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Navier-Stokes Equations

%—I—ﬁ'Vﬁ—szﬁ—FVPZO in W=Qx(0,T)
V-u=0 in W

Boundary and Initial conditions

u=g¢g onlpx|[0,T];
yVﬁ-ﬁ—pﬁzﬁ on 'y x [0,T7;
u(Z,0) = ug(Z) in 2.
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Finite element matrix formulation

Introducing the basis sets

X, = span{ ¢Z 1, Velocity basis functions;
M}, = span{y; }t7 ., Pressure basis functions.

gives the method-of-lines discretized system:

() (E) (5 5) (0)-C)

with associated matrices
Nij = (i-V ¢;, ;), convection
Aij = (V ¢,V ¢,), diffusion
—(V - 55]-,%), divergence .
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Example: Flow over a Step
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Spatial Discretization— |

Suppose that © C R%. Introducing @ = (uy, u,) gives

Oz + (uxg + uy%) Uy — UV 2 Uy + Op =0

ot Ox Ox
ou 0 0 Op
a_f + (uq;a—w +uya—y> Uy — szuy =+ 8_y =0

_(Oua Ouy _
Ox oy )

With a discrete analogue ..
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Spatial Discretization— |

Suppose that © C R%. Introducing @ = (uy, u,) gives

Oz + (uxg + uy%) Uy — UV 2 Uy + Op =0

ot Ox Ox
ou 0 0 Op
a_f + (uq;a—w +uya—y> Uy — szuy =+ 8_y =0

Ouy  Ouy\
‘(ax+zg>—0

With a discrete analogue ..

M oo F 0 BI'\ |[a®

0
0 o B, By, 0 a?

0 0

ole% T
M 0 1+l 0 F B ||av|=
0 0
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Spatial Discretization— Il

The method-of-lines discretized system is a semi-explicit
system of DAES:

M 0 0 oo F 0o BI\[a*] [o
0 M 0 o |+ o F BT [|a¥v|=1]0
0 0 0/ | % B, By 0 ) |a? | |0

e The DAEs have index equal to two
e The discrete problem is nonlinear ' := vA + N(«)
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Spatial Discretization— Il

The method-of-lines discretized system is a semi-explicit

system of DAES:

M 0 0
0 M 0
0 0 0/ |

oo™
ot

190 %4
ot

oo’

ot

e The DAEs have index equal to two

e The discrete problem is nonlinear ' := vA + N(«)

e T0 reduce the index we differentiate the constraint ...
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Spatial Discretization— ll|

.. to give an index one DAE system:

o0 ] M~F 0 MBI\ [ao®
oo |+ 0 M~tF MBI || oY
0 | \ B.M~'F BM'F A, - aP |

e The matrix A, := B,M'B] + B,M~'B] is the
(consistent) Pressure Poisson matrix.

e EXxplicit approximation in time gives a decoupled
formulation.

e Diagonally implicit approximation in time gives a
segregated (SIMPLE-like) formulation.

e Implicit approximation in time does not look attractive!
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A simple splitting/projection approach — |

(o) (5) (5 %) C)-6)

Given a time step d7" and a parameter 0 < v < 2

Algorithm: Chorin, 1967; Temam, 1969
fork=0,1,...
solve Mﬁ’“ + F(Up) ty = 7— Bl
solve BM~'BT¢ = Bu,

compute Uy ;= Ux — M B¢
compute  pgy1 = pi + (7/dT) ¢
end
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A simple splitting/projection approach — Il

Key Question: Is the projection/splitting consistent?
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A simple splitting/projection approach — Il

Key Question: Is the projection/splitting consistent?
Practictioners say yes ...

e Chorin (1967), Temam(1969), Kim & Moin (1985), Van
Kan (1986), Bell, Colella & Glaz (1989), Gresho & Chan
(1984, 1990), Perot (1993), Turek (1997).
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A simple splitting/projection approach — Il

Key Question: Is the projection/splitting consistent?
Practictioners say yes ...

e Chorin (1967), Temam(1969), Kim & Moin (1985), Van
Kan (1986), Bell, Colella & Glaz (1989), Gresho & Chan
(1984, 1990), Perot (1993), Turek (1997).

Mathematicians say sometimes ...

e Guermond (1984), Rannacher (1992), E & Liu (1995,
1996), Shen (1992, 1996), Prohl (1997, 2007 ).
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A Stokes splitting/projection approach — |

M 0\ (% N(u@)+vA BT\ (a)\ (o0
IACIN B 0 )\p) \oO

Given a time step d7, discretise the total derivative:
Algorithm:

Pironneau, 1982: Hansbo, 1982
fork=0,1,...

compute X () the solution at 7, = kdT of

IX — (X, 7), X(tps1) = F;
interpolate @} = i, (X™ (%))

1 T - 1 — %
Solve d_TM —+ VA B Uk+1 _ d_TM Uk
B 0 Pk+1 0
end
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A simple splitting/projection approach — Il

Key! Question: Is the total derivative approximation stable
numerically ?
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A simple splitting/projection approach — Il

Key! Question: Is the total derivative approximation stable
numerically ?
Mathematicians say yes, but care is needed ...

e Hansbo (1982), Pironneau (1982), Morton, Priestley &
Suli (1988,1989, 1994), Bermejo & Staniforth (1991,
1992).
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A simple splitting/projection approach — Il

Key! Question: Is the total derivative approximation stable
numerically ?
Mathematicians say yes, but care is needed ...

e Hansbo (1982), Pironneau (1982), Morton, Priestley &
Suli (1988,1989, 1994), Bermejo & Staniforth (1991,
1992).

Key? Question: Adaptive time stepping ?
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e 1967
e 1982
e 1991
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A clever splitting/projection approach — |

M 0 %+N(a)+VABT AN T
0 0)\% B o /\p) \o

Given dT and parameters =1 —1/v/2, a = 11—%09,6 =1-q.

Algorithm: Glowinski, 1986, 1991
fork=0,1,...

<olve QCZLTM—FCMVA BT Uk10 _ fr
B 0 Pk+06 0

solve ((1_210)dTM + N(Upt1-0) + 5Wl) Uk41-0 = frt0

olve =M +avA BT\ (i _ | Jer1-0
b 0 Pk+1 0

end
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A clever splitting/projection approach — Il

Key! Question: Is the algorithm over-complicated?
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A clever splitting/projection approach — Il

Key! Question: Is the algorithm over-com
Mathematicians say no, ...

nlicated?

e Glowinski & Dean (1984, 1993) , Bristeau et al. (1985),
Rannacher (1989, 1990), Turek (1996), Smith &

Silvester (1997).
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e Update : 2000 — 2009

m Philip Gresho & David Griffiths & David Silvester
Adaptive time-stepping for incompressible flow; part I:
scalar advection-diffusion, SIAM J. Scientific
Computing, 30: 2018-2054, 2008.

m David Kay & Philip Gresho & David Griffiths & David
Silvester Adaptive time-stepping for incompressible
flow; part Il: Navier-Stokes equations. MIMS Eprint
2008.61.
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“Smart Integrator” (Sl) definition

e Optimal time-stepping: time-steps automatically chosen
to “follow the physics”.

e Black-box implementation: few parameters that have to
be estimated a priori.
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“Smart Integrator” (Sl) definition

e Optimal time-stepping: time-steps automatically chosen
to “follow the physics”.

e Black-box implementation: few parameters that have to
be estimated a priori.

e Solver efficiency: the linear solver convergence rate is
robust with respect to the mesh size h and the Reynolds
number 1/v.
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Trapezoidal Rule (TR) time discretization
We subdivide [0, T into time levels {¢;}:¥ ;. Given (4", p") at
time level t,,, knt1 := tpi1 — tn, cOmpute (2", ptl) via

2 n—1—1_|_ wn—i—l \vaY n+1 VVQ n+1_|_vpn+1 f

kn—l—l
V- =0 in O

?—L»TH—l _ §n+1 on FD
oV Gt R = 0 on Ty
with second-order linearization
S A A VAR T A y LN v AT A v /il
kn—l—l
@n—i—l _ ( k ) U kk ﬁn—l

Zeist 2009 —
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In R? the discretized Oseen system (*) is:

an+1

0
By

Saddle-point system

0 Bl
JFn+1 l;T
y

B, 0

@
&%n+1

@nn+1

o Frli= 2 M +vA+ N(wyt

e The vector f is constructed from the boundary data
¢" 1, the computed velocity %% at the previous time

level and the acceleration

—n
8uh

ot

r,n+1 ]

f%n+1

fpn+1

e The system can be efficiently solved using
“appropriately” preconditioned GMRES...

_fxmﬁl ]
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Preconditioned system

(o) ()= ()

A perfect preconditioner is given by

F BY\ (F~t Fi1BYS Y (T 0
B 0 0 -s=t ) \BF ! I

P

withF = 2 M+vA+Nand S=BF BT

kn—l—l
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For an efficient preconditioner we need to construct a
sparse approximation to the “exact” Schur complement

S—l _ (BF—lBT)—l

See Chapter 8 of

e Howard Elman & David Silvester & Andrew Wathen
Finite Elements and Fast Iterative Solvers: with
applications in incompressible fluid dynamics
Oxford University Press, 2005.

Two possible constructions ...
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Schur complement approximation — |

Introducing the diagonal of the velocity mass matrix
My ~ Mi; = (¢;, ¢;),
gives the “least-squares commutator preconditioner”:

(BF'BOY '~ (BM 'BY Y BM FM ' BYY(BM1BT) !

TV TV
AMG AMG
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Schur complement approximation — |

Introducing associated pressure matrices

M, ~ (V;, Vi), mass
Ap ~ (Vyi, Vo), diffusion
Ny, ~ (wp, - Vii,75), convection
2

F =
! kn—|—1

M, +vA,+ N,, convection-diffusion

gives the “pressure convection-diffusion preconditioner”:

—1pT\-1 . asj—1 ~1
(BF'BT) ' = M 'F, A;
N~~~

AMG
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Adaptive Time Stepping AB2-TR

Consider the simple ODE 4 = f(u)
Manipulating the truncation error terms for TR and AB2
gives the estimate

_ Untl — Upyg
(1 + =)

n —
kn—|—1

Given some user-prescribed error tolerance t ol , the new
time step is selected to be the biggest possible such that
| Th+1|| < tol X umax. This criterion leads to

tol X umax> 1/3
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Adaptive Time Stepping AB2-TR

Consider the simple ODE 4 = f(u)

Manipulating the truncation error terms for TR and AB2
gives the estimate

_ Untl — Upyg
(1 + =)

n —
kn—|—1

Given some user-prescribed error tolerance t ol , the new
time step is selected to be the biggest possible such that
| Th+1|| < tol X umax. This criterion leads to

tol X umax> 1/3

But look out for “ringing” ...
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Stabilized AB2—-TR

To address the instability issues:

m We rewrite the AB2-TR algorithm to compute updates
v, and w,, scaled by the time-step:

m We perform time-step averaging every n* steps:
Up = %(Un+un—1)§ Un41 = Up+ 3Knt1Un;  Upgl 1= 20p.

Contrast this with the standard acceleration obtained by
“Inverting” the TR formula:

. 9 : .
Un+1 = - — (un—I—l ) — Up = Unp — Up

Zeist 2009 —

p. 31/57



At

10

Stabilized AB2-TR

10" ¢

10" ¢

10 °F

-2

10 "¢

10

10 ¢

10k

-6

10

-3

10

Advection-Diffusion of step profile on Shishkin grid.

tol =103

At

tol =104
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log(At)

Stabilized AB2-TR

No averaging

Averaging every 2

Averaging every 5

Averaging every 10

Averaging every 20

-5} .
10+ i
-15}+ i
_20 | | | | | | | |

0 10 20 30 40 50 60 70 80 90
Time Step

“Spin up” driven cavity flow with » = 1/100.
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Adaptive Time-Stepping Algorithm |
e The following parameters must be specified:

time accuracy tolerance tol (10~%)
GMRES tolerance itol (1079)
GMRES iteration limit  maxit (50)
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Adaptive Time-Stepping Algorithm |
e The following parameters must be specified:

time accuracy tolerance tol (10~%)
GMRES tolerance itol (1079)
GMRES iteration limit  maxit (50)

e Starting from rest, @ = 0, and given a steady state
boundary condition u(z,t) = g, we model the impulse
with a time-dependent boundary condition:

u(z,t)=g(1—e ™) onlp x[0,7].
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Adaptive Time-Stepping Algorithm |
The following parameters must be specified:

time accuracy tolerance tol (10~%)
GMRES tolerance itol (1079)
GMRES iteration limit  maxit (50)

Starting from rest, @” = 0, and given a steady state
boundary condition u(z,t) = g, we model the impulse
with a time-dependent boundary condition:

u(z,t)=g(1—e ™) onlp x[0,7].

We specify the frequency of averaging, typically
ns = 10. We also choose a very small initial timestep,

typically, k; = 107°.
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Adaptive Time-Stepping Algorithm Il

m Setup the Oseen System (x) and compute
(@@ ¥ 1] using GMRES(maxi t, i t ol ).
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m Setup the Oseen System (x) and compute
(@@ ¥ 1] using GMRES(maxi t, i t ol ).

m Compute the LTE estimate e?"*!
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Adaptive Time-Stepping Algorithm Il

m Setup the Oseen System (x) and compute
(@@ ¥ 1] using GMRES(maxi t, i t ol ).

m Compute the LTE estimate e?"*!

m If |e?" || > (1/0.7)%tol, we reject the current time step,
and repeat the old time step with

kn+1 = kn+1( He}’gLH )1/3-
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Adaptive Time-Stepping Algorithm Il

m Setup the Oseen System (x) and compute
(@@ ¥ 1] using GMRES(maxi t, i t ol ).

m Compute the LTE estimate e?"*!

m If |e?" || > (1/0.7)%tol, we reject the current time step,

and repeat the old time step with

kn+1 = kn+1( He}’gLH )1/3-

m Otherwise, accept the step and continue withn =n + 1
and £, - based on the LTE estimate and the accuracy
tolerance tol.
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Example Flow Problem — I (v = 1/1000)
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log(A t)

-10

-15

Time step evolution

DOF = 148739
DOF = 592387

0 20 40 60 80 100 120
Time Step

—— DOF = 148739
= — DOF = 592387 -

80 82 84 86 88 90 92 94 96 98 100
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GMRES lterations

40

35

30

N
(¢}

N
o

"y
(63}

10

Linear solver performance

T T T T T T T I I
DOF = 148739
— DOF = 592387
| | | | | | | | |
10 20 30 40 50 60 70 80 90 100
Time Step
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Example Flow Problem — Il (v = 1/100)
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Lift Coefficient

' W“ﬂ[\ﬂ/\ﬂﬂ/\

_

g
Ezg“"\W}/\JUJ il

POV




0.16

0.14

0.12

©
—

Time step size
o
o
oo

0.06

0.04 1

0.021

Time step evolution

[ [ [ [ [ [ |
Level 1
Level 2

L Level 3 |
[
| | | | | | |
20 40 60 80 100 120 140 160
Time
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Bouyancy driven flow

%+Q.Vﬁ—yv2ﬁ—|—Vp:3T in W =Qx(0,T)
V-u=0 in W
%—Cj—kﬁ-VT—VvZT:O in W

Boundary and Initial conditions

=0 onTx[0,T]: @ Z0) =0 in.
T=T, onlpx|0,T]; vVT-7n=0 onl'yx|0,T];
T(%,0) = Tp(Z) in Q.
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Finite element matrix formulation

Introducing the basis sets

X = span{ ¢Z 1, Velocity basis functions;
M}, = span{y; }t7 ., Pressure basis functions.

Ty, = span{¢.},~,, Temperature basis functions;

gives the method-of-lines discretized system:

M 0 0\ (% F BT -2\ (i 0
00 o|l|l2]+[B 0 o ||[p]=]0
0 0 M) \4 0 0 F JN\T g

with a (vertical-) mass matrix:

()i = ([0, i), &)

Zeist 2009 —
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Preconditioning strategy

F BY —= at fu
B 0 0 |P! Plar]|=]|T¢
0O 0 F al £

Given S = BF~!'B', a perfect preconditioner is given by

T o —1 —1 1T o—1 —1 o —1
F B -2 F~t piptst prlep
B 0 0 0 —G—1 0
0o 0 F 0 0 F-1
P
I 0 0

—1 —1 o —1
BF-' | BFl2F
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Example;;

Natural Convection in 1:16 cavity,

Rayleigh-Bernard convection

1.
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... with efficient linear algebra

Average number of Krylov iterations (AMG) Evolution of the time step size

35 T T T T T T 10
30 1 10° i
25}
107} -
20t
== 5 10 f -
15¢
107° | .
101 ! “U“‘W UTUTWUNY vy 1
-8
5 _ 10
Picard
Newton
0 1 1 1 1 1 1 10_10 1 1 1 1 1 1
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
time step time step
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What have we achieved?

e Black-box implementation: few parameters that have to
be estimated a priori.

e Optimal complexity: essentially O(n) flops per iteration,
where n is dimension of the discrete system.

e Efficient linear algebra: convergence rate is (essentially)

Independent of 4. Given an appropriate time accuracy
tolerance convergence is also robust with respect to v
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