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Chapter 1:

Inverse Problems
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• I sample a point from a distribution.

• I feed it into The Machine.

• The machine outputs* 4.

• Which point did I start with?

Let’s play a game

𝑥 + 2𝑦

𝑥

𝑦
4
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We can make this rigourous

Bayes’ rule: 𝒑 𝜽 𝒅 ∝ 𝑝 𝜃 ⋅ 𝑝 𝑑 𝜃

∝ ×



Chapter 1.1:

A more interesting Inverse Problem
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Let’s do something more interesting

To simulate ground-water flow, researchers require

knowledge of the permeability field of the subsurface.
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Let’s do something more interesting

𝜃1

𝜃2

⋮
𝜃20

𝑑1

𝑑2

⋮
𝑑49



• Take measurements 𝒅.

• Assume a prior 𝑝(𝜽).

• What is the posterior 𝑝(𝜽|𝒅)?

The game isn’t always that simple…
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𝜃1

𝜃2

⋮
𝜃20

𝑑1

𝑑2

⋮
𝑑49

• We cannot simply ‘evaluate’ the 

posterior at every point in the 

20-dimensional domain

How can we characterize the 

posterior distribution?



Chapter 2:

How can we characterize 

the posterior distribution?
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Optimization Sampling
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Characterizing the posterior
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More samples = 

BUT

1. Inherently sequential

2. Evaluation of The Machine 

in every iteration

=> Expensive (if machine is expensive)

Sampling via Markov chain Monte Carlo

Sampling



Chapter 3:

Interacting Particle Methods
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Sampling via interacting-particle methods

𝐶𝑛
𝑢𝑢 = 𝔼 𝑢𝑛 − 𝔼 𝑢𝑛 ⊗ 𝑢𝑛 − 𝔼 𝑢𝑛

𝐶𝑛
𝑢𝑔

= 𝔼 𝑢𝑛 − 𝔼 𝑢𝑛 ⊗ 𝐺 𝑢𝑛 − 𝔼 𝐺 𝑢𝑛[1] Garbuno-Inigo et al. Interacting Langevin dynamics. (2020)

Ensemble of particles in parameter 

space, evolve according to artificial 

dynamics

• Forward model (Machine)

• Interaction

• Randomness

Ensemble Kalman sampling [1]

𝑢𝑛+1
𝑗

= 𝑢𝑛
𝑗

+ Δ𝑡𝐶𝑛
𝑢𝑔

Γ−1 𝑦 − 𝐺(𝑢𝑛
𝑗

) − Δ𝑡𝐶𝑛
𝑢𝑢Γ0

−1𝑢𝑛
𝑗

+ Δ𝑡𝜂𝑛+1
𝑗

, 𝑗 ∈ {1, … , ∞}

𝜂𝑛+1
𝑗

∼ 𝑁 0, 2𝐶𝑛
𝑢𝑢



Chapter 4:

Multilevel algorithm
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From a single Machine…

𝜃1

𝜃2

⋮
𝜃20

𝑑1

𝑑2

⋮
𝑑49
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… to a hierarchy of Machines

𝜃1

𝜃2

⋮
𝜃20

𝑑1

𝑑2

⋮
𝑑49

𝜃1

𝜃2

⋮
𝜃20

𝜃1

𝜃2

⋮
𝜃20

𝑑1

𝑑2

⋮
𝑑49

𝑑1

𝑑2

⋮
𝑑49

⋮
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ቄ 𝑢𝑛+1
0,𝐹,𝑗
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𝑢𝑔,ML
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0,𝑗
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൝
𝑢𝑛+1

1,𝐹,𝑗
= 𝑢𝑛

1,𝐹,𝑗
+ Δ𝑡 መ𝐶𝑛

𝑢𝑔,ML
Γ−1 𝑦 − 𝐺1(𝑢𝑛

1,𝐹,𝑗
) + Δ𝑡 መ𝐶𝑛

𝑢𝑔,ML
Γ−1𝜂𝑛+1

1,𝑗

𝑢𝑛+1
1,𝐶,𝑗

= 𝑢𝑛
1,𝐶,𝑗

+ Δ𝑡 መ𝐶𝑛
𝑢𝑔,ML

Γ−1 𝑦 − 𝐺0(𝑢𝑛
1,𝐶,𝑗

) + Δ𝑡 መ𝐶𝑛
𝑢𝑔,ML

Γ−1𝜂𝑛+1
1,𝑗  

𝑗 ∈ {1, … , 𝐽1} 

൝
𝑢𝑛+1

2,𝐹,𝑗
= 𝑢𝑛

2,𝐹,𝑗
+ Δ𝑡 መ𝐶𝑛

𝑢𝑔,ML
Γ−1 𝑦 − 𝐺2(𝑢𝑛

2,𝐹,𝑗
) + Δ𝑡 መ𝐶𝑛

𝑢𝑔,ML
Γ−1𝜂𝑛+1

2,𝑗

𝑢𝑛+1
2,𝐶,𝑗

= 𝑢𝑛
2,𝐶,𝑗

+ Δ𝑡 መ𝐶𝑛
𝑢𝑔,ML

Γ−1 𝑦 − 𝐺1(𝑢𝑛
2,𝐶,𝑗

) + Δ𝑡 መ𝐶𝑛
𝑢𝑔,ML

Γ−1𝜂𝑛+1
2,𝑗  

𝑗 ∈ {1, … , 𝐽2} 

൝
𝑢𝑛+1

𝐿,𝐹,𝑗
= 𝑢𝑛

𝐿,𝐹,𝑗
+ Δ𝑡 መ𝐶𝑛

𝑢𝑔,ML
Γ−1 𝑦 − 𝐺𝐿(𝑢𝑛

𝐿,𝐹,𝑗
) + Δ𝑡 መ𝐶𝑛

𝑢𝑔,ML
Γ−1𝜂𝑛+1

𝐿,𝑗

𝑢𝑛+1
𝐿,𝐶,𝑗

= 𝑢𝑛
𝐿,𝐶,𝑗

+ Δ𝑡 መ𝐶𝑛
𝑢𝑔,ML

Γ−1 𝑦 − 𝐺𝐿−1(𝑢𝑛
𝐿,𝐶,𝑗

) + Δ𝑡 መ𝐶𝑛
𝑢𝑔,ML

Γ−1𝜂𝑛+1
𝐿,𝑗  

𝑗 ∈ {1, … , 𝐽𝐿} 

መ𝐶𝑛
𝑢𝑔,ML

= መ𝐶𝑛
𝑢𝑔,0

+ 

𝑙=1

𝐿

መ𝐶𝑛
𝑢𝑔,𝑙,𝐹

− መ𝐶𝑛
𝑢𝑔,𝑙,𝐶

⋮



For a ‘clever’ choice of 𝐿 and 𝐽𝑙 0
𝐿… [2]
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Multilevel interacting-particle methods

[2] A. Bouillon, T. Ingelaere, G. Samaey. Single-ensemble multilevel Monte Carlo for discrete interacting-particle methods. arXiv:2405.10146.
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Different ‘machines’

[2] A. Bouillon, T. Ingelaere, G. Samaey. Single-ensemble multilevel Monte Carlo for discrete interacting-particle methods. arXiv:2405.10146.
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Different interacting-particle methods

[2] A. Bouillon, T. Ingelaere, G. Samaey. Single-ensemble multilevel Monte Carlo for discrete interacting-particle methods. arXiv:2405.10146.



Conclusion
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In summary

Intractible Sequential



• Generalized multilevel approach from [3]

• Expressions for 𝐿 and 𝐽𝑙 0
𝐿, based on hierarchy

• Analytic, asymptotic convergence rates
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Our contributions
𝜃1
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[3] Hoel et al. Multilevel ensemble Kalman filtering. (2016)
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Main sources



A. Bouillon, T. Ingelaere, G. Samaey. Single-ensemble multilevel Monte Carlo 

for discrete interacting-particle methods. arXiv:2405.10146.
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Thanks! Questions?
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