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1. Motivation
David A. DiCarlo, Experimental measurements of saturation overshoot on infiltration, Water Resources
Research, Vol. 40, W04215, doi:10.1029/2003WR002670, 2004

See also: F. Stauffer, S.M. Hassanizadeh & S. Bottero, Neuweiler



2. Porous media flow models
Variables (α = w, o):

Sα ∈ [0, 1] - phase saturation

qα - phase velocity

pα - phase pressure

Equations:

∂Sα
∂t

+∇ · qα = 0

−qα = λα(Sα)∇pα
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2. Porous media flow models
Variables (α = w, o):

Sα ∈ [0, 1] - phase saturation

qα - phase velocity

pα - phase pressure

Equations:

∂Sα
∂t

+∇ · qα = 0

−qα = λα(Sα)∇pα

Quantities:

λα - phase mobility

Pc - capillary pressure

Constitutive relationships:

So + Sw = 1
po − pw = Pc

Equilibrium:
Pc = P e

c (So)



2. Porous media flow models: dynamic effects
Variables (α = w, o):

Sα ∈ [0, 1] - phase saturation

qα - phase velocity

pα - phase pressure

Equations:

∂Sα
∂t

+∇ · qα = 0

−qα = λα(Sα)∇pα

Quantities:

λα - phase mobility

Pc - capillary pressure

τ - dynamic factor

Constitutive relationships:

So + Sw = 1
po − pw = Pc

Non-equilibrium∗:
Pc = P e

c (So)+τ∂tSo

∗Hassanizadeh & Gray, Water Resour. Res. ’93, Belyaev & Hassanizadeh, Transp. Porous Med. ’11



2. Porous media flow models: hysteresis, interfacial area, ...
Variables (α = w, o):

Sα ∈ [0, 1] - phase saturation

qα - phase velocity

pα - phase pressure

Equations:

∂Sα
∂t

+∇ · qα = 0

−qα = λα(Sα)∇pα

Quantities:

λα - phase mobility

Pc - capillary pressure

τ - dynamic factor

Constitutive relationships:

So + Sw = 1
po − pw = Pc

Non-equilibrium∗:
Pc ∈ P e

c (So)+τ∂tSo + γsign(∂tSo)

and/or add interfacial area effects: ∂ta+∇ja = E, with a = f(Sw, pw, po).



2.1. Modelling porous media flows: why τ?

Capillary pressure in two-phase flow/oil and water:
Equilibrium/classical approach (slow processes)

po − pw = P ec (So)

Dynamic effects involve relaxation:
(Gray & Hassanizadeh)

po − pw = P ec (So)+τ
∂So

∂t



S. Bottero, Advances in the Theory of Capillarity in Porous Media

Classical models:
Pressure difference depends
monotonically on saturation



2.2. Motivation: dewatering of paper pulp



2.3. Two-phase flow model (in terms of S = So, pw, po)

Mass balance for oil:

∂tS −∇ ·
(
λo(S)∇po

)
= 0,

Mass balance for water:

−∂tS −∇ ·
(
λw(1− S)∇pw

)
= 0,

Pressure-saturaton relationship

po − pw = P e
c (S) + τ∂tS.

Typical choices:

λo(S) = Sp, λw(S) = (1− S)q, where p, q > 1.

P e
c (S) = (1− S)−

1
λ (λ > 1)



2.3. Two-phase flow model (in terms of S = So, pw, po)

Mass balance for oil:

∂tS −∇ ·
(
λo(S)∇po

)
= 0,

Mass balance for water:

−∂tS −∇ ·
(
λw(1− S)∇pw

)
= 0,

Pressure-saturaton relationship

po − pw = P e
c (S) + τ∂tS.

Alternative to one mass balance equation:

∇ · q = 0, with q =
(
λo(S)∇po + λw(1− S)∇pw

)
.



2.4. Porous media: mathematical questions
• Mathematical modelling:

– Which equations?

– Correct parameters?

• Mathematical analysis:

– Do solutions exist? In which sense (strong, weak, . . . )?

– How many solutions?

• Numerical methods:

– Which discretization scheme (FEM, MFEM, DG, FV, . . . )? Convergence, efficiency?

– Nonlinear models: iterative methods?

• Upscaling (complex geometries, highly oscillatory coefficients):

– How are different scales interconnected (e.g. pore scale to Darcy scale)?

– How to deal with free/moving interfaces?



3. Mathematics
Model:

(P1)



∂tS = ∇ ·
(
λo(S)∇po

)
, in Q = {(x, t) : x ∈ Ω, t > 0},

−∂tS = ∇ ·
(
λw(1− S)∇pw

)
, in Q, or, alternatively

0 = ∇ ·
(
λo(S)∇po + λw(1− S)∇pw

)
, in Q,

po − pw = P e
c (S) + τf(S)∂tS, in Q,

p(x, t) = 0, on ∂Ω, t > 0,

S(x, 0) = S0, in Ω.

Scaling

Characteristic values: L, Q, P := σ
√

Φ
K
, T = ΦL

Q

Rem: capillary numberNc=
KP

µQL
=
σ
√
KΦ

µQL

τ = τ̃
µQ2

Φ2σ2



3. Mathematics
Model:

(P1)



∂tS = ∇ ·
(
λo(S)∇po

)
, in Q = {(x, t) : x ∈ Ω, t > 0},

−∂tS = ∇ ·
(
λw(1− S)∇pw

)
, in Q, or, alternatively

0 = ∇ ·
(
λo(S)∇po + λw(1− S)∇pw

)
, in Q,

po − pw = P e
c (S) + τf(S)∂tS, in Q,

p(x, t) = 0, on ∂Ω, t > 0,

S(x, 0) = S0, in Ω.

• Existence/uniqueness of weak solutions: R. Showalter ’75, M. Ptashnyk ’06, A. Mikelic̀ ’10, Fan, P.
’11, Cancès, Choquet, Fan, P ’12, B. Schweizer ’13, Cao, P ’15, ’16

• Numerical methods: D. Arnold et al. ’81, Helmig et al. ’07, Peszynska, Yi ’08, C. Cuesta, P. ’09,
Kissling et al. ’12, Fan ’13, Zhang & Zegeling ’16, Karpinski, P., Radu ’17

• Travelling wave analysis, relation to non-classical shocks: LeFloch ’02, Cuesta, Hulshof, van Duijn
’00, Rohde ’05, van Duijn, Peletier, P ’07, Kissling et al ’09, Corli, Rohde ’12, Nieber et al ’05,
Spayd, Shearer ’11, van Duijn, Fan, Peletier, P ’13

• Heterogeneous media: Helmig, Weiss, Wohlmuth ’07, van Duijn, Cao, P. ’16



3.1. Analysis (existence, uniqueness)

Existence, degenerate case∗

Problem P Find (S, p) ∈ L2(0, T ;SD +W 1,2
0 (Ω))×L2(0, T ;W 1,r

0 (Ω)) s.t. ∂tS ∈ L2(0, T ;L2(Ω)), S(·, 0) =

S0,
√
λw(1− S)∇(τ(S)∂tS) ∈ (L2(Q))

d, and∫ T
0

∫
Ω
∂tSφdxdt−

∫ T
0

∫
Ω
λo(S)∇p · ∇φdxdt+

∫ T
0

∫
Ω
∇Θ(S) · ∇φdxdt = 0,∫ T

0

∫
Ω

(λo(S) + λw(1− S))∇p · ∇ψdxdt+
∫ T

0

∫
Ω
λw(1− S)∇(τf(S)∂tS) · ∇ψdxdt = 0,

for all φ, ψ ∈ L2(0, T ;W 1,2
0 (Ω)).

Note: alternative form, total flow

Thm: Problem P has a unique solution. The solution component S is essentially bounded by 0 and 1.

Note: Similar results for models involving hysteresis

*Mikelic̀ (’10), Koch, Rätz, Schweizer (’13), Cao, P (’15, ’16)



3.2. Non-monotonic solutions, saturation overshoot
Results∗:

• One dimensional, travelling wave analysis;

• Analysis (given Sinitial), dependence on τ :

– Occurence of nonmonotonic wave profiles;

– Magnitude of the overshoot;

Given the "inflow" saturation SB , profiles displaying oscillations or

"plateau" values S̄ can be obtained depending on τ

• Limit cases, hyperbolic model: new criteria for selecting
the entropy solution;

• Similar results for models involving hysteresis.

*van Duijn, Peletier, P ’07, ’13



4. Numerical examples∗
∂S

∂t
+
∂f(S)

∂x
=

∂

∂x

(
H(S)

∂

∂x

(
S + τ

∂S

∂t

))
in R× R+,

S(x, 0) = uBH̃(−x) for x ∈ R,

with H̃ - smooth approximation of the Heaviside graph.

Numerical scheme:

Implicit for higher order terms, first order in time & finite differences;

Explicit for convection, minmod flux limiting scheme, upwind & Richtmyer.

Rem: The τ - S̄(τ) diagram is not involved in the scheme!

*van Duijn, Peletier, P (SIAM J. Math. Anal., 2007)

Cuesta, P. (J. Comput. Appl. Math., 2009)

van Duijn, Fan, Peletier, P (2013)



Examples (1D,H ≡ 1):

"Standard" case: τ = 0.2, uB = 1.0, caseA1:

0 0.2 0.4 0.6 0.8 1 1.20

0.2

0.4

0.6

0.8

1

Rem: Since τ < τ∗ ≈ 0.61, the solution first decays to α = S̄(τ).



Examples (1D,H ≡ 1):

Non-standard case: τ = 5 > τ∗, case B:
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Rem: Plateau value (S ≈ 0.98) agrees excellently with the diagram: S̄(τ = 5) ≈ 0.98!



Examples (1D,H ≡ 1):

"Non-standard": τ = 5 (large), uB close to a critical value S(τ = 5) ≈ 0.68

0.92 0.94 0.96 0.98 1 1.02 1.040
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0.92 0.94 0.96 0.98 1 1.02 1.040
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Rem: As SB decays, the plateau vanishes and the solution transforms into an (oscillatory) front!



Examples (1D,H ≡ 1):

"Nearly-standard" case: τ = 5 > τ∗, case C2:

0.75 0.76 0.77 0.78 0.79 0.80
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0.4

0.6

0.8



4.1. Higher dimensional examples
∂tS = ∇ ·

(
λo(S)K∇po

)
, ,

−∂tS = ∇ ·
(
λw(1− S)K∇pw

)
, ,

po − pw = P e
c (S) + τ(S)∂tS, .

Approaches:

O-type multipoint flux approximation finite volume scheme: higher order, convergence by com-
pactness

DG scheme, symmetric/non-symmetric/incomplete interior penalty: error estimates, linearization
schemes

sn+1
w − snw

∆t
φ+∇ ·

(
λn(sn+1

w )K∇pn+1
n

)
= 0

sn+1
w − snw

∆t
φ+∇ ·

(
λw(sn+1

w )K∇(pn+1
n − pn+1

c )
)

= 0

pn+1
c = pc,eq(s

n+1
w )− τ s

n+1
w − snw

∆t

(or variants...)

* Cao, P. (2015), Karpinski, Radu, P. (2016)



MPFV scheme (X. Cao)


µσ1
Ki

· eσ1
Ki

= 1,

µσ1
Ki

· eσ2
Ki

= 0,

µσ2
Ki

· eσ1
Ki

= 0,

µσ2
Ki

· eσ2
Ki

= 1.

Vector: v = (v · eσ1
Kr

) µσ1
Kr

+ (v · eσ2
Kr

) µσ2
Kr
.

Gradient: ∇KrvK := (vσ1
Kr
− vK) · µσ1

Kr
+ (vσ2

Kr
− vK) · µσ2

Kr
.



MPFV scheme (X. Cao)


µσ1
Ki

· eσ1
Ki

= 1,

µσ1
Ki

· eσ2
Ki

= 0,

µσ2
Ki

· eσ1
Ki

= 0,

µσ2
Ki

· eσ2
Ki

= 1.

Vector: v = (v · eσ1
Kr

) µσ1
Kr

+ (v · eσ2
Kr

) µσ2
Kr
.

Gradient: ∇KrvK := (vσ1
Kr
− vK) · µσ1

Kr
+ (vσ2

Kr
− vK) · µσ2

Kr
.

With S = Sw, p̄ = pw and p = pn solve for every time step:

m(K)
Sn+1
K

−Sn
K

h
= ko(S

n+1
K )

∑
r=i,j,k

(
m(σ1

Kr
)
(

(p̄n+1

σ1
Kr

− p̄n+1
K ) µσ1

Kr
+ (p̄n+1

σ2
Kr

− p̄n+1
K ) µσ2

Kr

)
· nσ1

Kr

+m(σ2
Kr

)
(

(p̄n+1

σ1
Kr

− p̄n+1
K ) µσ1

Kr
+ (p̄n+1

σ2
Kr

− p̄n+1
K ) µσ2

Kr

)
· nσ2

Kr

)
,

−m(K)
Sn+1
K

−Sn
K

h
= kw(Sn+1

K )
∑

r=i,j,k

(
m(σ1

Kr
)
(

(pn+1

σ1
Kr

− pn+1
K ) µσ1

Kr
+ (pn+1

σ2
Kr

− pn+1
K ) µσ2

Kr

)
· nσ1

Kr

+m(σ2
Kr

)
(

(pn+1

σ1
Kr

− pn+1
K ) µσ1

Kr
+ (pn+1

σ2
Kr

− pn+1
K ) µσ2

Kr

)
· nσ2

Kr

)
,

p̄n+1
K − pn+1

K = pc(S
n+1
K ) + τ

Sn+1
K

−Sn
K

h

At edge points Pi/2,j : normal flux continuity and pressure difference condition

Rem: Rigorous convergence proof for the numerical scheme (stability, energy estimates, compactness)



MPFV scheme (X. Cao)
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MPFV scheme, anisotropic tensor (1/1000)



DG scheme (S. Karpinski)

Interior penalty discontinuous Galerkin approximation∗:

Given P n
n ∈ V p

h (Ω), P n
c ∈ V p

h (Ω), and Snw ∈ V s
h (Ω), find P n+1

n ∈ V p
h (Ω), P n+1

c ∈ V p
h (Ω), and Sn+1

w ∈
V s
h (Ω), s.t. for all ψs ∈ V s

h (Ω), ψn ∈ V p
h (Ω), and ψw ∈ V p

h (Ω):∑
Ti∈T

∫
Ti

(−1)α∂−Sn+1
w φψα +

∑
Ti∈T

∫
Ti
λα(Sn+1

w )K∇ (P n+1
α − gzρα)∇ψα

−
∑

Fi∈F
∫
Fi
{λα(Sn+1

w )K∇ (P n+1
α − gzρα) · n}JψαK + θ

∑
Fi∈F

∫
Fi

JP n+1
α K{λα(Sn+1

w )K∇ψα · n}

+σα
∑

Fi∈F
∫
Fi

f(kp)

|Fi| JP
n+1
α KJψαK

= θ
∑

Fi∈Γ

∫
Fi

JpDα K{λα(sD)K∇ψα · n}+ σα
∑

Fi∈Γ

∫
Fi

f(kp)

|Fi| Jp
D
α KJψαK for α = n,w∑

Ti∈T
∫
Ti
P n+1
c ψs =

∑
Ti∈T

∫
Ti
pc,eq(S

n+1
w )ψs −

∑
Ti∈T

∫
Ti
τ∂−Sn+1

w ψs

*Karpinski, P ’17



DG scheme (S. Karpinski)

Interior penalty discontinuous Galerkin approximation∗:

Given P n
n ∈ V p

h (Ω), P n
c ∈ V p

h (Ω), and Snw ∈ V s
h (Ω), find P n+1

n ∈ V p
h (Ω), P n+1

c ∈ V p
h (Ω), and Sn+1

w ∈
V s
h (Ω), s.t. for all ψs ∈ V s

h (Ω), ψn ∈ V p
h (Ω), and ψw ∈ V p

h (Ω):∑
Ti∈T

∫
Ti

(−1)α∂−Sn+1
w φψα +

∑
Ti∈T

∫
Ti
λα(Sn+1

w )K∇ (P n+1
α − gzρα)∇ψα

−
∑

Fi∈F
∫
Fi
{λα(Sn+1

w )K∇ (P n+1
α − gzρα) · n}JψαK + θ

∑
Fi∈F

∫
Fi

JP n+1
α K{λα(Sn+1

w )K∇ψα · n}

+σα
∑

Fi∈F
∫
Fi

f(kp)

|Fi| JP
n+1
α KJψαK

= θ
∑

Fi∈Γ

∫
Fi

JpDα K{λα(sD)K∇ψα · n}+ σα
∑

Fi∈Γ

∫
Fi

f(kp)

|Fi| Jp
D
α KJψαK for α = n,w∑

Ti∈T
∫
Ti
P n+1
c ψs =

∑
Ti∈T

∫
Ti
pc,eq(S

n+1
w )ψs −

∑
Ti∈T

∫
Ti
τ∂−Sn+1

w ψs

Theorem. If pn ∈ L2(0, T ;Hkp+1(Ω)), pc ∈ L2(0, T ;Hkp+1(Ω)) and sw ∈ H2(0, T ;Hks+1(Ω)) and with σn,
σw large enough there exists C > 0 s.t

‖eN+1
s,h ‖

2
Ω,0 + ∆t

N∑
n=0

‖∂−en+1
s,h ‖

2
Ω,0 + ∆t

N∑
n=0

(
‖en+1

pc,h
‖2

Ω,DG + ‖en+1
pn,h
‖2

Ω,DG

)
≤ C∆t2 + C

h2ks

k2ks
s

+ C
h2kp

k
2kp−2
p

*Karpinski, P ’17



Linearization of the DG scheme (S. Karpinski)∗

− sn+1,i
w − snw

∆t
φ+∇ ·

(
λn(sn+1,i−1

w )K∇pn+1,i
n

)
= 0

sn+1,i
w − snw

∆t
φ+∇ ·

(
λw(sn+1,i−1

w )K∇(pn+1,i
n − pn+1,i

c )
)

= 0

Ls(s
n+1,i
w − sn+1,i−1

w )+pn+1,i
c − pc,eq(sn+1,i−1

w ) + τ
sn+1,i
w − snw

∆t
= 0

with Ls ≥ Lpc,eq .

Rem: Rigorous H1 convergence proof, (sn+1,i
w , pn+1,i

n , pn+1,i
c )→ (sn+1

w , pn+1
n , pn+1

c ) as i→∞.

*Karpinski, P, Radu ’17





DG scheme (S. Karpinski)

Homogeneous media Heterogeneous media

Movie/saturation_movie_homog.avi
Movie/saturation_movie_hetero.avi


DG calculations, heterogeneous media (S. Karpinski)

Equilibrium vs. dynamic

Movie/Article3-2Dtest-Sn.avi


4.2. Saturation overshoot
Infiltration problem: S(t, 0) = u`, S(t, ” +∞”) = ur



4.2. Saturation overshoot
Infiltration problem: u(t, 0) = u`, u(t, ” +∞”) = ur

• The standard two-phase model (Pc = P e
c (u))

∂tu+∇ ·
(
f(u)

)
= ∇ ·

(
H(u)∇Pc(u)

)
provides monotone saturation profiles!
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4.2. Saturation overshoot
Infiltration problem: u(t, 0) = u`, u(t, ” +∞”) = ur

• The non-equilibrium model (Pc = P e
c (u) + τ∂tu)

∂tu+∇ ·
(
K(u)g

)
= ∇ ·

(
H(u)∇(P e

c (u) + τ∂tu)
)

allows for non-monotone profiles.



4.2. Saturation overshoot

Infiltration problem: S(t, 0) = uB, S(t, ”∞”) = ur

Two-phase (water-air) porous media flow model, fully nonlinear, degenerate,

parameters for 20/30 sand, total velocities as in the experiments,

τ is fitted (e.g. τ ≈ 2850kgm−1s−1 for the red profile)
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Experiments by DiCarlo vs Numerical PDE solutions

Rem: Standard (τ = 0) model provides monotone profiles



Conclusions and perspectives
• Non-standard two-phase flow models: explain effects ruled out by standard models

• Mathematical analysis (existence/uniqueness) of weak solutions

• Numerical analysis (convergent numerical schemes, iterations)

• Heterogeneous media (interfaces between homogeneous layers), fractures

• Domain decomposition, adaptive modelling and discretization

• Model derivation (pore to core upscaling, account for evolving interfaces)

• Other effects: reactive flows, mechanics



Conclusions and perspectives
• Non-standard two-phase flow models: explain effects ruled out by standard models

• Mathematical analysis (existence/uniqueness) of weak solutions

• Numerical analysis (convergent numerical schemes, iterations)

• Heterogeneous media (interfaces between homogeneous layers), fractures

• Domain decomposition, adaptive modelling and discretization

• Model derivation (pore to core upscaling, account for evolving interfaces)

• Other effects: reactive flows, mechanics

Summer school ’Upscaling techniques for mathematical models involving
multiple scales’ (June 26-29, UHasselt)

http://www.uhasselt.be/multiscalemethods_summer-school
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