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Nonsmooth and degenerate nonlinearities

Nonsmooth nonlinearities
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Nonsmooth and degenerate nonlinearities
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Nonsmooth and degenerate nonlinearities

Nonsmooth and degenerate nonlinearities
@ omnipresent in applications
@ cause convergence troubles of standard iterative linearization methods
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Nonsmooth and degenerate nonlinearities: common recipes

Nonsmooth and degenerate nonlinearities
@ omnipresent in applications
@ cause convergence troubles of standard iterative linearization methods
Common recipes
@ timestep cutting
damping
scheme switching (from Newton to fixed-point .. .)

°
°
@ variable switching
@ regularization

°
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Regularization
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Variational inequalities (complementarity problems)

Variational inequalities (complementarity problems)
F(X)=0,
K(X) > 0,G(X) > 0, K(X)-G(X)=0
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Variational inequalities (complementarity problems)
F(X)=0,
K(X) > 0,G(X) > 0, K(X)-G(X)=0
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@ cause convergence troubles of standard iterative methods
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Variational inequalities (complementarity problems)
F(X)=0,
K(X) > 0,G(X) > 0, K(X)-G(X)=0
@ omnipresent in applications
@ cause convergence troubles of standard iterative methods
Common methods
@ semismooth Newton methods
@ path finding
@ interior-point methods

@ regularization
° ...
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Variational inequalities (complementarity problems)

Variational inequalities (complementarity problems)
F(X)=0,
K(X) > 0,G(X) > 0, K(X)-G(X)=0
@ omnipresent in applications
@ cause convergence troubles of standard iterative methods
Common methods
@ semismooth Newton methods
@ path finding
@ interior-point methods
@ regularization
o ...
Complementarity functions

F(X) =0, equivalent reformulation as
C(X)=0 nonlinear nonsmooth equalities
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Setting
@ u: unknown exact PDE solution
° ug’ : known numerical approximation on space mesh 7, and time t"”
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Numerical approximations of unsteady nonlinear PDEs:

Setting
@ u: unknown exact PDE solution

°u /K7 known numerical approximation on space mesh 7, and time t",
regularization step /, linearization step k, and linear solver step
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Numerical approximations of unsteady nonlinear PDEs: 3 crucial
questions

Setting
@ u: unknown exact PDE solution

o u, 57+ known numerical approximation on space mesh 7, and time t",
regularization step /, linearization step k, and linear solver step

@ How large is the overall error
between v and u,’ holg
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Numerical approximations of unsteady nonlinear PDEs: 3 crucial
questions

Setting
@ u: unknown exact PDE solution

o u, 57+ known numerical approximation on space mesh 7, and time t",
regularization step /, linearization step k, and linear solver step

@ How large is the overall error
between v and u,’ holg

© Where (space/time/regularization/
linearization/algebra) is it localized?
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Numerical approximations of unsteady nonlinear PDEs: 3 crucial
questions

Setting
@ u: unknown exact PDE solution

o u, 57+ known numerical approximation on space mesh 7, and time t",
regularization step /, linearization step k, and linear solver step

@ How large is the overall error
between v and u,’ holg

© Where (space/time/regularization/
linearization/algebra) is it localized?

© Can we decrease it efficiently?
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Numerical approximations of unsteady nonlinear PDEs: 3 crucial
questions & suggested answers

Setting
@ u: unknown exact PDE solution

o u, 57+ known numerical approximation on space mesh 7, and time t",
regularization step /, linearization step k, and linear solver step

@ How large is the overall error @ Computable error
between u and v, ?

© Where (space/time/regularization/
linearization/algebra) is it localized?

© Can we decrease it efficiently?
rria LD | @
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Numerical approximations of unsteady nonlinear PDEs: 3 crucial
questions & suggested answers

Setting
@ u: unknown exact PDE solution

o u, 57+ known numerical approximation on space mesh 7, and time t",
regularization step /, linearization step k, and linear solver step

@ How large is the overall error @ Computable error
between v and u,’ 5 :
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Numerical approximations of unsteady nonlinear PDEs: 3 crucial
questions & suggested answers

Setting
@ u: unknown exact PDE solution

o u, 57+ known numerical approximation on space mesh 7, and time t",
regularization step /, linearization step k, and linear solver step

@ How large is the overall error @ Computable error
between v and u,’ 1) :
© Where (space/time/regularization/ @ Identification of
linearization/algebra) is it localized? (s} error components,
© Can we decrease it efficiently? (working where needed).
eia— L | @
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Main achievements

Guaranteed a posteriori error estimates
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Main achievements

Guaranteed a posteriori error estimates efficient
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Main achievements

Guaranteed a posteriori error estimates efficient, robust
with respect to the final time

tn
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Main achievements

Guaranteed a posteriori error estimates efficient, robust
with respect to the final time
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Main achievements

Guaranteed a posteriori error estimates efficient, robust
with respect to the final time, and identifying error components.
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Holistic approach: interplay PDE—numerics—linearization—algebra

Guaranteed a posteriori error estimates efficient, robust
with respect to the final time, and identifying error components.
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Nonsmooth and degenerate nonlinearities/variational inequalities

Algorithm (adaptive iterative regularization)
@ regularization parameter ¢; > 0

@ replace the nonsmooth and degenerate functions by smooth and
nondegenerate ¢;-approximations

© a few steps of Newton linearization (gentle nonlinearity, good initial guess)

@ decrease ¢; and go back to step @
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Nonsmooth and degenerate nonlinearities/variational inequalities

Algorithm (adaptive iterative regularization)
@ regularization parameter ¢, > 0

@ replace the nonsmooth and degenerate functions by smooth and
nondegenerate ¢;-approximations

© a few steps of Newton linearization (gentle nonlinearity, good initial guess)

© decrease ¢; and go back to step @

Steering
° of
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Nonsmooth and degenerate nonlinearities/variational inequalities

Algorithm (adaptive iterative regularization)
@ regularization parameter ¢, > 0
@ replace the nonsmooth and degenerate functions by smooth and
nondegenerate ¢;-approximations
© afew steps of Newton linearization (gentle nonlinearity, good initial guess)
© decrease ¢; and go back to step @

Steering
° of
° error is below linearization: stop algebraic solver
° error is below regularization: stop Newton iterations
° error is below discretization: stop regularization (¢; is never

brought to zero)

- . & '2
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Nonsmooth and degenerate nonlinearities/variational inequalities

Algorithm (adaptive iterative regularization)
@ regularization parameter ¢, > 0
@ replace the nonsmooth and degenerate functions by smooth and
nondegenerate ¢;-approximations
© afew steps of Newton linearization (gentle nonlinearity, good initial guess)
© decrease ¢; and go back to step @

Steering
° of
° error is below linearization: stop algebraic solver
° error is below regularization: stop Newton iterations
° error is below discretization: stop regularization (¢; is never
brought to zero)
°
° is below a specified tolerance: finish - . A
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Comparison with existing approaches
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The heat equation (f € L?(0, T; L3(Q)), up € L3(Q))

The heat equation
ou—Au=f inQx(0,T),
u=0 ondQx(0,T),
u(0)=up inQ
Spaces T
X = L2(0, T, (). IvI% = / IV V|2 dt,

Y = 120, T: H}(Q H10T-OH*1Q 2 - Ta 2 Vv|[2dt T)|2
= L°(0, T; Hp(Q)) N H (0, T; H (), [IvI[y = A [0V (o) + IV VII=dEt + [lv(T)]|
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The heat equation (f € L?(0, T; L3(Q)), up € L3(Q))

The heat equation

ou—Au=f inQx(0,T),
u=0 ondQx(0,T),
u(0)=up inQ
Spaces T
X = O, T (@) VI = [ Ivv2at,

Y = [2(0, T: H(Q H10T-OH*1Q 2 — Ta 2 Vv|[2dt T)|2
= L%(0, T; Hy(Q)) N H'(0, T; H(Q)), [IvIly = A 10eVIIT) 1 () + IV V= dt + [[v(T)]]

Definition (Weak solution)

u € Y with u(0) = ug such that

T T
/ (Oru, v) + (Vu,Vv)dt = / (f,v)dt VveX.
0 0

M. Vohralik Adaptive iterative approximation in nonlinear PDEs Il 11 /43



Introduction Heat Richards Multiphase flows Conclusions A posteriori error estimates  Flux reconstruction

The heat equation (f € L?(0, T; L3(Q)), up € L3(Q))

The heat equation

ou—Au=f inQx(0,T),
u=0 ondQx(0,T),
u(0)=up inQ
Spaces T
X = O, T (@) VI = [ Ivv2at,

Y = [2(0, T: H(Q H10T-OH*1Q 2 — Ta 2 Vv|[2dt T)|2
= L%(0, T; Hy(Q)) N H'(0, T; H(Q)), [IvIly = A 10eVIIT) 1 () + IV V= dt + [[v(T)]]

Definition (Weak solution)

u € Y with u(0) = ug such that

T T
/ (Oru, v) + (Vu,Vv)dt = / (f,v)dt VveX.
0 0

Trial space Y, test space X.
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The heat equation (f € L?(0, T; L3(Q)), up € L3(Q))

The heat equation
ou—Au=f inQx(0,T),
u=0 ondQx(0,T),
u(0)=up inQ
Spaces T
X = L2(0, T, (). IvI% = / IV V|2 dt,

Y = 120, T: H}(Q H10T-OH*1Q 2 - Ta 2 Vv|[2dt T)|2
= L°(0, T; Hp(Q)) N H (0, T; H (), [IvI[y = A [0V (o) + IV VII=dEt + [lv(T)]|

Y norm error is the dual X norm of the residual + initial condition error
2

+ ||up — up-(0)

| 2

;
|u—up |3 =  sup [/ (f,v) — (Btupr, v) — (VUp, Vv)dt
veX,|vlix=1 | /O
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The heat equation (f € L?(0, T; L3(Q)), up € L3(Q))

The heat equation _
ou—Au=f inQx(0,T),

u=0 ondQx(0,T),
u0)=up inQ
error upper bound (reliability) (un, FE in space, DG in time approx.)

v —unll < 9(unr)
—_— ~—

unknown error computable estimator
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The heat equation (f € L?(0, T; L3(Q)), up € L3(Q))

The heat equation _
ou—Au=f inQx(0,T),

u=0 ondQx(0,T),
u0)=up inQ
Guaranteed error upper bound (reliability) (un, FE in space, DG in time approx.)

llu =l < n(unr)
—_— ~—

unknown error computable estimator
error lower bound (efficiency)

n (UhT) < Ccl‘l“”u - Uh‘r‘”
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The heat equation (f € L?(0, T; L3(Q)), up € L3(Q))

The heat equation _
ou—Au=f inQx(0,T),

u=0 ondQx(0,T),
u0)=up inQ
Guaranteed error upper bound (reliability) (un, FE in space, DG in time approx.)

llu =l < n(unr)
—_— ~—

unknown error computable estimator
error lower bound (efficiency)
n (UhT) < Ccﬂ“”u - Uh‘r‘”

@ C. a generic constant independent of Q, u, un,, ¢, p, 7, q,

M. Vohralik Adaptive iterative approximation in nonlinear PDEs Il 12/43



Introduction Heat Richards Multiphase flows Conclusions A posteriori error estimates  Flux reconstruction

The heat equation (f € L?(0, T; L3(Q)), up € L3(Q))

The heat equation _
ou—Au=f inQx(0,T),

u=0 ondQx(0,T),
u0)=up inQ
Guaranteed error upper bound (reliability) (un, FE in space, DG in time approx.)

llu =l < n(unr)
—_— ~—

unknown error computable estimator
local in space and in time error lower bound (efficiency)
Nk 1,(Unr) < Cesll|U = Unr |l <1

@ C. a generic constant independent of Q, u, un,, ¢, p, 7, q,
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The heat equation (f € L?(0, T; L3(Q)), up € L3(Q))

The heat equation _
ou—Au=f inQx(0,T),

u=0 ondQx(0,T),
u0)=up inQ
Guaranteed error upper bound (reliability) (un, FE in space, DG in time approx.)

llu =l < n(unr)
—_— ~—

unknown error computable estimator

Robust local in space and in time error lower bound (efficiency)
0 1 (Unr) < Certllt = Upe g

@ C. a generic constant independent of Q, u, up, ¢, p, 7, qQ, T
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The heat equation (f € L?(0, T; L3(Q)), up € L3(Q))

The heat equation _
ou—Au=f inQx(0,T),

u=0 ondQx(0,T),
u0)=up inQ
Guaranteed error upper bound (reliability) (un, FE in space, DG in time approx.)

llu =l < n(unr)
—_— ~—

unknown error computable estimator

Robust local in space and in time error lower bound (efficiency)
nK‘/n(uh‘r) < Cci‘l“”u - UhT‘”wKX/n

@ C. a generic constant independent of Q, u, up, ¢, p, 7, qQ, T

@ Verfirth (2003), Bergam, Bernardi, and Mghazli (2005), Makridakis and
Nochetto (2006), Ern and Vohralik (2010), Ern, Smears, and Vohralik (2017)
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval /, and for each vertex a < V", let

o5 = arg min [ 1ve+ vaun 2, at.
In

veevern
V-Vy=ta(f—0Zup, )—Vtba-Vup,
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval /, and for each vertex a < V", let

o5 = arg min [ 1ve+ vaun 2, at.
In

veevern
V-Vy=ta(f—0Zup, )—Vtba-Vup,

Then set

N
PP a’n
o= Y o

n=1aey”"
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval /, and for each vertex a < V", let

oy = arg min / |ve+ Q,Z)aVUhTHL%a dt.
VgEVh;_ In
V-vi=va(f—0iZup.)—Vipa-Vup,
Then set N
. a,n
om =3 Y oh
n=1acy"
v
Comments
o satisfies ap, € L2(0, T; H(div, Q)) with V.o, = f — 0:Zup,
@ a priori a local space-time problem, V2" := Q,(I,; V&")
@ uncouples to g elliptic problems posed in V‘}” )
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_ Discretization, regularization, linearization Flux Estimates & adaptivity

0 The Richards equation: adaptive regularization and linearization
@ Discretization, regularization, linearization
@ Flux reconstruction
@ A posteriori estimates and adaptive iterative approximation
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Modelling flow of water and air through soil

The Richards equation
Find p: Q x (0, T) — R such that
9t5(p) — V- [Kr(S(p))(VP+g)l =f inQx(0,T),
p=0 onoQx(0,T),
(S(p))(-0) =59 in €.
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Modelling flow of water and air through soil

The Richards equation
Find p: Q x (0, T) — R such that

S(p) = V- [Ki(S(P)(VPp+g)l =f inQ2x(0,T),
p=0 onoQx(0,T),
(S(p))(-,0) =5y inQ.

Setting
@ p: pressure
@ S(p): saturation
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Modelling flow of water and air through soil

The Richards equation
Find p: @ x (0, T) — R such that

S(p) — V[Kr(S(p))(Vp+9)]=f inQx(0,T),
p=0 onoQx(0,T),
(S(p))(-,0) =59 in Q.

Setting
@ p: pressure
@ S(p): saturation
@ Q c RY 1< d < 3, open polytope with Lipschitz boundary 6
@ T: final time
e diffusion tensor K, source term f € C'([0, 1]), gravity g, initial saturation
So € L>*(Q),0< 5, <1
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Modelling flow of water and air through soil

The Richards equation
Find p: @ x (0, T) — R such that

S(p) — V[Kr(S(p))(Vp+9)]=f inQx(0,T),
p=0 onoQx(0,T),
(S(p))(-,0) =59 in Q.

Setting
@ p: pressure
@ S(p): saturation
@ Q c RY 1< d < 3, open polytope with Lipschitz boundary 6
@ T:final time
e diffusion tensor K, source term f € C'([0, 1]), gravity g, initial saturation
So € L>*(Q),0< 5, <1
@ nonlinear (nonsmooth and degenerate) functions S and ~
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Modelling flow of water and air through soil

The Richards equation
Find p: Q x (0, T) — R such that
9S(p) — VIKi(S(p)(Vp+@g)l=f inQx(0,T),
p=0 onoQx(0,T),
(S(P))(-,0) = 8o in Q.
Nonlinear (honsmooth and degenerate) functions S and ~

I ——Brooks—Corey

..... van Genuchten

S (1;)

——Brooks-Corey
Y van Genuchten

o

=

Saturation
N

)

Relative permeability x(s)

0 0 02 0.4 0.6 08 1
Pressure p Saturation s
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Piecewise polynomial space

V2 = Py(Te) N HY(Q)
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Backward Euler & finite element discretization

Piecewise polynomial space

V2 = Py(Te) N HY(Q)

Discretization: finite elements & backward Euler
Foreach 1 < 1 < N, given p,~' € V2, find the approximate pressure p, € V?

satisfying
F(S(p7) = S(p, "), ve) + (F(py), Vve) = (f(-, 1), ve)  Yve € VP,
where the flux is given by

F(q) = Kx(S(q9))[Va + g].

lreia L2
M. Vohralik Adaptive iterative approximation in nonlinear PDEs II 15 /43
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o €=0.1

0.6 /
0.4

0.2 /
e

5o
0

-08 —-06 —-04 -02 0 0.2
p

Brooks—Corey regularized
pressure—saturation functions

0.4

-

lr

ps

PO




Introduction Heat Richards Multiphase flows Conclusions Discretization, regularization, linearization Flux Estimates & adaptivity

Example regularizations

T T T T 1.2F T =
11— €=0.0 O o - — =00
—=—¢=0.0125 1}|—E=-€=0.0125 -
08l —— ¢=10.025 B —— € =0.025
: —— €¢=0.05 08 |—— €=0.05 —
e=01 ' =01 4
= 06) / | = 0.6 ]
“ g
0.4 | 1 0.4 |- —{
0.2 1 0.2+ -
o
0 C | | | | | | 0 | 7
-08 —-06 -04 0.2 0 0.2 0.4 ‘1
s
BrOOkS—Corey ' ' Brooks_Corey
pressure—saturation functions saturation—relative permeability functions
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_ Discretization, regularization, linearization Flux Estimates & adaptivity
Regularization

Regularization
Given p; " € V2, find p]’ e V? satisfying

(S (0]) =SB ), vi) + (F (o), Vi) = (F( ), vi) Vv € VY,

where the regularized flux is given by

F.(q) = Kr,(S,(9)[Va+ gl
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Regularization

Regularization
Given p; " € V2, find p]’ e V? satisfying

5(S.0)Y) = S0 ), vi) + (Fu(p)Y), Vve) = (F(-, ), ve) Wi € V2,
where the regularized flux is given by
F.(q) = Kr,(S.(9))IVq + g].

@ ¢: sequence of regularization parameters
@ /: stopping regularization index

9
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Linearization

Linearization
H Nt nujuk_1 H n7j7k 0 0
Given an initial guess p, , find p,”" € V' such that, for all v, € V/,

(S (o7 ) =Sy, v+ (Lo o) v+ (FR, W ve) = (1), v,
where the linearized flux is given by

FPH = K (Sa(p]" = DIVR]™ + g + €00 — p7* ).

M. Vohralik Adaptive iterative approximation in nonlinear PDEs Il 18 /43
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Linearization

Linearization
Given an initial guess p,

(S (PP ) =8, (07 ), Vo) + I (PP PP, V) (FPH, V) = (F(, ), we),
where the linearized flux is given by

FIH = Kng (S0 NIVE + 6] + (o0 — o).

AT find pl e VO such that, for all v, € VP,

@ k: stopping linearization index

@ modified Picard: Kt
L=8,(ppk "), ¢:=0

@ Newton:
L= Si(pp"* )
¢ = K(kgoS) (P NIve* " +g] .
A A

7

CUARA— isii:
M. Vohralik Adaptive iterative approximation in nonlinear PDEs Il 18 /43
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— Discretization, regulariz.ation, linearization Flux Estimates & adaptivity
Flux reconstruction: —F7/* & H(div, Q) — o]"* e RTo(T;) 1 H(div, Q) .

1 1
°'Bqlt\l:tl/ilk oa\:‘l\.\,llllﬂj"
AR S SN WA Y A
04 ™ TN\ J/ LT 0.4 \“\\\lj///‘/
02— TN\ Y #Z LT F— 02 = M| AT
0T I > K <<E DT e e e R ——
ot~ £ L A AR, N - 02 —*/:/ AN R
0.4 :: 7 /‘/ P \\ N :: 0.4 ;,/ »//l// ,f ‘*\ \\\\‘ \-.:
NESAI ] j:///{fﬂ\\\\\\
NARARIEAN 2 T TN A N
-1 -0.5 0 . 0.5 1 -1 -0.5 0 0.5 1
Flux —F}7* Equilibrated flux reconstruction o
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_ Discretization, regularization, linearization Flux Estimates & adaptivity
A posteriori estimates of error components

A posteriori estimates of error components

bk = | FIK 4 o7 (discretization)
L= IF (0% - FPP| (linearization)
i = ||F(pf*) — Fi(pp ")) (regularization)
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Strictly unsaturated medium

Discretization, regularization, linearization Flux Estimates & adaptivity

Q= Q1UQZ,Q1—(0 1)

T=1,K=19=(0,

DM

effectlve saturation 5”( ) =

van Genuchten model

(0,1/4],Q2 = (0,1) x (1/4,1)

—Sr

Sv Sr

) = K/ S

—Xo
{1+ (—ap)'- \2} P < pwm,

_ 8)1 //\2))\2)2

1 P > Pm
pv =0, Sg = 0.026, Sy = 0.42, k. = 0.12,a = 0.551,\» = 0.655
0 X,y) € £y,
f(X,y) _ A ( y) 1
0.06 cos(z7y)sin(x) (x,y) € Q2
-y—1/4 ,Y) € Qq,
po(X.y) = /4 (xy)ed
—4 ( ay) € QZ
so = S(po) ’ N
uniform mesh with 40 x 40 x 2 elements, 70 = 1 2la— i ‘ e e
M. Vohralik Adaptive iterative approximation in nonlinear PDEs Il 22 /43



10°

t =11.0

T ]
-
I
(=}
[=}

1
1071 s
= | E
B 1 n
ot 1072 ]
_E_nn,j,k = L
reg N o
IR % N 10—3 = [
"hin = : R
—a| -
10 g L L
- ! ]

1
1077 ¢ |3
106 ! ! ! ! ! ! \ \ !

o [
[\)

4 6 8 10 12 14
Cumulative Newton steps

F. Févotte, A. Rappaport, M. Vohralik, Computational Geosciences (2024)




_ Discretization, regularization, linearization Flux Estimates & adaptivity
Injection case

@ Q=(0,1)?
e T=1,K=1g=(0,-1)"

. . _ _S
o effective saturation .7 (s) = ¢ &
@ Brooks—Corey model

@ pu =02, )\ =2239

e f=0
@ pg=—1
@ 5o = S(po)

@ quasi uniform mesh with ¢ =2.82-1072, 79 =2.82.1072 Lonade
CUR— i;
_ Adaptive iterative approximation in nonlinear PDEs I 24 /43




_ Discretization, regularization, linearization Flux Estimates & adaptivity
Do we reduce the computational cost?

Stepwise
T T

3009 *
0
=}
=]
=2
< 200 *
QL —H— Newton (adapt. reg., € =0.1)
o —4—  Modified Picard (no reg.)
o —&6— Newton (no reg., timestep cut)
8 —— Newton (no reg.)
< 100 |- *
g
=
Z

t (seconds)

Number of linearization iterations on

each time ste
p F. Févotte, A. Rappaport, M. Vohralik, Computational Geosciences (2024)
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Discretization, regularization, linearization Flux Estimates & adaptivity

Do we reduce the computational cost?

Number of iterations

Stepwise
T T
3009
200
Newton (adapt. reg., € = 0.1)
—4—  Modified Picard (no reg.)
—— Newton (no reg., timestep cut)
—o— Newton (no reg.)
100 |-

l l
0 0.2 0.4 0.6
t (seconds)

Number of linearization iterations on
each time step

M. Vohralik

Number of iterations

Cumulative
3.00 Newton (adapt. reg., € =0.1)
’ —4—  Modified Picard (no reg.)
—&o— Newton (no reg., timestep cut)
—o— Newton (no reg.)
2,000 |-
Jovss PO
o
1,000 | e
o
e
AAL'A
22
oA
0
1 1 1 1 1
0 0.2 0.4 0.6 0.8 1

t (seconds)

Cumulative number of linearization
iterations
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Do we lose precision?

Time: 0.282507 Time: 0.282507

Saturation field s = S(pg’j’R ) using Newton’s method and adaptive regularization

e' = 0.1 (left) and modified Picard with no regularization (right)
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- Introduction Heat Richards Multiphase flows Conclusions
Realistic case

Discretization, regularization, linearization Flux Estimates & adaptivity

e Q=(0, 1)2
e 7T =1
e g= (_170)T
cosf —sinf

* Q= (sinG cos 6 )
o K¢ =0.1
o effective saturation . (s) = =%
@ Brooks—Corey model 2o,

K(s)=7(s) ™,

_ =1
S(p) — {g p/pa) ™ p < pu,
P> pm

o py=-02, =2
e f=0

@ quasi uniform mesh with h=2.02- 1072, 7 =2.02. 1072

° pL(X) = (%) X, Pout = —-2.0, Pin = —-0.2, Ppo = p0|rD .y

Adaptive iterative approximation in nonlinear PDEs Il 27 /43



FN : No Flux FD P = Pout
]
=
=
]
Z
. "
1 0 T
= K> =K, K
Ky (0 0.5) 2 =K,Q K1 Q z
z
—
8
T‘ So = S(p]_,(.’l?)) So = S(pout)
U
A 0 =17/3
—

I'y :No Flux I'y : No Flux




_ Discretization, regularization, linearization Flux Estimates & adaptivity
Do we reduce the computational cost?

Stepwise
T T
3009 *
—&— Newton (adapt. reg., € =0.1)
—=2—  Modified Picard (no reg.)
—4— Newton (no reg., timestep cut)
—— Newton (no reg.)
200 *

100

Number of iterations

t (seconds)

Number of linearization iterations on

each time ste
p F. Févotte, A. Rappaport, M. Vohralik, Computational Geosciences (2024)
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Do we reduce the computational cost?

Stepwise

Cumulative
T T
B Newton (adapt. reg., € =0.1)
300¢- Newton (adapt. reg., € =0.1) 3,000] —=— Modified Picard (no reg.) .
—4—  Modified Picard (no reg.) —— Newton (no reg., timestep cut)
é) —o— Newton (no reg., timestep cut) 0 —5— Newton (no reg.)
S —o— Newton (no reg.) S
= 200 i | = 2,000 .
E w :?
o~ Il =
5 | =
2 | g
= 100| 4 1 | g Lo ,
z. | z.
® 04 |
| | | | |
0 0.2 0.4 0.6 03 1 0 02 04 06 038 1
t (seconds) t (seconds)
Number of linearization iterations on Cumulative number of linearization
each time step iterations
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Adaptive regularization and linearization

Flux Estimates & adaptivity

e ik
Tais
n,5,k

Sy

e ik
in

10°

1071

102

1073

104

ET T T T |
% t :io t=0.02 t :%;)4 t= q.osé
|- SHS‘ |
I I
E | | \[ | E
|- I I I =
- ’%@eﬁ‘% @eﬁ% ol
I I I I
Eo see, | mea | EER o
- I I I I B
Fo | | gar |
| | [E | |
Eo | | D
- | | | | |
ro | | -
E\ | | | | | E
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Cumulative Newton steps

T T

10° Ft = 0.445 t = 9.466]
1071 E : : E
Al % ol

o i i (SR

—2 | I =
10 B : oH v
0-0) | -
i | | | | ]

275 280 285 290 295

Cumulative Newton steps

F. Févotte, A. Rappaport, M. Vohralik, Computgfional Geoscien
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Perched water table case

@ Q=(-25m,25m) x (-3 m,0m)

@ T = 86400 s (one day)

e K=1

e g=(-1,07

o effective saturation . (s) = & SgR

@ van Genuchten model

7/\% / % )1//\2)/\2)2’
,/\2

{(1 + (—ap)'- *2} p < pwm,
1 P > pm

ef=0

@ quasi uniform mesh with h = 8.2- 1072

o 79 =60s, (increase " := 1.2r"" for n > 1)

@ initial condition sy = S(pp) with py = =300 m &mm/_
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Perched water table case setting

'y : Inflow

VWLVl b

I'm Sand
Clay 3m
Sand
Material Ke b S [Sv] X e
Sand [6.262 x 10~°] 0.368 [0.07818| 1 [ 0.553 | 2.8
Clay [1.516 x 1076(0.4686| 0.2262 | 1 |0.2835 1,04 Ale

rrzeca— i
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_ Discretization, regularization, linearization Flux Estimates & adaptivity
Perched water table case saturation evolution

s
78002 02 03 04 05 06 07 08 09 1.0e+00
| | I I

Saturation at t = 05s,21-10%s,41-10%s,86.1-10° s




_ Discretization, regularization, linearization Flux Estimates & adaptivity
Performance: only adaptive regularization and linearization works

Stepwise

=

—— Newton (adapt. reg., € = 0.1)

2 100 s
2
=l
<
—
g
=
o
5 50| B
el
g
=]
Z.

L
0 0.2 0.4 0.6 0.8 1
t (seconds) .10°

Number of linearization iterations on

each time step
F. Févotte, A. Rappaport, M. Vohralik, Computational Geosciences (2024)
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Performance: only adaptive regularization and linearization works

Stepwise Cumulative
1 T T ‘ T T
{ ‘ Newton (adapt. reg., € = 0.1) ‘ Newton (adapt. reg., € = 0.1)
800 .
2 1001 2
S ks
= =
g £ 600 |
ks B
R | £ 400 f )
E s
j=] =
Z, Z.
200" g
01 - I
[» | | | | | ‘ | | | | |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t (seconds) 105 t (seconds) 105
Number of linearization iterations on Cumulative number of linearization
each time step iterations
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Two-phase flow

Incompressible two-phase flow in porous media
Find saturations s, and pressures p,, « € {g,w}, such that

0(¢Sa) — V- < Ko (Sw)

a

K(VPa +a0V2)) =o€ 2w
S;+Sy=1,
Pz — Pw = Pc(Sw)

@ unsteady, nonlinear, and degenerate problem

@ coupled system of PDEs & algebraic constraints

Do
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Two-phase flow

Incompressible two-phase flow in porous media
Find saturations s, and pressures p,, o € {g,w}, such that

kra
on(0,) ~ V(552K (T, 1 pog¥2) ) = ac faw)
Sg+Sy=1,
Pe = Pw = Pe(Sw)

@ unsteady, nonlinear, and degenerate problem
@ coupled system of PDEs & algebraic constraints

Carbon capture & geological storage
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Multi-phase multi-compositional flow

Theorem (Multi-phase multi-compositional Darcy flow with phase (dis)appearance)
There holds

1/2

error on time interval I, < Z (nsp’{ ol Mim

ceC

7jk’ 7]kl ,jkl

ik
+ nreg (o] + 771m ] I)

+ nal

9
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Multi-phase multi-compositional flow
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Geological sequestration of CO,, CO, saturation
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Geological sequestration of CO,, overall a posteriori estimate
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Geological sequestration of CO,, adaptive iterative approximation

Error components vs time (log) GMRes iterations vs time
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Adaptivity: 3 phases, 3 components (black-oil) problem

Gas saturation AMRError
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Three-phases, three-components (black-oil) problem: algebraic
solver & spatial mesh adaptivity
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Three-phases, three-components (black-oil) problem: algebraic
solver & spatial mesh adaptivity
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Phase (dis)appearance: Couplex-gas benchmark
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