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Outline

* |: Introduction: What are inverse problems?
o II: Krylov-Simplex for min ||Ax — b||
» lll: Krylov-Newton for min ||Ax — b||, + A||Lx||, with automatic choice of 4

» V: Krylov-Active Set to solve min ||[Ax — b||, subjectto [ < x < u.
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I: Introduction
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Need for regularisation

Consider a linear system of equations

——

AX:b:bex+ €

Axgx x/N(0,0)
with matrix A € R™*" and data b € R". P
0 20 40 60 80 100 120 140 160 180 200
For square nonsingular matrices we have  <10° Exact and perturbed solution
| 0X ‘2 —1 €||2 —x=ATb
< [|A7][2][All2 —x_=ATb
|X‘ 2 S—_— e — b 2 ~ Tex ex
—x(A) R
0
with 0x := X — X.x.
05
Small Changes In b can lead to huge -10L 210 410 610 80 100 120 1;0 160 150 ;()o

changes in x for ill-conditioned matrix A. phillips from RegTools with r(A) ~ 107,
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Tikhonov regularisation

2.5

For rectangular matrices (m > n) we

solve the linear least squares problem

x=argmin__. ll[Ax - b||; = (ATA)~'Ab

s_. s @ 0 20 40 60 80 100 1é0 1:10 1é0 1éO 200
Sensitivity now related to (A’ A).
Solution with Tikhonov regularization

0.5

Tikhonov regularization is a popular ap-
proach to obtain a meaningful solution:

04 ¢

03r

0.2
|Ax = b||* + allx||* o

0

x=argmin__..

= (ATA+al)"'ATD

0.1~ A A 1 L A A A A 1 .
0 20 40 60 80 100 120 140 160 180 200

phillips from RegTools with x(A) ~ 10’.
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Motivation

» Many inverse problems are formulated as a mixture || - ||, || - ||, || - ||
e Lasso: min ||b — Ax||, + A||Lx||
o Elastic net: min ||b — Ax||, + A||Lx||, + u||Mx]||,
» Max-norm regularisation min ||b — Ax||, + A||Lx||

» Regularisation by bounds min || — Ax||, subjectto / < x < u
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What are Krylov Subspace Methods?

HK (A, V) = Span{v,Av,sz, ...,Ak_lv}

A

X

HEEEEEEEEEEEEEEE X
HEEEEEEEEEEEEEEER<
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Preconditioning = Accelerating Krylov

. Instead of Solving Ax = b solve. M~ 'Ax = M~ 'b
X € X+ span{v, M=Av, M~ 'Ay, ..., (M~ 1A 1v)

7

Krylov subs,aace of size k
» Problem M is any approximation of A

* Physics based: Simplify the original problem such that it becomes easy to
solve

* Algebraic based: Approximately solve the algebraic equations.
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Krylov Subspace methods.

F(A,v) = span{v,Av,A%v, ..., A1y}

C()aonjggate min |x — x7*|] N> W= I, kl |7oll-€,  Small tridiagonal linear system.
radients ’
XEXO‘F;%(A,I"O)
GMRES min  ||b — Ax||, = g@ [7oll2€1 — Higr k) || ,

x6x0+<%f (A,r, o) Small Least Squares problem
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Krylov Subspace methods.

H(A,v) = Spaﬂ{V,AV,AZV, LAY

min |x — x* HA = Y= Tk_kl |7oll-€,  Small tridiagonal linear system.
radients ’
XEXO+%(A,FO)
min  ||b — Ax||, = irelg}{ [7oll2er = Hipy i Vi ” ,
xXExy+ K (A,rp) Small Least Squares problem
min |0 — Ax||, =

x€xq+F (AT A1)
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Krylov Subspace methods.

H(A,v) = Spaﬂ{V,AV,AZV, LAY

Conjugate min lx — x*||, = W=7 kl |75ll>€, Small tridiagonal linear system.
XExg+ K (A,ry) A |
min  ||b — Ax||, = Helg} I7oll2er = Hipq 1) ” ,
xXExy+ K (A,rp) ’ Small Least Squares problem
min |0 — Ax||, =
xExq+F (AT A,ry)
min  ||Lx||3 s.t. ||[Ax = b5 = |le|l5 >

xg+F (AT A,ry)
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Krylov Subspace methods.

H(A,v) = Span{v,Av,sz, LAY

Conjugate min H x — x°¥ H = w=1_ kl |ryll-€;  Small tridiagonal linear system.
min  ||b — Ax||, = Helg}c I7oll2e1 — iy 1 1V ” ,
XEXy+7 (A,rp) ’ Small Least Squares problem
min |0 — Ax||, =
x€xq+F (AT A1)
min  ||Lx||3 s.t. ||[Ax = b5 = |le|l5 >
xo+F (AT A,r)
min |[Ax — bH% st./I<x<u=

x€Exq+F (AT A1)
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Residual in different norms for A € R"™*"

min ||b — Ax||,

I | I I | I |

L min || — Ax]||

min ||b — Ax||,
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ll: Minimising ||Ax — b|| ., over a
Krylov subspace: Krylov-Simplex

A = Rm)(n
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Minimisation of residual In max-norm

Definition  x, :=argmin = min ||[7y) — AV, ||

e rnran il = min

Formulation as an min -
| P (VoY ER
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KKT conditions

min
(VY ) ERM!

1T+ u) =1,
VIAT(A—p) =0,
A>0, u>0,

Yl S 10— AV £ vl

min (1 ())T (yk>
VoY Yk

~1, AV, \ (1) _ () < 4
~1,, —AV,) ) = \~") «— u
DUAL FEASIBILITY

PRIMAL FEASIBILITY

COMPLEMENTARITY CONDITIONS
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Review of revised simplex.

minc’ x
Ax=0b
[<x<u
[ =R A NON-BASIC lower-bound indices
X, =40l<x,<u 1 € A
u i€ U

» The number of element in basic set | 98 | = m. The non-basis setis / = £ U %.

» B := A,_4 is the basic matrix is non-singular.
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Definition of basic and non-basic set.

/\V/\\/K \Q//Xv/ V/\g/ -

- &
HB=%B_UA, —n < —AVisn vVied

| B| =k Ancwerpen




Primal and Dual equation

—1 = (rg = AV, Vie % .
(ro = AVive)i = v Vie By
| (rg—AVy): | L7, vie s,

Universiteit
Antwerpen




Primal and Dual equation

7= (g — AV, Vi€ B . N (_1%,< AVk‘%k,<> (Vk) _ 5 (Vk) _ (ro‘%k,<)
(ro —AV ), =71 Vie 9%, . 1%k,> AVk‘ggb Yk “\ ’”0‘935,{,>
| (rg—AVy) | <7 viesds, - —B, J
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Primal and Dual equation

7= (g — AV, Vie % N (—1%& AV’C‘%K) <7k) _ 5 (}’k) _ (ro‘%k,<)
(ro —AV ), =71 Vie 9%, . 1%k,> AVk‘ggb Yk “\ ’”0‘935,{,>
| (rg—AVy) | <7 viesds, - —B, ’

Dual Equation and complementarity
A+ =1,
Vi AT (A —p) =0,
Ay —AViy+nl,), =0, Vje {l,...,mj
vl — (g —AViy); =0, Vjeil,...,m}.
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Primal and Dual equation

—y. = (ry— AV, ); Vie &% —lg, _ AVl o
Ve = o ki SN s Br. < (n) _p (}’k) _ By <
: — Tk —
(o — AV = 7 Vie B, L, AVilg,_ ) Uk Yk "ol
| (rg —AVy): | < % vieJs, - —B, J
Dual Equation and complementarity
T T
T+ ) = 1, e a. | s [ A
1 7 vrar VIA g, ) T\ g, ) T
V]?A T(/I - //t) — Oa Vk ‘ggk,< k “%k,> B> B
AMro—AVy+rl,),=0, Vjel{l,...,m] 4=0 Vje& N
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Primal and Dual equation

—7 = (1o — AV Vi€ B . N <_19?k,< AVk‘@k,<> <7k> _ B (?%) _ (ro‘%k,<>
(g — AV = 7k Vi € ‘%jk,> 193’k,> AVk‘%k,> ) ) ”0‘9?;,@>
| (rg—AVy): | <7 vieJst, - —B, ’
Dual Equation and complementarity
VIAT(2 — ) = 0, VEAT 3, VIA| s, | \TH=0 “\ —Ha, i
AMry—AViy+yl,), =0, Vje {l,... . m] 4=0 Vjes
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Pivot

f4>0 and u > 0= Optimal solution x;, = x, + V,y* for F(ATA, 1)

$ ¥ 1s the optimal basic set

Else update the basic set with one index

Co— -2 Br=%BVU{r\{q}
N =N U{gi\ir}



Expanding the Krylov subspace.

o
Xk+1 = Xo T (Vk Vk+1) Vie1 = Xo Tt (Vk vk+1) (yk _;Ayk) = x, + (Vk ka) (A;k)

— 1ggk,< AVk ‘ngK Avk+1 ‘%k,< }/]zk_l_ Ayk I"O ‘gng
Ly AVilg,  Avelg, )| - =\l

°K
tggk

N 2 : sk d .
AV VRN UM WE
+

Bip1 = B U {r}

Universiteit
Antwerpen




Convergence Krylov-Simplex for || — Ax||

gamma

k
x Simplex Converged with subspace

-0.5 |

max|b-Ax|

450 ‘ j Universiteit
0 200 400 600 800 1000 1200 Antwe rpen

simplex iterations




Convergence of Krylov-Simplex for ||b — Ax|| .,
limited inner iterations

gamma,
< Max inner Simplex reached

Or

ER
E3
<
2 D
X
©
&

3+
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Bounds for a Krylov-Simplex vs Golub-Kahan

|6 — Axgslle < 110 = Axgille < MIb = Axgill, < 116 — Axygll,
- Since ||/l < [l Antwerpen




Rank one updates to the basic matrix

Each iteration we have to solve the two k X k matrices:

Each inner simplex iteration we update the basic set. We do it in place.

= B Uiri\iq}

So one column of B is substituted. We update its QR factorisation using QRUPDATE

B'=B+uv’

'R — R + T
O O 7AY
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Expand the basis with lowest reduced cost.

A}/k=d1= [1 O ce O]d

— ng* 1(AV]<+1)935* = (1 — ﬂ)TAVkH

1M1 ll o = 17l oo

I ' ATl
Creducedvk“ with Creduced = A'(A— /4)

« Where A and u are the Lagrange multipliers from the optimal solution in the previous
subspace.

» Choosev,, | = — A'(1 — 1) as the next vector to expand the basis.

« In Column Generation we solve minimal path with ¢,oqceq = (¢ — A1)y, L1 with
some additional constraints on the path v.
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Krylov-Simplex vs Column Generation

2 —
krylov
— column generation
: bound based on &
20 N\ T
. Wiy
&
Y
=
— 6
x
<
=}
-8
-10
-12
-14 | | | | | | | | | | UnlverSltelt
0 20 40 60 80 100 120 140 160 180 200 Antwerpen
iterations




Similar Krylov-Simplex methods for 7,-norm

X <= argmi nx6x0+%(ATA,rO) H rk” 1

0.15

-0.05 ;

-0.15 ! _ .
0 10 20 30 40 50 60 70 80 90 100

@ Vanroose, W., & Cornelis, J. (2021). Krylov-Simplex method that minimizes the residual in £’;-norm or £ __-norm. arXiv

preprint arXiv:2101.11416.
Universiteit
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Summary Krylov-Simplex
» We minimise ||b — Ax||, over a Krylov subspace.

* | eads to a small LP problem with dense matrices that is solved with simplex
method.

o Krylov-Simplex: Krylov outer iteration, simplex inner iteration.
* As the basis expands, the basic set gets one additional active constraint.
* Early stopping of the inner iteration reduces total time to solution.

* The factorisation of basic matrix is updated each iteration. We can converge
using ‘grupdates’ operations only.

 Expanding the basis with a column with smallest reduced cost not give improved

convergence.
U' Universiteit
Antwerpen




l1l: Updating the regularisation
parameter while Krylov converges.
Krylov-Newton.




Computed Tomography example.

Sparsuty pattern (#angles = 10, #det = 15)

Consider a Computed Tomograph NN NN
SOTIRRes COTmosTapy RIS
example with 270 projection angles NN AN Y
and 256 detectors (ASTRA toolbox): I RN NN e

’\‘.“ e
— \\\"‘\\“‘*\-\"“-\\‘

AX = b = bex + € = AXex + €

il

/////////’;’j"//’;"/’;;
' — — S
with m = 69,120 and n = 65, 536. 1504//////////////

100 150 200

e arg min ||Ax — b||

Exact image Exact sinogram 1% Gaussian noise Reconstruction



Regularisation parameter and Discrepancy principle.

Compute x, = argmin__,.|[Ax — bH% + aHxH% for many values of a

xeRn

Discrepancy principle

r 1 | T 711 I I 1 ] 1 1 LI 1 I T T 1T 11 l I | T J I IIIIII
.

L

1072 10° 102 10* Universiteit
| iversitei
- Antwerpen

10°+

IIAX - bl

N\

10°1

==llb-b |l
eX
@®D-curve

1 l 1 1 11 1 | 1L 1 1.1 l 1 1 L 1 111 L 1 llllll




Discrepancy principle and Tikhonov regularisation

The constrained optimisation problem is

1 .
min —-[lx||3  subject to [|Ax —bll3 = llell}

This is a Quadratic Constraint Quadratic Programming problem (QCQP)

Has a unique solution with x* with a Lagrange multiplier A > 0. The KKT condition is

AAAx — D) + x

F(x, 1) = =0
~NlAx = b1} = > lle]l?

This is a nonlinear system of equations.

The first equation is equivalent to Tikhonov regularised normal equation with a regularisation o = 1/4

Universiteit
Antwerpen
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Classical Newton-Krylov lteration

We use Newton’s method to solve F(x, 1) = 0. We start with an initial guess (x,, 4y) with 4, > 0 and
updates

Kea 1> A1) = K A) + 7 (DX 1, Adiyy)

that are solutions of

Al

The step size v, € [0,1] are adapted such that A, + A4, > 0. The linear system is solved by a
Krylov method, e.g MINRES.

A
J(x,, z,g( x"“) = — F(x,, A,)

Outer iteration is Newton, it linearises the system. Inner iteration is a Krylov subspace that is build

each outer iteration and thrown away. : .
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Bidiagonalisation

Since the matrix is non-square we use the bidiagonalization algorithm (Bidiag1) to generate

matrices V, = vy, ..., Vi1l and U, = [ugy, Uy, ..., ] with orthonormal columns that
satisfy

AV, = Uk+1Bk+1

With a lower bidiagonal matrix B, ; € R*+Dxk

RV) =F (ATA,ATb) = span{ATb,(ATAATD, ...,(ATA1ATDH)

By writing x, = V,y, for y, € R* we have that ||x,|| = ||V.y|l = |yl

[Ax = bl| = [|AViy, = Upyr¢ill

Ui 1By — el

By 1 — U’ Universiteit
With ¢, = ||b]|e; Antwerpen




Krylov-Newton

The projected minimisation problem is

: o) 2 2
min |lx]l3 s.t. [|Ax = bl[5 = lle]l5
XkE%(Vk)

IS equivalent

: o) 2 2
min el 8.t By — Gl = llell
ykER

It has KKT conditions

FR(y, 1) = (

AB, ((Bi 1y — ¢+ )

1 2 _ 1 2
SI1Bry1y — ill” = S llel

fk<<n
Universiteit

A solution of F®(y, 1) = 0 gives an approximate solution of F(x, A) but is much cheaper to i
Antwerpen




A Single Newton step gives a descent direction

So the Newton direction is a descent direction for backtracking line search we then select a step size y,

| |
EHF(xk+19;tk+1)H < (5 —P}’k> 1 F (g A2

U’ Universiteit
Antwerpen



Discrepancy curve

104 v ' 1
10° ;
5| el |-l S |
107 =@=D-curve ™
@)\ = 1
-0—A0=10'5
10’ g ;
10Y 10°

X

[ FOA)

1019,

10° |

107 |

10710

Convergence history

1

—8— Newton-Krylov
--=== Krylov-Newton

| | |

400 600 800 1000 1200
matvecs with A and AT
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General Regularisation terms.

min W(x) st |[|Ax — sz = He|\2

with convex twice differentiable regularization function W(x) : R" — R.

First order optimality conditions are given by F(x, A\) = 0 with

Flx. \) = (,\AT(AX — b) + vw(x)) |

1 2 :
3||Ax — b||* — 1
We now project the optimization problem on a Generalized Krylov subspace

R(Vk) =span{r,n,...,rc—1}

with orthonormal columns computed using Gram—Schmidt and

fe—1 = /\k_lAT(AXk_1 — b) —+ V\U(Xk_l).

U_ Universiteit
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Convergence history Regularization parameter A\

1065 . . 1055_ .
: Standard form Tikhonov :'-_ Standard form Tikhonov
ni = = = General form Tikhonov [ 3 = = = General form Tikhonov
107 £4 1-norm regularization Al 4 1-norm regularization
; | 10 _ E
102 f E
i ’
10%F | ‘:
— 40 b
= 10 E
X 5 ~<
LL [
— 2 ¢
1074 s 102 ;
: \
\ |
10° \ i
' \
f \ 10! -
106 ‘ e - -
é L
10-8 [ I I ! ! 1 00 I 1 ! !
0 20 40 60 80 100 0 20 40 60 80 100
iterations iterations
Standard form Tikhnonov General form Tikhnonov 1-norm regularization
- ; 125
10.35
103 12

0.25

0.2

0.15

0.1

0.05
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Summary Krylov-Newton

. We minimise ||Ax — b||* + al|Lx||* over a subspace but simultaneously
adapt the regularisation parameter such that discrepancy principle is
satisfied

 Bases Iis expanded based on the residuals.
* A single inner step is sufficient.

 As soon a good guess for the Lagrange multipliers is found, we achieve
Krylov convergence.

* Krylov-Newton: Krylov outer iteration, Newton inner iteration

Cornelis J, Schenkels N, Vanroose W. Projected Newton method for noise constrained Tikhonov regularization. Inverse
Problems. 2020 Apr 8;36(5):055002.
Cornelis J, Vanroose W. Projected Newton method for noise constrained ¢ p reqularization. Inverse Problems. 2020 Dec

3:36(12):125004. - Xgl‘ﬁg?;;ee#




V: Krylov-Active Set.
Regularisationby [ < x < u

min ||[Ax — b||%

S.t. [ <x<u




Problem formulation

min ||Ax — b||?
JAx = b3 _
S.t. [ <x<u

min |[AV,y, — bH%
St.[I<Vy<u

=

AY"Ax=b)—A4+u=0
Lx;—¢)=0
uu;, —x;) =0

. < x; < u
(4, 1) 20

VA" AV, —b) =V A+ V, u=0
ALViydi =) =0

pi; = [Viyel) = 0

Ci < Vil < u;

(4, 1) 20

e {1,...,
e {1,...,
e {1,...,

1 e {1,..
1 e {1,..

<t

mj
m}

m}

L, m}

., m}
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Optimality in subspace leads to orthogonality of residuals.

r,=A"(AV,y,—b)— A+ u
From KKT conditions we have
0=V A"AV,y,—b) =V A+ V u
= Vi (AN AV = b) — A+ p)
=V'r,
> lV,

We use as subspace basis

Vk=[7'0,1”1,7'2,...,] .
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Algorithm 1 Residual QPAS subspace (ResQPASS)

Require: Ac R™" b e R™, [,ue R"

1: rp=A"b,Vi =[ro/||rol]],yr = 0, W1 =0

2: for k=1,2,...,mdo

3; Yis Aky ks W) < Solve equation (1) using QPAS, guess yx and working set W
re = AT (Aka/f — b) — )\k + Uk
if ||r¢||2 < tol then

X = Vk.Vk break;

end if

Virr < (Vi rie/ |l rell]
. T

Yk+1 < [(yk)T O]

10: Wk_|_1 < W;(k

11: end for

© O XN O S




Comparison CG and ResQPASS

—— PCG (MATLAB)
-t ResQPASS

lteration k



A few active constraints.

log10(||residuals||)

-10 -

12

Bound Constrained

CG

|
10

1
20

!
30

|
40

|
50
iterations

l
60

1
70

|
80

1
90
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Why Krylov convergence?

min |[AV,y, — b\l%
St./<Vy<u

span {—A1 + p1,— Ao + Uo, ..., —Ap + pr},

rk=AT(Akak—b) —/1+//t

span {r; — A" (AViy1 —b),r2 — A" (AVaya —b),...,1x — A" (AViyr — b) } .

k—1
— e+ pr =16 — ATAViyr = Y (ri — AT(AViy, — b))ay € R[Vi, AT AVi_1],
[=1



Why Krylov convergence?

ri = AT (AViyr — b) — A\ + pk
= AT AV,yp + Vi, %) + AT AV, 1 8
= ATAVk(yk + (ﬁ(k), O)T) + Vkoa(k’) Vk > k.

k—ko+1
Tk — AT(Akak — b) — )\k + Ui = Z (ATA)kaO’yT(rIf) VEk > ko.
m=0

Bas Symoens & Wim Vanroose, Residual QPAS subspace (ResQPASS) algorithm for bounded-variable least squares (BVLS)
with superlinear Krylov convergence: Arxiv: 2302.13616



Asymptotic Krylov Structure.

_—
7

’ . 1l PP g by
IR ARE S 128 ¥

V/ATAV,

Bas Symoens. Deelruimtemethode voor Inverse

problemen, Masterscriptie 2022.
Bas Symoens & Wim Vanroose, Residual QPAS

subspace (ResQPASS) algorithm for bounded-variable * <ot |
least squares (BVLS) with superlinear Krylov R L
convergence: Arxiv. 2302.13616 ' '
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Conclusions.

 Expand the subspace as the outer iteration. Solve a small projected LP, QP or non-linear system with
an [nner iteration.

* Krylov-Simplex. Outer iteration Krylov, inner simplex iterations.

* Krylov-Newton: Outer iteration expands using the residuals, inner iteration updates regularisation
parameter. Asymptotically a classical Krylov subspace.

* Krylov-Active Set. Outer iteration expands using the residuals. As soon as the bounds are
discovered, classical Krylov convergence sets in.

* Future work:
* Use interior point methods as for inner problem.
* Accelerate column generation.

* Accelerate general LP and QP problems beyond inverse problems?

 Can we combine with branching and cutting? : .
Universiteit
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