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Motivation (1): complex geometries

[C.V. Verhoosel 2015]

Sinthered glass beads Trabecular bone
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[D. Kamensky 2017]

<
—
o
N
]
7]
I
U

N
2

imm
inmnman|
innanmn|

T

LT

T

T

R
B
Tt

[amsmmma;

[Enmmmmm;

[amsmmma;

[annmm

Transient simulation of prosthetic heart valve
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Motivation (3): isogeometric analysis (IGA)

[M.-C. Hsu 2016]

External flow around IGA on trimmed CAD-geometries
CAD-geometry
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Imposing boundary conditions

—Au =finQ
strong u =gPonlP con
n-Vu =gNonlNcoQ
find w € H}(Q) s.t. :
weak a(v,w) = b(v)—a(v, q)
for all v € H}(Q)

Domain

a(v,u) = [Vv-VudV
Q

b(v) = [vfdV + [ vgNdS
Q rn
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Imposing boundary conditions

—Au =finQ
strong u =gPonlP con
n-Vu =gNonlNcoQ
find wh € V2(Q) € H}(Q) s.t. :
weak a(v,w) = b(v)—a(v,q)
for all vl € VE(Q) c H3(Q)
Conforming FEM
a(v,u) = [Vv-VudV
Q

b(v) = [vfdV + [ vgNdS
Q rn
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Imposing boundary conditions

\P ‘\
Vi

\ strong

weak

—Au =finQ

u =gPonlP con
n-Vu =gNonlNcoQ
find wh € V2(Q) € H}(Q) s.t. :

a(v,w) = b(v)- ( ,q)
for all v € V()= (Q)

—va VudV + [ —v(n-Vu)dS

\
N
S
Immersed FEM
a(v, u)
b(v —fvde—i- i vgN
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Imposing boundary conditions

VRN —Au =finQ
\ strong u =gPonlP con
A \ n-Vu =gNonlNcoQ
\ Ad ‘\ find wh € VI(Q-e#HEQ) sit. :
\\ / weak a(v,w) = b(v)—=alv;q)
N d for all vh € V(Q) ¢ 1,(0)

Immersed FEM

a(v, u) —va VudV + [ —v(n-Vu)—(n-Vv)udS
ro

b(v) —fvde+ [ vgNdS + f (n-Vv)gPdS
N
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Imposing boundary conditions

VRN —Au =finQ
\ strong u =gPonlP con
A \ n-Vu =gNonlNcoQ
\| [ T find uh € VA(Q) € H1(Q) s.t. :
\\ / weak a(v,w) = b(v)
N d for all vh € VI(Q)  11(0)

Immersed FEM

a(v, u) —va VudV + [ —v(n-Vu)—(n-Vv)udS
ro

b(v) —fvde+ [ vgNdS + f (n-Vv)gPdS
N
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Imposing boundary conditions

VRN —Au =finQ
\ strong u =gPonlP con
A \ n-Vu =gNonlNcoQ
\| [ T find uh € VA(Q) € H1(Q) s.t. :
\\ / weak a(v,w) = b(v)
N d for all vh € VI(Q)  11(0)

Immersed FEM

a(v, u) —va VudV + [ —v(n-Vu)—(n-Vv)u+ BvudS
ro

b(v) _fvfdv+ [ vgNdS + f (n-Vv)gP + pvgPds
N
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Integration of trimmed elements

Trimmed element

Regular Tessellated

integration cell . integration cell
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[C.V. Verhoosel 2015]
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Static elasticity problems

[Schillinger 2012]

[Ruess 2013] [Rank 2012]
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Dynamic elasticity problems

Grid Initial condition
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Conditioning analysis and preconditioning
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Conditioning of immersed methods

From weak form to linear system

function e (: ¢Tv) & v coefficient vector

weak form a(vi, u") =b(v") = Au=b linear system

condition number:  k(A) = ||A]|||A7Y]
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Conditioning of immersed methods

From weak form to linear system

function vh (: ¢Tv) & v coefficient vector

weak form a(vi, u") =b(v") = Au=b linear system

condition number:  k(A) = ||A]|||A7Y]

A
1A = max IV Ha (m, vh)H
o [ vz

SPD systems :

vh: highest periodicity Hn’hax viAv = ||m”ax a(vh, v
v|=1 v||=1
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Conditioning of immersed methods

From weak form to linear system

function vh (: ¢Tv) & v coefficient vector

weak form a(vi, u") =b(v") = Au=b linear system

condition number:  k(A) = ||A]|||A7Y]

- [[v]] 1
|A7Y|| = max = max ——-
v£0 [|Av[ vi=1 [|la (@, vh)|

SPD systems :
1 1

maxX —— = MmMaxX —— ¢
=1 vTAv  |v|=1 a(vh, vh)

vh: lowest periodicity
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Conditioning of immersed methods

From weak form to linear system

function vh (: ¢Tv) & v coefficient vector

weak form a(vi, u") =b(v") = Au=b linear system

condition number:  k(A) = ||A]|||A7Y]

v 1
A~ = max ———
Vo AV T vItt a (@, v
Q8]
n=mn ———
€ |Qﬁncut‘

h. smallest volume fraction!
v': smallest volume ftraction!
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Conditioning of immersed methods

From weak form to linear system

function vh (: ¢Tv) & v coefficient vector

weak form a(vi, u") =b(v") = Au=b linear system

condition number:  k(A) = ||A]|||A7Y]

T
— /
= , Iv| 1
— A= = Max
= V2o AV] T Mz fla (@, V)]
928l
7= min ———
h T € |Qﬁncut‘
vlowest-periodicity
vh: smallest volume fraction! order dependence!
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Conditioning of immersed methods

From weak form to linear system

function vh (: ¢Tv) & v coefficient vector

weak form a(vi, u") =b(v") = Au=b linear system

condition number:  k(A) = ||A]|||A7Y]

T
e /
= 1 Iv] 1
—_ A = Max —
= V2o AV T MR fla (@, vh)]
Q28]
7= min ———
h T € |Qﬁncut‘
vlowest-periodicity
vh: smallest volume fraction! K oc n~(2ptn)
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Verification of conditioning analysis

P

//'»"_“..\ \
Domain: ( )

\ ~4/,
!

® Domain rotated over grid

e Different discretizations of the same problem with the same mesh size

® x (condition number) and 7 (volume fraction) at every separate rotation
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Verification of conditioning analysis

Experiment

Stokes: ol ~

107

® Domain rotated over grid

e Different discretizations of the same problem with the same mesh size

® £ (condition number) and 1 (volume fraction) at every separate rotation
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Verification of conditioning analysis

Navier-Stokes:

Experiment

® Domain rotated over grid

10% ° 009 p=2
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e Different discretizations of the same problem with the same mesh size

® £ (condition number) and 1 (volume fraction) at every separate rotation
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Preconditioning concept

Problem analysis

Functions v" and corresponding coefficient vectors v with:
vi<v (1)
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Preconditioning concept

Problem analysis

Functions v" and corresponding coefficient vectors v with:
vi<v (1)

Preconditioning the space

e Replace basis ® by the manipulated basis ® = S®
e For nonsingular S the bases ® and ® span the same space

e Choose matrix S such that the problem in (1) is precluded
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Preconditioning concept

Problem analysis

Functions v" and corresponding coefficient vectors v with:
vi<v (1)

Preconditioning the space

e Replace basis ® by the manipulated basis ® = S®
e For nonsingular S the bases ® and ® span the same space

e Choose matrix S such that the problem in (1) is precluded

Implementation

The preconditioned system becomes:
SASTi=Sb, u=S"a
This has the same eigenvalues as the left preconditioned system:
S"SAu=S"Sb
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What S does (1): Scaling

.
Original basis ®

Small basis functions

If a basis function ¢ is small, then the (unit) vector ||w| =1
corresponding to w' = ¢ yields ||Aw| < 1

vl || [lwl
|A~Y = > o> 1
e [[Av] || | Aw/||

Frits de Prenter 16/22



What S does (1): Scaling

< < §Z<

Original basis ® Scaled basis ® = D®

Small basis functions

If a basis function ¢ is small, then the (unit) vector ||w| =1
corresponding to w' = ¢ yields ||Aw|| < 1
[[w

- vl
A7 = max t—- > T > 1
v20 [[Av| — [[Aw]|
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What S does (2): Local orthonormalization

02




What S does (2): Local orthonormalization

@2 b2 = b/ 2]




What S does (2): Local orthonormalization

1 f 15 fH:SO

: A | ql
o1 1 = ¢1/llonll o1+ D2

1 f 15 iH3O

0 - 0 - - HO
®2 b2 = /|| b2 $1— ¢

Quasi linear dependencies

If basis functions ¢; and ¢ are very similar, then the vector |w]| = v/2
corresponding to w" = ¢1 — ¢ yields || DADw|| < 1

||DAD71|| —m HVH ”WH

1
V% DADv]| = [DADwW] ~
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What S does (2): Local orthonormalization

ﬁi 15 T HlS
0
0 r—\ L,

b1 é1 = 61/l ¢nll &1 = b1
1 f 15 7[[5
/ \ |
¢2 &2 = d2/ || 2| ¢y X P2 + gy

Quasi linear dependencies

If basis functions ¢; and ¢ are very similar, then the vector |w]| = v/2
corresponding to w" = ¢1 — ¢ yields || DADw|| < 1

||DAD71|| —m HVH ”WH

1
V% DADv]| = [DADwW] ~
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Quasi linear dependencies on nonsmooth bases

Original basis ®

Quasi linear dependencies on nonsmooth bases

Quasi linear dependencies are a frequent phenomenon on high
order bases with low regularity!
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Quasi linear dependencies on nonsmooth bases

Original basis ® Restricted basis ®

Quasi linear dependencies on nonsmooth bases

Quasi linear dependencies are a frequent phenomenon on high
order bases with low regularity!
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Quasi linear dependencies on nonsmooth bases

Scaled basis ® = D® Restricted basis ®

Quasi linear dependencies on nonsmooth bases

Quasi linear dependencies are a frequent phenomenon on high
order bases with low regularity!
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Quasi linear dependencies on nonsmooth bases

Scaled basis ® = D® Orthonormalized basis ® = S®

Quasi linear dependencies on nonsmooth bases

Quasi linear dependencies are a frequent phenomenon on high
order bases with low regularity!
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Generalization for non-SPD problems
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Generalization for non-SPD problems

STs = .
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Generalization for non-SPD problems

Interpretation

STS is equal to the inverse of R (A), which is the restriction of matrix
A to its diagonal and the blocks of quasi linear dependent functions
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Generalization for non-SPD problems

[ ]
S’S = . =R(A)!
[}
[ J [} [ ]
[ J [ J [ ]

Interpretation

STS is equal to the inverse of R (A), which is the restriction of matrix
A to its diagonal and the blocks of quasi linear dependent functions
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Generalization for non-SPD problems

S’s= e o o #R(A)"

Interpretation

Additive-Schwarz preconditioning
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Results for flow problems

Domain:
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Results for flow problems
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Results for flow problems
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Results for elasticity problems

CT-scan of human
ot vertebra

Collaboration with: Stefan Kollmannsberger
Ernst Rank Technische Universitat Miinchen
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Results for elasticity problems

relative preconditioned residual energy error

S5 4
no preconditioner 10 no preconditioner
Diagonal Diagonal
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Technische Universitat Minchen
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Conclusion

e |ntrodution to immersed finite elements methods
e Conditioning analysis

o Effective tailored preconditioner

Future work (in immersed methods)

e Preconditioning

e Combinations with other (multigrid) preconditioners
o Parallel and meshless implementations

e Explicit dynamics
e Compatible (divergence free) discretizations

e Multiphase flows
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