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1. Motivation

David A. DiCarlo, Experimental measurements of saturation overshoot on infiltration, Water Resources
Research, Vol. 40, W04215, doi:10.1029/2003WR002670, 2004

See also: F. Stauffer, S.M. Hassanizadeh & S. Bottero, Neuweiler
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2. Porous media flow models
Variables (oo = w, 0):

S. € [0, 1] - phase saturation
do - phase velocity

Do - phase pressure

Equations:

08,
ot

+V-qge = 0
—lo = )\a(soz>vpa
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2. Porous media flow models
Variables (oo = w, 0):

Quantities:

S. € [0, 1] - phase saturation Ao - phase mobility

do - phase velocity

Do - phase pressure
Equations: Constitutive relationships:

dS, Sy +S, =1
Viga = 0 o

ot ' ! Po—Pw = P,

—lo = )\a(soz>vpa
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2. Porous media flow models
Variables (oo = w, 0):

S. € [0, 1] - phase saturation
do - phase velocity

Do - phase pressure

Equations:

08,
ot

+V-qgo = 0
—lo = /\Oc(Soz>vpa

Equilibrium:

Quantities:

Ao - phase mobility

P. - capillary pressure

Constitutive relationships:

Sy + Sw
Po — Pw

—_
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2. Porous media flow models: dynamic effects
Variables (o = w, 0):

Quantities:
Sa € 10, 1] - phase saturation Ao - phase mobility
. - phase velocity P. - capillary pressure
Do - phase pressure 7 - dynamic factor
Equations: Constitutive relationships:
0S4 S, + Sy = 1
Vigao = 0 o
ot * ¢ Po —Pw = Pc

Non-equilibrium*:

*Hassanizadeh & Gray, Water Resour. Res. ’93, Belyaev & Hassanizadeh, Transp. Porous Med. ’11
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2. Porous media flow models: hysteresis, interfacial area, ...
Variables (o = w, 0):

Quantities:
Sa € [0, 1] - phase saturation Ao - phase mobility
. - phase velocity P. - capillary pressure
Do - phase pressure 7 - dynamic factor
Equations: Constitutive relationships:
05, S, +8, = 1
AV Yy = 0 o w
ot * ¢ Po —Pw = Pc

—Go = /\cx(SOz)vpa

Non-equilibrium*:
P. € P:(S,)+710.S, + ~sign(0:S,)

and/or add interfacial area effects: 0,a + Vj, = E, with a = f(Su, pw, Do)-
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2.1. Modelling porous media flows: why 7?

Capillary pressure in two-phase flow/oil and water: e
Equilibrium/classical approach (slow processes) P

po_pw:Pce(So)

Dynamic effects involve relaxation:
(Gray & Hassanizadeh)
0So

Po — Pw = PS(SO>+TW
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Classical models:
Pressure difference depends
monotonically on saturation
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2.2.

Motivation: dewatering of paper pulp

AR
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2.3. Two-phase flow model (in terms of S = S, p,,, o)
1

Mass balance for oil:

oS -V - ()‘O(S)Vp0> =0, 05
Mass balance for water:
S
~0,S = V- (\u(1 = S)Vp,) =0, % 05 1
Pressure-saturaton relationship
Pe
po_pw:Pf(S)_’_TatS- c
Typical choices:
Ao(S) = 8P, A\p(S) = (1 — S)4, where p,q > 1.
PES)=(1—-8)3 (A>1)
—>
0 S 1
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2.3. Two-phase flow model (in terms of S = S, p,,, o)
1

Mass balance for oil:

9.8 =V - (A(S)Vp,) =0, 05
Mass balance for water:
S
—0,8 =V - (A1 = S)Vpy) =0, % 05 i
Pressure-saturaton relationship e
P
Do — P = P5(S) + 78,85. ¢
Alternative to one mass balance equation:
V-q=0, with a= (A(9)VDo + Au(1 = S)Vpy).
—
0 S 1
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2.4. Porous media: mathematical questions

Mathematical modelling:

— Which equations?
— Correct parameters?

Mathematical analysis:

- Do solutions exist? In which sense (strong, weak, ...)?
— How many solutions?

Numerical methods:

— Which discretization scheme (FEM, MFEM, DG, FV, ...)? Convergence, efficiency?
— Nonlinear models: iterative methods?

Upscaling (complex geometries, highly oscillatory coefficients):

— How are different scales interconnected (e.g. pore scale to Darcy scale)?
— How to deal with free/moving interfaces?
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3. Mathematics

Model:
( oS = V- (AO(S)va)
(Pl) 0 = V- (AO(S Vpo—l—)\( —S)pr),
Po—Pw = PI(S)+T7[(5)S,
p(x,t) = 0,
\ S(.T,O) - SO;
Scaling
Characteristic values: L, Q, P :=oy/ %, T = ?L
KP oV K
Rem: capillary number N,= =
pray WL~ QL
Lok
T = T(I)20'2

on

in

Q={(z,t) : 2z € Q,t > 0},
Q, or, alternatively
Q,

Q,
00, t >0,
Q.

universitei

»»hasselt



3. Mathematics

Model:
(0S8 = V- (M(S)Vp.), in Q=1{(z,t):zeQt>0}
—0,S = V- (Au(1=5)Vpy), in  Q, or, alternatively
o) 0 = V- (M(S)Vpo+ (1= S)Vp,), in Q,
Po—pw = F(S)+7f(5)0:S, in @,
p(z,t) = 0, on 00,t>0,
| S(z,0) = S, in Q.

e Existence/uniqueness of weak solutions: R. Showalter’75, M. Ptashnyk 06, A. Mikeli¢ *10, Fan, P.
’11, Cancés, Choquet, Fan, P’12, B. Schweizer’13, Cao, P’15,°16

e Numerical methods: D. Arnold et al. ’81, Helmig et al. ’07, Peszynska, Yi 08, C. Cuesta, P.’09,
Kissling et al. ’12, Fan ’13, Zhang & Zegeling *16, Karpinski, P., Radu ’17

e Travelling wave analysis, relation to non-classical shocks: LeFloch ’02, Cuesta, Hulshof, van Duijn
’00, Rohde ’05, van Duijn, Peletier, P ’07, Kissling et al 09, Corli, Rohde ’12, Nieber et al ’05,
Spayd, Shearer’11, van Duijn, Fan, Peletier, P’13

e Heterogeneous media: Helmig, Weiss, Wohlmuth 07, van Duijn, Cao, P.’16
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3.1. Analysis (existence, uniqueness)
Existence, degenerate case*
Problem P Find (S, p) e L?(o T;Sp + Wy () x L2(0,T; Wy () s.t. 9,5 € L*(0,T; L*()), S(-,0) =
5% /(1 = SV (7 (L?(@))d, and
I [, 9uSedrdt — fOT [y A(S)Vp - Vdadt + [ fQ VO(S) - Vodudt =0,
I [ 6(S) + A(1 = 9)Vp - Vbdadt + [ [ Aw(1 = S)V(T£(8)0,S) - Vipdadt = 0,
forall ¢, € L*(0,T; Wy 2(Q)).
Note: alternative form, total flow

Thm: Problem P has a unique solution. The solution component S is essentially bounded by 0 and 1.

Note: Similar results for models involving hysteresis

*Mikeli¢ (10), Koch, Rétz, Schweizer (13), Cao, P (15, 16)
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»»-hasselt




3.2. Non-monotonic solutions, saturation overshoot

Results*:
e One dimensional, travelling wave analysis;
e Analysis (given S;,ii;.1), dependence on 7:

— Occurence of nonmonotonic wave profiles;
— Magnitude of the overshoot;

Given the "inflow" saturation Sp, profiles displaying oscillations or
"plateau” values S can be obtained depending on 7

T
e Limit cases, hyperbolic model: new criteria for selecting

the entropy solution;

e Similar results for models involving hysteresis.

*van Duijn, Peletier, P’07,°13

universitei
»»hasselt

KNOWLEDGE IN ACTION



4. Numerical examples*

oS of(S) @ 9 as\\ .
9o _ 9 9 9o R+
ot " T or ax(H(S)ax (S+78t)> m RxRY

S(z,0) = upH(—z) for = eR,

with A - smooth approximation of the Heaviside graph.

Numerical scheme:

Implicit for higher order terms, first order in time & finite differences;

Explicit for convection, minmod flux limiting scheme, upwind & Richtmyer.

Rem: The 7 - S(7) diagram is not involved in the scheme!

*van Duijn, Peletier, P (SIAM ). Math. Anal., 2007)

Cuesta, P. (J. Comput. Appl. Math., 2009)

van Duijn, Fan, Peletier, P (2013)
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Examples (1D, H = 1):

"Standard" case: 7 = 0.2, ug = 1.0, case A;:

0.6-
0.4+
0.2t
o0 0.2 0.4 016 0.8 1 1.2
Rem: Since 7 < 7, =~ 0.61, the solution first decays to o = S(r). universitel
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Examples (1D, H = 1):

Non-standard case: 7 = 5 > 7,, case B:
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Examples (1D, H = 1):

092 094 096 0.98 1 1.02 1.04 092 094 096 0.98 1 1.02 1.04

Rem: As Sy decays, the plateau vanishes and the solution transforms into an (oscillatory) front!
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Examples (1D, H = 1):

“Nearly-standard" case: 7 = 5 > 7,, case Cs:

0.8

0.8

M
»»hasselt




4.1. Higher dimensional examples

S = V- (A(S)KVp,),,
—atS — (/\w( Kva) )
Do = Pw = (S) ( )atsa'
Approaches:
O-type multipoint flux approximation finite volume scheme: higher order, convergence by com-
pactness
DG scheme, symmetric/non-symmetric/incomplete interior penalty: error estimates, linearization
schemes
Sn+1 Sn
Sn+1
LV (s RV - i) =0
n n SZIJ’_I — SZ)
pc-i-l _ pceq( +1) TT

(or variants...)

* Cao, P. (2015), Karpinski, Radu, P. (2016)
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MPFV scheme (X. Cao)

P;
Holo “€ot =1,
e =0
Kot €03 =0,
MU?(L : e()‘}\»i =0,
Moz €oz =1
Vector: v =(v- e”}(’y.) Mol + (v- 60%,,) Ho3, -
Gradient: Vg, vk := (va}( —UK) - py1 + (v,2 —vk) Ho2,
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MPFV scheme (X. Cao)

P;
Bl ~e€p1 =1,
Hole *€o2 0,
Koy, ~€ot =0,
,u,o_g(b €52 = 1.
Vector: v=(v-e,1 )ugk +(v-e o2, )Ha .
Gradient: Vg, vk = (U”k —VK) u01 + (11(,2 —vg) - fho2,
Pj Pj)k Pk
With S = S,,, p = pw and p = p,, solve for every time step:
Sn‘#lisn n n n n n
M) S = ko (55 3 mieke ) (G0 = P g+ P PR oy, ) g,
r=i,j,k r r T a
+m(0?<,,)((pf;“ i) oy + (Bl =P by, )~ngg< )
Ky ™ T
sptl—sp n+1 1 nt1 nt1 nt1 n+1
~m(K) S k(S5 S (mloke ) (00 =R oy, + WL =R g, ) o,
r=i,j,k r "
+m(0ir)((p2§: PE) poy + (3] ~ i ey ) na§r>7
=N n mn sptt_sy
pKJrl pKJrl _pc(SKJrl)_'_T K - K
At edge points P;/; ;: normal flux continuity and pressure difference condition
Rem: Rigorous convergence proof for the numerical scheme (stability, energy estimates, compactness)
yniversiter
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MPFV scheme (X. Cao)

1 1

1
. i 7
" i
;7 1l
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MPFV scheme, anisotropic tensor (1/1000)

No. of cells E%, o EZY 8 ETY
512 4.12925x% 10~ 1Y — 6.2198x 10~V - 1.6581x 10— 7
2048 1.0170x 1019 | 2.0192 | 1.5364x 10-10 | 2.0173 | 8.2410x 1038
8192 2.5304> 10720 | 20069 | 3.8202x 10-11 | 2.0044 | 4.11423 108
32768 6.30253 10—21 | 108490 | 9.5654x 10~12 | 2.0011 | 2.0563x 108

Convergence results for uniferm mesh, = 1 and in the anisotropic case.

No. of cells E%, o EES 8 EI
512 1.0717x 10— 18 - 1.6150x 109 - 22817 10—
2048 2.5510% 10—19 | 2.0708 | 3.8511x 10—10 | 20682 | 1.1271x 10—7
8102 6.2565x 10—20 | 20276 | 0.4870x 10— | 2.0213 | 5.6171x 10—3
32768 1.5440% 10~2C | 2.0187 | 2.3603x 10~1' | 2.0060 | 2.8058x 103

Convergence results for nonuniform mesh, 7 = 1 and in the anisotropic case.
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DG scheme (S. Karpinski)

Interior penalty discontinuous Galerkin approximation*:

Given P € VF(Q), P € VF(Q), and S” € Vi#(Q), find P+t € VP(Q), PM! € VP(Q), and ST €
Vi (), s.t. forall v, € ViE(Q), ¥, € VF(Q), and ¢, € VP (Q):

Yoger Jr(F1)07 S e + Yoger Jr, Aa(SETHEV (PEH = g2pa) Viba
—YFeF fF {Aal S”“)KV (Pet = gzpa) nt[Ya] + 03 5 cr fFZ [P2H NS KV, - n}
00D per fF \ PnHMl/)a]]
=0 per Jr, [[pa]]{A PYKVio 0} + 003 per [ 2 PPN [Ya] - fora=mn,w

D TeT fTi Pit s =3 e fTi Peea(Su™)s = Yorer fTi Ta_SZst

*Karpinski, P’17
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DG scheme (S. Karpinski)

Interior penalty discontinuous Galerkin approximation*:

Given P € VF(Q), P € VF(Q), and S” € Vi#(Q), find P+t € VP(Q), PM! € VP(Q), and ST €
Vi (), s.t. forall v, € ViE(Q), ¥, € VF(Q), and ¢, € VP (Q):

Yoger Jr(F1)07 S e + Yoger Jr, Aa(SETHEV (PEH = g2pa) Viba
= 2rer Jrital S”“)KV (P = gzpa) 0} [Ya] + 0 X per [ [P0 HAa(SETE VY, - n}
00D per fF \ I
=03 per Jrlpd ]]{)‘ )Kwa n}"’aazFel‘fF \ pPlva]  fora =n,w

ZTZET fTi Pgﬂ_lws = ZTZET fTi p67€Q<S’l7IZJ+1)w5 o ZTieT fTi Ta_‘sgﬂws

Theorem. If p, € L?*(0,T; H**1(Q)), p. € L*(0,T; H**(Q)) and s,, € H?*(0,T; H**1(Q2)) and with o,
o, large enough there exists C' > 0 s.t

. . . h2ks h2kp
e N+1||QO + Atz |07 e +1||QO + Atz ”epjiﬂ%,pc + Hep:llz”?l,DG) < CAL + Ckgks + Ckgkp_g
s P
*Karpinski, P’17
yniversitel
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Linearization of the DG scheme (S. Karpinski)*

Sn—l—l,i —g" 1ol L

- W¢+ V- (/\n(SZ} * )KV]?Z ’Z) =0

Sn+1,i_sn i1 L L

GV (R — ) = 0

nt+li  ontli—1 ntli n+l,i—1 Szﬂ’i — Sw
LS(S’U/‘ 'S’u,' )+pc pcﬁq(sw ) +T - O
At

with L, > Ly, ...
Rem: Rigorous H' convergence proof, (sp™, pptte pitht) — (spt pptt, pitt) asi — oo,

*Karpinski, P, Radu ’17
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LOE+1

LOE+0

~@- HI error pressure == L2 error pressure

—o— Hi emorcep. pressure

—— L2 exvor cap. pressure

H1 emor saturation 1.0E-1 L2 error sat\:rahnn
10E+0 —8-Reference (A1) =@=Reference (h*1)
5 B
H
H g 1.0E-2
z 3
1.0E-1
1.0E-3
1.0E-2+ 1.0E-4 +
1.0E+D 1.0E+1 LOE+2 1.0E+3 LOE+ 1.0E+0 LOE+L LOE+2 LR+ LOE+4
no. of clements (n) no. of elements (n)
(a) H! error for piecewise linear polynomials (b) L2 error for piecewise linear polynomials
LOE+D LOE+D
== HL avor pressure == .2 ervor pressure
—¢= HL eror cap. pressure == 1.2 error cap. prassure
H1 error saturation 1.0E-1 )
Lol o et (17) L2 emor saturation
—8-Reference (142)
5 o 1.0E-2
g LoE2 §
z N L0E3
1.0E-3
1.0E-4
1.0E-4 + 1.0E-5
L1.0E+0 1.0E+1 1.0E+2 1.0E+3 10E+4 LOE+0 1.0E+1 1.0E+2 1.0E+3 1.0E+4

0. of elements (n)

(c) H error for piecewise quadratic po

1.0E+D
1.0E-1
S 1.0E2
Eioes
Eroe
1 1.0E-4
1.0E-5
1.0E-6 4

1 2 3 4 5 & 7
no. of iterations

(a) L2 error in Pn-

no. of elements (n)

lynomials (d) L? error for piecewise quadratic polynomials

1.0E+0 LOE+D

b LOE-1 b

g 1 —-—01 s R
o) - ——0.2 = L.OE-2 e (.2
= 108 =
= =04 £ 1.0E-3 =04
qIJ 1.0E-3 qIJ
= e 1.0E-4
e LOE-5

1.0E-5 + LOE-6 +

i B 7 o 1 2 3 4 5 6

1 2 3 4 5
no. of iterations no. of iterations

(b) L? errorin Pe- (c) L? error in s4p.
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DG scheme (S. Karpinski)

Lineplot y=0.025 solution
96367

0.4+
soluticn 037
025 0.5 0.75 1
H\I\HH‘\HHHH'\ 02
) 1.02721 »
-—r 0.1 i 0
0 T T T T T T T |
0 02 0.4 0.6 08 1 12 1.4 16
Homogeneous media Heterogeneous media
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Movie/saturation_movie_homog.avi
Movie/saturation_movie_hetero.avi

DG calculations, heterogeneous media (S. Karpinski)

{(a}r=375s (byr=100s cyt=175s (dyr=250s (8}t =375s

(fpr=125s (ghr=200s th)r=300s ({)r=400s Gir=3500s

9443 -01

7778 -02

‘?443@-0]

7 778e-02

Equilibrium vs. dynamic
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Movie/Article3-2Dtest-Sn.avi

4.2. Saturation overshoot
Infiltration problem: S(¢,0) = wu,, S(t,” + 00”) = u,

20/30 Sand

0.4 -
gq=11.8
0.35)

0.3F
0.257

0.2-
0.15¢

0.1 g=0.0079

Volumetric Water Saturation

0.05k

q=7.9x107*

5 10 15 20 25 30 35
Vertical Distance (cm)
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4.2.

Saturation overshoot
Infiltration problem: w(¢,0) = wug, u(t,” + 00”) = u,

e The standard two-phase model (P. = P¢(u))

o
b

du+ V- (f(u) =V (Hu)VPE.(u))

provides monotone saturation profiles!

20/30 Sand

Volumetric Water Saturation
o o o
S L 92 v 2 W
- 14, N o w a

o
=3
a

=}

4=0.0079

o

10

15 20 25
Vertical Distance (cm)

30

35
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4.2. Saturation overshoot
Infiltration problem: w(¢,0) = wug, u(t,” + 00”) = u,

e The non-equilibrium model (P. = P¢(u) + 70,u)

du+ V- (K(ug) =V - (H(u) V(P (u) + 7))

allows for non-monotone profiles.

20/30 Sand

o
b

o
1%
&

4
(%)

o
N
a

o
N

o
[

o

4=0.0079

Volumetric Water Saturation

o
=3
a

092 094 096 098 1 102 104

=}

o

10 30 35

15 20 25
Vertical Distance (cm)
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4.2. Saturation overshoot

Infiltration problem: S(¢,0) = ug, S(t,”00”) = u,

Two-phase (water-air) porous media flow model, fully nonlinear, degenerate,
parameters for 20/30 sand, total velocities as in the experiments,

7 is fitted (e.g. 7 ~ 2850kgm~1s~! for the red profile)

Experiments by DiCarlo vs Numerical PDE solutions
04-

o
w
o

o
w
T

o
o
o

o
)

o
o

o

o
=)
a

VOLUMETRIC WATER SATURATIOND [-]

o
T

15 20 2‘5 3‘0 3‘5
VERTICAL DISTANCE [cm]

Rem: Standard (r = 0) model provides monotone profiles
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Conclusions and perspectives
e Non-standard two-phase flow models: explain effects ruled out by standard models
o Mathematical analysis (existence/uniqueness) of weak solutions
o Numerical analysis (convergent numerical schemes, iterations)
o Heterogeneous media (interfaces between homogeneous layers), fractures
e Domain decomposition, adaptive modelling and discretization
o Model derivation (pore to core upscaling, account for evolving interfaces)

e Other effects: reactive flows, mechanics
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Conclusions and perspectives
e Non-standard two-phase flow models: explain effects ruled out by standard models
o Mathematical analysis (existence/uniqueness) of weak solutions
o Numerical analysis (convergent numerical schemes, iterations)
o Heterogeneous media (interfaces between homogeneous layers), fractures
e Domain decomposition, adaptive modelling and discretization
o Model derivation (pore to core upscaling, account for evolving interfaces)

e Other effects: reactive flows, mechanics

Summer school ’Upscaling techniques for mathematical models involving
multiple scales’ (June 26-29, UHasselt)

http://www.uhasselt.be/multiscalemethods_summer-school
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Joint work with

C. Cances, Paris

C. Choquet, La Rochelle

C.). van Duijn, Eindhoven
Y. Fan, Shanghai

X. Cao, Eindhoven/Yorke
K. Mitra, Eindhoven

R. Helmig, Stuttgart
S. Karpinski, Miinchen/Hasselt

S. Nemadjieu, Erlangen
L. A Peletier, Leiden

F. Radu, Bergen
S.M. Hassanizadeh, Utrecht

J. Nordbotten, Bergen/Princeton
P.A. Zegeling, Utrecht

K. Kumar, Bergen

Bedankt/Merciekes!

—
—
,\Z'LJ @ KoM
Research Foundation O DYS S E U S /;—‘“—’ N W O
Flanders Topwetenschap in Vlaanderen Netherlands Organisation

Opening new horizons for Scientific Research
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