upn) — R(un; p — Pn)
o Stop iterative process if

R(un; D — D)l > [A; — Aj—1]
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Mesh adaptivity

o If |A| < |R(un;p — prn)|, adapt mesh as usual based on the
element-wise contributions to

n="R(un;p—pn) = »_ Ri(un; P — )
K

e Otherwise, consider
n = R(un;p — pn) + Aq(un, €) — Ap(un, € p)

Note that Ag and Ap are integrals defined over the whole domain
that can be decomposed into element-wise contributions.

Question: should we refine linearization errors based on Ag and Ap
or simply on ||&]|2?
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1D Example

-V - e(u)Vu = f, inQ=(0,1)
u =0, atxr=0,1

where e(u) = 3|u|? + €, with g = 1071

Choose f s.t. u =sinzand @ s.t. p = (1 — ).

Mesh | R(un;p)/lell | A/llell | Qe)/lell
64 34509 | —4.4734 | —1.0224
128 3.4516 | —4.1813 | —0.7297
256 3.4518 | —4.2736 | —0.8218

1024 3.4519 | —5.6702 | —2.2183

5096 34211 | —3.8791 | —0.4580

Q(e) = R{un;p) +A |
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Nonlinear Problems

1D Example

errors
107! w ‘
: -M- uniform-exact
1 - A- adapt-exact
€ (u = — 5 R -@- adapt-nonlinear-exact
€0 + auy, AN
1 /.
co =10 ap
|

QoI error
o

Qu) = Ju(zo)l® | | .
2o = 0.8 N .

" ; ;
a=12 0 101 10° 10°
n_active dofs()

u=(1-1]1—-2zP)(1—|z]?), with p =100, ¢ =6
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____FExiensininTime-dependant Problems
Extension to Time-dependent Problems: Cahn-Hilliard

ut:A,u

, 5 } in 2 + BCs
p=f"(u) —€Au

Weak formulation:

Find (u, ) € Wo x V s.t. B((u,p); (v,m)) =0 Y(v,n) €V xV

BEY) = [ (o) + (V0 90)) + (1) = (7)) = (T, 9)
Wo={ueV;u eV u0)=u}
V = L*0,T; H (Q))
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Adjoint of the Cahn-Hilliard problem

Goal:

Qug0) = (kr (™) + [ (k) + (b))

Adjoint: (Backward-in-time linearized-adjoint problem)

—Oipy + eQApH - f”(uh)pu =k, in Q
Ty — BBy, = iy in
pu(T) = kp (Final condition) + [Natural BCs]
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Example: merging bubbles

| Qlu, i) — Q(i, f2) Est (i, /i p, %) Effectivity
| Time steps 64 256 1,024 64 256 1,024 64 256 1,024
| Elements 64 | -0.01183 -0.02205 -0.02306 | -0.26392 -1.78933 -7.76063 | 22.311 81.162 336.469
‘ 256 | 0.00946 001751 0.01982 | 0.02108 0.12233 0.38726 | 2229  6.985  19.537
‘ 1,024 | 000199 0.00104 0.00073 | 0.00322 0.00362 0.00315 | 1.620 3.484  4.308
4,096 | 0.00165 0.00049  0.00012 | 0.00173 0.00077 000021 | 1.045 1572 1774
16,384 | 0.00162 0.00048 0.00011 | 0.00144 0.00055 0.00013 | 0.886 1146  1.159

van der Zee, Oden, Prudhomme, Hawkins, NMPDE 2011
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Conclusions

e (Goal-oriented error estimation is based on the notion of the
adjoint/dual problem.

e The adjoint problem is “straightforwardly” derived from the weak
formulation of the primal problem.

e The error in the quantity of interest is represented as the product of
the residual by the adjoint solution.

¢ Error estimates and refinement indicators are obtained by solving for
approximations to the adjoint problem.

e Approach is generic!

o Goal-oriented error estimates can be applied to other discretization
methods (FD, FV, DGM, spectral methods, meshless methods, etc.).
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