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Nonsmooth and degenerate nonlinearities

: common recipes
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Nonsmooth and degenerate nonlinearities
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Nonsmooth and degenerate nonlinearities
omnipresent in applications
cause convergence troubles of standard iterative linearization methods

Common recipes
timestep cutting
damping
scheme switching (from Newton to fixed-point . . . )
variable switching
regularization
. . .
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Regularization
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Variational inequalities (complementarity problems)
Variational inequalities (complementarity problems)

F (X ) = 0,
K (X ) ≥ 0, G(X ) ≥ 0, K (X ) · G(X ) = 0

omnipresent in applications
cause convergence troubles of standard iterative methods

Common methods
semismooth Newton methods
path finding
interior-point methods
regularization
. . .

Complementarity functions

F (X ) = 0,
C(X ) = 0

equivalent reformulation as
nonlinear nonsmooth equalities
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Regularized complementarity functions
I. Ben Gharbia, J. Ferzly, M. Vohralík et al. Journal of Computational and Applied Mathematics 420 (2023) 114765

Fig. 1. Left: Absolute value function | · | and smoothed absolute value function | · |µ . Right: Fischer–Burmeister function C̃ FB(·) and smoothed
Fischer–Burmeister function C̃ FBµ (·), for different values of the smoothing parameter µ.

3.1. Smoothing of the C-functions

The key of our developments is to smooth the non-differentiable equation formulation (2.3b) of the complementarity
constraints (1.1b) with the help of a smooth (i.e. continuously differentiable) function. This smoothing allows us to
approximately transform the nonsmooth nonlinear system (2.3) to a smooth system of nonlinear equations to be solved
by using the standard Newton method.

Let µ > 0 be a (small) smoothing parameter. We construct an approximation function C̃µ : Rm
× Rm

→ Rm of a
C-function C̃ such that C̃µ(·, ·) is of class C1 on Rm

× Rm and satisfies

∥C̃ (x, y) − C̃µ(x, y)∥ → 0 as µ → 0 for all (x, y) ∈ Rm
× Rm.

For example, for l = 1, . . . ,m, a possible smoothing of the min and the Fischer–Burmeister functions (2.1) and (2.2)
can be(

C̃minµ (x, y)
)
l
=

xl + y l

2
−

(
|x − y|µ

)
l

2
, with (|z|µ)l =

√
z2l + µ2, (3.1)(

C̃ FBµ (x, y)
)
l
=

√
µ2 + x2l + y2

l − (xl + y l), (3.2)

where the µ-smoothed absolute value function | · |µ : Rm
→ Rm

+
, m ≥ 0, replaces the absolute value function (not

differentiable at 0), see Fig. 1. Note that both functions | · |µ and C̃ FB,µ are of class C∞.
We define the function Cµ : Rn

→ Rm as Cµ(X) := C̃µ (K (X),G(X)), where C̃µ : Rm
× Rm

→ Rm is any smoothed
C-function of at least class C1. This allows to approximate problem (1.1) or (1.2) by a system of smooth equations: Find
a vector X ∈ Rn, such that

EX = F ,

Cµ(X) = 0. (3.3)

Thus, Newton-type methods can be applied to solve the system of nonlinear algebraic Eqs. (3.3).
Fixing µ1 > 0, we now describe an iterative method for solving problem (2.3). At the beginning of each smoothing

iteration (outer iteration) denoted hereafter by j ≥ 1, an initial guess X j
∈ Rn is given, and a smoothing parameter µj is

determined; µj will be driven down to zero. Then some iterative nonlinear solver like the Newton method is employed
to solve the smoothed problem written in the form: Find X j

∈ Rn such that

EX j
= F ,

Cµj (X j) = 0. (3.4)

3.2. Newton linearization of the nonlinear algebraic system

In what follows, we detail the Newton method employed to solve problem (3.4) at a fixed outer smoothing step j ≥ 1.
Given an initial vector X j,0 (typically X j,0

= X j−1), Newton’s algorithm generates a sequence (X j,k)k≥1 with X j,k
∈ Rn given

by the following system of linear algebraic equations

Aj,k−1
µj X j,k

= Bj,k−1
µj , (3.5)

5

Regularized absolute value
(Newton-min) C-functions
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Numerical approximations of unsteady nonlinear PDEs:

3 crucial
questions

& suggested answers

Setting
u: unknown exact PDE solution
un

,j,k ,i

ℓ : known numerical approximation on space mesh Tℓ and time tn

,
regularization step j , linearization step k , and linear solver step i

Crucial questions
1 How large is the overall error

between u and un,j,k ,i
ℓ ?

2 Where (space/time/regularization/
linearization/algebra) is it localized?

3 Can we decrease it efficiently?

Suggested answers

1 Computable a posteriori error
estimates.

2 Identification of error components.
3 Balancing error components,

adaptivity (working where needed).
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Main achievements

A posteriori error estimates
Guaranteed a posteriori error estimates

locally space-time efficient

, robust
with respect to the final time

, and identifying error components.

N∑
n=1

∫ tn

tn−1
|||u − un,j,k ,i

ℓ |||2 ≤
N∑

n=1

∑
K∈T n

ℓ

ηK (u
n,j,k ,i
ℓ )2

≤ C2
eff

N∑
n=1

∫ tn
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|||u − un,j,k ,i

ℓ |||2,

Ceff independent of T ,

ηK (u
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∫ tn
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|||u − un,j,k ,i

ℓ |||ωK for all 1 ≤ n ≤ N and K ∈ T n
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ηK
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)
= ηsp,K

(
un,j,k ,i
ℓ

)
+ ηtm,K

(
un,j,k ,i
ℓ

)
+ ηreg,K

(
un,j,k ,i
ℓ

)
+ ηlin,K

(
un,j,k ,i
ℓ

)
+ ηalg,K

(
un,j,k ,i
ℓ

)
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Nonsmooth and degenerate nonlinearities/variational inequalities
Algorithm (adaptive iterative regularization)

1 regularization parameter ϵj > 0
2 replace the nonsmooth and degenerate functions by smooth and

nondegenerate ϵj -approximations
3 a few steps of Newton linearization (gentle nonlinearity, good initial guess)
4 decrease ϵj and go back to step 2

Steering
a posteriori estimates of error components
algebraic error is below linearization: stop algebraic solver
linearization error is below regularization: stop Newton iterations
regularization error is below discretization: stop regularization (ϵj is never
brought to zero)
space mesh & time step adaptivity
discretization is below a specified tolerance: finish
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Example overall behavior (Richards equation, 1 time step)
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F. Févotte, A. Rappaport, M. Vohralík, Computational Geosciences (2024)
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Comparison with existing approaches
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The heat equation (f ∈ L2(0,T ;L2(Ω)), u0 ∈ L2(Ω))
The heat equation

∂tu −∆u = f in Ω× (0,T ),

u = 0 on ∂Ω× (0,T ),

u(0) = u0 in Ω

Spaces
X := L2(0,T ;H1

0 (Ω)), ∥v∥2
X :=

∫ T

0
∥∇v∥2 dt ,

Y := L2(0,T ;H1
0 (Ω)) ∩ H1(0,T ;H−1(Ω)), ∥v∥2

Y :=

∫ T

0
∥∂tv∥2

H−1(Ω) + ∥∇v∥2 dt + ∥v(T )∥2

Y norm error is the dual X norm of the residual + initial condition error

∥u − uhτ∥2
Y = sup

v∈X , ∥v∥X=1

[∫ T

0
(f , v)− ⟨∂tuhτ , v⟩ − (∇uhτ ,∇v) dt

]2

+ ∥u0 − uhτ (0)∥2
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The heat equation

∂tu −∆u = f in Ω× (0,T ),

u = 0 on ∂Ω× (0,T ),

u(0) = u0 in Ω

Guaranteed error upper bound (reliability) (uhτ FE in space, DG in time approx.)

|∥u − uhτ∥|︸ ︷︷ ︸
unknown error

η(uhτ )︸ ︷︷ ︸
computable estimator

Robust local in space and in time error lower bound (efficiency)

ηK ,In(uhτ ) ≤ Ceff|∥u − uhτ∥|ωK×In

Ceff a generic constant independent of Ω, u, uhτ , ℓ, p, τn, q, T
Verfürth (2003), Bergam, Bernardi, and Mghazli (2005), Makridakis and
Nochetto (2006), Ern and Vohralík (2010), Ern, Smears, and Vohralík (2017)
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval In and for each vertex a ∈ Vn, let

σa,n
hτ := arg min

vℓ∈V a,n
hτ

∇·vℓ=ψa(f−∂tIuhτ )−∇ψa·∇uhτ

∫
In
∥v ℓ + ψa∇uhτ∥2

ωa dt .

Then set
σhτ :=

N∑
n=1

∑
a∈Vn

σa,n
hτ .

Comments
satisfies σhτ ∈ L2(0,T ;H(div,Ω)) with ∇·σhτ = f − ∂tIuhτ

a priori a local space-time problem, V a,n
ℓτ := Qq(In;V

a,n
ℓ )

uncouples to q elliptic problems posed in V a,n
ℓ

M. Vohralík Adaptive iterative approximation in nonlinear PDEs II 13 / 43



Introduction Heat Richards Multiphase flows Conclusions A posteriori error estimates Flux reconstruction

Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval In and for each vertex a ∈ Vn, let

σa,n
hτ := arg min

vℓ∈V a,n
hτ

∇·vℓ=ψa(f−∂tIuhτ )−∇ψa·∇uhτ

∫
In
∥v ℓ + ψa∇uhτ∥2

ωa dt .

Then set
σhτ :=

N∑
n=1

∑
a∈Vn

σa,n
hτ .

Comments
satisfies σhτ ∈ L2(0,T ;H(div,Ω)) with ∇·σhτ = f − ∂tIuhτ

a priori a local space-time problem, V a,n
ℓτ := Qq(In;V

a,n
ℓ )

uncouples to q elliptic problems posed in V a,n
ℓ

M. Vohralík Adaptive iterative approximation in nonlinear PDEs II 13 / 43



Introduction Heat Richards Multiphase flows Conclusions A posteriori error estimates Flux reconstruction

Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval In and for each vertex a ∈ Vn, let

σa,n
hτ := arg min

vℓ∈V a,n
hτ

∇·vℓ=ψa(f−∂tIuhτ )−∇ψa·∇uhτ

∫
In
∥v ℓ + ψa∇uhτ∥2

ωa dt .

Then set
σhτ :=

N∑
n=1

∑
a∈Vn

σa,n
hτ .

Comments
satisfies σhτ ∈ L2(0,T ;H(div,Ω)) with ∇·σhτ = f − ∂tIuhτ

a priori a local space-time problem, V a,n
ℓτ := Qq(In;V

a,n
ℓ )

uncouples to q elliptic problems posed in V a,n
ℓ

M. Vohralík Adaptive iterative approximation in nonlinear PDEs II 13 / 43



Introduction Heat Richards Multiphase flows Conclusions Discretization, regularization, linearization Flux Estimates & adaptivity

Outline
1 Introduction

Nonsmooth and degenerate nonlinearities
Variational inequalities (complementarity problems)
Setting & achievements

2 Heat equation: robustness wrt final time and space–time error localization
A posteriori error estimates
Flux reconstruction

3 The Richards equation: adaptive regularization and linearization
Discretization, regularization, linearization
Flux reconstruction
A posteriori estimates and adaptive iterative approximation

4 Multiphase multicompositional flows (phase appearance and disappearance)
Adaptive iterative approximation

5 Conclusions

M. Vohralík Adaptive iterative approximation in nonlinear PDEs II 13 / 43



Introduction Heat Richards Multiphase flows Conclusions Discretization, regularization, linearization Flux Estimates & adaptivity

Modelling flow of water and air through soil
The Richards equation

Find p : Ω× (0,T ) → R such that
∂tS(p)−∇·[Kκ(S(p))(∇p + g)] = f in Ω× (0,T ),

p = 0 on ∂Ω× (0,T ),

(S(p))(·, 0) = s0 in Ω.

Nonlinear (nonsmooth and degenerate) functions S and κ
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Backward Euler & finite element discretization

Piecewise polynomial space

V 0
ℓ := P1(Tℓ) ∩ H1

0 (Ω)

Discretization: finite elements & backward Euler
For each 1 ≤ n ≤ N, given pn−1

ℓ ∈ V 0
ℓ , find the approximate pressure pn

ℓ ∈ V 0
ℓ

satisfying

1
τn (S(pn

ℓ )− S(pn−1
ℓ ), vℓ) + (F (pn

ℓ ),∇vℓ) = (f (·, tn), vℓ) ∀vℓ ∈ V 0
ℓ ,

where the flux is given by

F (q) := Kκ(S(q))[∇q + g].
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Example regularizations
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Regularization

Regularization
Given pn−1,̄j

ℓ ∈ V 0
ℓ , find pn,j

ℓ ∈ V 0
ℓ satisfying

1
τn (Sϵj (p

n,j
ℓ )− Sϵj (p

n−1,̄j
ℓ ), vℓ) + (F ϵj (p

n,j
ℓ ),∇vℓ) = (f (·, tn), vℓ) ∀vℓ ∈ V 0

ℓ ,

where the regularized flux is given by

F ϵj (q) := Kκϵj (Sϵj (q))[∇q + g].

ϵj : sequence of regularization parameters
j̄ : stopping regularization index
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Linearization
Linearization
Given an initial guess pn,j,k−1

ℓ , find pn,j,k
ℓ ∈ V 0

ℓ such that, for all vℓ ∈ V 0
ℓ ,

1
τn (Sϵj (p

n,j,k−1
ℓ )−Sϵj (p

n−1,̄j,k̄
ℓ ), vℓ)+ 1

τn (L(p
n,j,k
ℓ −pn,j,k−1

ℓ ), vℓ)+(F n,j,k
ℓ ,∇vℓ) = (f (·, tn), vℓ),

where the linearized flux is given by

F n,j,k
ℓ := Kκϵj (Sϵj (p

n,j,k−1
ℓ ))[∇pn,j,k

ℓ + g] + ξ(pn,j,k
ℓ − pn,j,k−1

ℓ ).

k̄ : stopping linearization index
modified Picard:

L := S′
ϵj (p

n,j,k−1
ℓ ), ξ := 0

Newton:

L := S′
ϵj (p

n,j,k−1
ℓ )

ξ := K (κϵj ◦ Sϵj )
′(pn,j,k−1

ℓ )[∇pn,j,k−1
ℓ + g]
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Flux reconstruction: −F n,j ,k
ℓ ̸∈H(div,Ω) → σn,j ,k

ℓ ∈RT0(Tℓ) ∩ H(div,Ω)
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A posteriori estimates of error components

A posteriori estimates of error components

ηn,j,k
dis := ∥F n,j,k

ℓ + σn,j,k
ℓ ∥ (discretization)

ηj,k
lin := ∥F ϵj (p

n,j,k
ℓ )− F n,j,k

ℓ ∥ (linearization)

ηj,k
reg := ∥F (pn,j,k

ℓ )− F ϵj (p
n,j,k
ℓ )∥ (regularization)
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Adaptive regularization and linearization

Adaptive regularization and linearization (γlin, γreg ≈ 0.1)

ηn,j,k̄
lin < γlinη

n,j,k̄
reg

ηn,̄j,k̄
reg < γregη

n,̄j,k̄
dis
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Strictly unsaturated medium
Ω = Ω1 ∪ Ω2, Ω1 = (0,1)× (0,1/4],Ω2 = (0,1)× (1/4,1)
T = 1, K = I , g = (0, 1)T

effective saturation S (s) = s−SR
SV−SR

van Genuchten model
κ(s) = κc

√
S (s)(1 − (1 − S (s)1/λ2)λ2)2,

S(p) =


[
(1 + (−αp)

1
1−λ2

]−λ2

p ≤ pM,

1 p > pM

pM = 0, SR = 0.026, SV = 0.42, κc = 0.12,α = 0.551,λ2 = 0.655

f (x , y) =

{
0 (x , y) ∈ Ω1,

0.06 cos(4
3πy) sin(x) (x , y) ∈ Ω2

p0(x , y) =

{
−y − 1/4 (x , y) ∈ Ω1,

−4 (x , y) ∈ Ω2
s0 = S(p0)
uniform mesh with 40 × 40 × 2 elements, τ0 = 1
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Adaptive regularization and linearization
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F. Févotte, A. Rappaport, M. Vohralík, Computational Geosciences (2024)
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Injection case
Ω = (0,1)2

T = 1,K = I ,g = (0,−1)T

effective saturation S (s) = s−SR
SV−SR

Brooks–Corey model

κ(s) = S (s)
2+3λ1
λ1 ,

S(p) =

{
(−p/pM)−λ1 p ≤ pM,

1 p > pM

pM = −0.2, λ1 = 2.239
f = 0
p0 = −1
s0 = S(p0)

quasi uniform mesh with ℓ = 2.82 · 10−2, τ0 = 2.82 · 10−2

M. Vohralík Adaptive iterative approximation in nonlinear PDEs II 24 / 43



Introduction Heat Richards Multiphase flows Conclusions Discretization, regularization, linearization Flux Estimates & adaptivity

Do we reduce the computational cost?
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Do we lose precision?

Saturation field s = S(pn,̄j,k̄
ℓ ) using Newton’s method and adaptive regularization

ϵ1 = 0.1 (left) and modified Picard with no regularization (right)
F. Févotte, A. Rappaport, M. Vohralík, Computational Geosciences (2024)
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Realistic case
Ω = (0,1)2

T = 1
g = (−1, 0)T

Q =

(
cos θ − sin θ
sin θ cos θ

)
Kϕ = 0.1
effective saturation S (s) = s−SR

SV−SR
Brooks–Corey model

κ(s) = S (s)
2+3λ1
λ1 ,

S(p) =

{
(−p/pM)−λ1 p ≤ pM,

1 p > pM
pM = −0.2, λ1 = 2
f = 0
quasi uniform mesh with h = 2.02 · 10−2, τ0 = 2.02 · 10−2

pL(x) =
(pout−pin

0.5

)
x , pout = −2.0, pin = −0.2, pD = p0|ΓD
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Realistic case setting
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Adaptive regularization and linearization
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Perched water table case
Ω = (−2.5 m, 2.5 m)× (−3 m, 0 m)

T = 86400 s (one day)
K = I
g = (−1, 0)T

effective saturation S (s) = s−SR
SV−SR

van Genuchten model
κ(s) = κc

√
S (s)(1 − (1 − S (s)1/λ2)λ2)2,

S(p) =


[
(1 + (−αp)

1
1−λ2

]−λ2

p ≤ pM,

1 p > pM

f = 0
quasi uniform mesh with h = 8.2 · 10−2

τ0 = 60 s, (increase τn := 1.2τn−1 for n ≥ 1)
initial condition s0 = S(p0) with p0 = −300 m
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Perched water table case setting

Material κc ϕ SR SV λ2 α

Sand 6.262 × 10−5 0.368 0.07818 1 0.553 2.8
Clay 1.516 × 10−6 0.4686 0.2262 1 0.2835 1.04
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Perched water table case saturation evolution

Saturation at t = 0 s, 21 · 103 s, 41 · 103 s, 86.1 · 103 s

F. Févotte, A. Rappaport, M. Vohralík, Computational Geosciences (2024)
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Performance: only adaptive regularization and linearization works
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Two-phase flow
Incompressible two-phase flow in porous media
Find saturations sα and pressures pα, α ∈ {g,w}, such that

∂t(ϕsα)−∇·
(

kr,α(sw)

µα
K (∇pα + ραg∇z)

)
= qα, α ∈ {g,w},

sg + sw = 1,
pg − pw = pc(sw)

unsteady, nonlinear, and degenerate problem
coupled system of PDEs & algebraic constraints
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Multi-phase multi-compositional flow

Theorem (Multi-phase multi-compositional Darcy flow with phase (dis)appearance)
There holds

error on time interval In ≤
{∑

c∈C

(
ηn,j,k ,i

sp,c + ηn,j,k ,i
tm,c + ηn,j,k ,i

reg,c + ηn,j,k ,i
lin,c + ηn,j,k ,i

alg,c
)2

}1/2

.

Error components
ηn,j,k ,i

sp,c : spatial discretization

ηn,j,k ,i
tm,c : temporal discretization

ηn,j,k ,i
reg,c : regularization

ηn,j,k ,i
lin,c : linearization

ηn,j,k ,i
alg,c : algebraic solver

Error control
at any moment during the simulation
price: sparse matrix-vector multiplication

Full adaptivity
same physical units of all component
estimators
balance all component estimators
online steering
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Geological sequestration of CO2, CO2 saturation

M. Vohralík, M. Wheeler, Computational Geosciences (2013)
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Geological sequestration of CO2, overall a posteriori estimate

M. Vohralík, M. Wheeler, Computational Geosciences (2013)
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Geological sequestration of CO2, adaptive iterative approximation

M. Vohralík, M. Wheeler, Computational Geosciences (2013)
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Adaptivity: 3 phases, 3 components (black-oil) problem

Gas saturation A posteriori error estimate
M. Vohralík, S. Yousef, Computer Methods in Applied Mechanics and Engineering (2018)
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Three-phases, three-components (black-oil) problem: algebraic
solver & spatial mesh adaptivity
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Phase (dis)appearance: Couplex-gas benchmark

Adaptive linear and nonlinear solvers

I. Ben Gharbia, J. Dabaghi, V. Martin, M. Vohralík, Computational Geosciences (2020)
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Conclusions

a posteriori

overall

error control

adaptive

iterative

approximation: space & time mesh,

iterative
regularization, linear & nonlinear solver

not a novel scheme, rather an efficient use of existing building blocks
recovering mass balance in any situation

References
ERN A., SMEARS I., VOHRALÍK M., Guaranteed, locally space-time efficient, and polynomial-degree robust a posteriori error estimates for
high-order discretizations of parabolic problems, SIAM J. Numer. Anal. 55 (2017), 2811–2834.

MITRA K., VOHRALÍK M. A posteriori error estimates for the Richards equation, Math. Comp. 93 (2024), 1053–1096.

BEN GHARBIA I., FERZLY J., VOHRALÍK M., YOUSEF S., Semismooth and smoothing Newton methods for nonlinear systems with
complementarity constraints: Adaptivity and inexact resolution, J. Comput. Appl. Math. 420 (2023), 114765.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization, discretization, and linearization for nonsmooth problems based on
primal-dual gap estimators, Comput. Methods Appl. Mech. Engrg. 418 (2024), 116558.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization for the Richards equation, Comput. Geosci. 28 (2024), 1371–1388.

Thank you for your attention!

M. Vohralík Adaptive iterative approximation in nonlinear PDEs II 43 / 43



Introduction Heat Richards Multiphase flows Conclusions

Conclusions

a posteriori

overall

error control
adaptive

iterative

approximation: space & time mesh,

iterative
regularization, linear & nonlinear solver
not a novel scheme, rather an efficient use of existing building blocks
recovering mass balance in any situation

References
ERN A., SMEARS I., VOHRALÍK M., Guaranteed, locally space-time efficient, and polynomial-degree robust a posteriori error estimates for
high-order discretizations of parabolic problems, SIAM J. Numer. Anal. 55 (2017), 2811–2834.

MITRA K., VOHRALÍK M. A posteriori error estimates for the Richards equation, Math. Comp. 93 (2024), 1053–1096.

BEN GHARBIA I., FERZLY J., VOHRALÍK M., YOUSEF S., Semismooth and smoothing Newton methods for nonlinear systems with
complementarity constraints: Adaptivity and inexact resolution, J. Comput. Appl. Math. 420 (2023), 114765.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization, discretization, and linearization for nonsmooth problems based on
primal-dual gap estimators, Comput. Methods Appl. Mech. Engrg. 418 (2024), 116558.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization for the Richards equation, Comput. Geosci. 28 (2024), 1371–1388.

Thank you for your attention!

M. Vohralík Adaptive iterative approximation in nonlinear PDEs II 43 / 43



Introduction Heat Richards Multiphase flows Conclusions

Conclusions

a posteriori overall error control
adaptive

iterative

approximation: space & time mesh,

iterative
regularization, linear & nonlinear solver
not a novel scheme, rather an efficient use of existing building blocks
recovering mass balance in any situation

References
ERN A., SMEARS I., VOHRALÍK M., Guaranteed, locally space-time efficient, and polynomial-degree robust a posteriori error estimates for
high-order discretizations of parabolic problems, SIAM J. Numer. Anal. 55 (2017), 2811–2834.

MITRA K., VOHRALÍK M. A posteriori error estimates for the Richards equation, Math. Comp. 93 (2024), 1053–1096.

BEN GHARBIA I., FERZLY J., VOHRALÍK M., YOUSEF S., Semismooth and smoothing Newton methods for nonlinear systems with
complementarity constraints: Adaptivity and inexact resolution, J. Comput. Appl. Math. 420 (2023), 114765.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization, discretization, and linearization for nonsmooth problems based on
primal-dual gap estimators, Comput. Methods Appl. Mech. Engrg. 418 (2024), 116558.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization for the Richards equation, Comput. Geosci. 28 (2024), 1371–1388.

Thank you for your attention!

M. Vohralík Adaptive iterative approximation in nonlinear PDEs II 43 / 43



Introduction Heat Richards Multiphase flows Conclusions

Conclusions

a posteriori overall error control
adaptive iterative approximation: space & time mesh, iterative
regularization, linear & nonlinear solver

not a novel scheme, rather an efficient use of existing building blocks
recovering mass balance in any situation

References
ERN A., SMEARS I., VOHRALÍK M., Guaranteed, locally space-time efficient, and polynomial-degree robust a posteriori error estimates for
high-order discretizations of parabolic problems, SIAM J. Numer. Anal. 55 (2017), 2811–2834.

MITRA K., VOHRALÍK M. A posteriori error estimates for the Richards equation, Math. Comp. 93 (2024), 1053–1096.

BEN GHARBIA I., FERZLY J., VOHRALÍK M., YOUSEF S., Semismooth and smoothing Newton methods for nonlinear systems with
complementarity constraints: Adaptivity and inexact resolution, J. Comput. Appl. Math. 420 (2023), 114765.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization, discretization, and linearization for nonsmooth problems based on
primal-dual gap estimators, Comput. Methods Appl. Mech. Engrg. 418 (2024), 116558.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization for the Richards equation, Comput. Geosci. 28 (2024), 1371–1388.

Thank you for your attention!

M. Vohralík Adaptive iterative approximation in nonlinear PDEs II 43 / 43



Introduction Heat Richards Multiphase flows Conclusions

Conclusions

a posteriori overall error control
adaptive iterative approximation: space & time mesh, iterative
regularization, linear & nonlinear solver
not a novel scheme, rather an efficient use of existing building blocks

recovering mass balance in any situation
References

ERN A., SMEARS I., VOHRALÍK M., Guaranteed, locally space-time efficient, and polynomial-degree robust a posteriori error estimates for
high-order discretizations of parabolic problems, SIAM J. Numer. Anal. 55 (2017), 2811–2834.

MITRA K., VOHRALÍK M. A posteriori error estimates for the Richards equation, Math. Comp. 93 (2024), 1053–1096.

BEN GHARBIA I., FERZLY J., VOHRALÍK M., YOUSEF S., Semismooth and smoothing Newton methods for nonlinear systems with
complementarity constraints: Adaptivity and inexact resolution, J. Comput. Appl. Math. 420 (2023), 114765.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization, discretization, and linearization for nonsmooth problems based on
primal-dual gap estimators, Comput. Methods Appl. Mech. Engrg. 418 (2024), 116558.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization for the Richards equation, Comput. Geosci. 28 (2024), 1371–1388.

Thank you for your attention!

M. Vohralík Adaptive iterative approximation in nonlinear PDEs II 43 / 43



Introduction Heat Richards Multiphase flows Conclusions

Conclusions

a posteriori overall error control
adaptive iterative approximation: space & time mesh, iterative
regularization, linear & nonlinear solver
not a novel scheme, rather an efficient use of existing building blocks
recovering mass balance in any situation

References
ERN A., SMEARS I., VOHRALÍK M., Guaranteed, locally space-time efficient, and polynomial-degree robust a posteriori error estimates for
high-order discretizations of parabolic problems, SIAM J. Numer. Anal. 55 (2017), 2811–2834.

MITRA K., VOHRALÍK M. A posteriori error estimates for the Richards equation, Math. Comp. 93 (2024), 1053–1096.

BEN GHARBIA I., FERZLY J., VOHRALÍK M., YOUSEF S., Semismooth and smoothing Newton methods for nonlinear systems with
complementarity constraints: Adaptivity and inexact resolution, J. Comput. Appl. Math. 420 (2023), 114765.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization, discretization, and linearization for nonsmooth problems based on
primal-dual gap estimators, Comput. Methods Appl. Mech. Engrg. 418 (2024), 116558.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization for the Richards equation, Comput. Geosci. 28 (2024), 1371–1388.

Thank you for your attention!

M. Vohralík Adaptive iterative approximation in nonlinear PDEs II 43 / 43



Introduction Heat Richards Multiphase flows Conclusions

Conclusions

a posteriori overall error control
adaptive iterative approximation: space & time mesh, iterative
regularization, linear & nonlinear solver
not a novel scheme, rather an efficient use of existing building blocks
recovering mass balance in any situation

References
ERN A., SMEARS I., VOHRALÍK M., Guaranteed, locally space-time efficient, and polynomial-degree robust a posteriori error estimates for
high-order discretizations of parabolic problems, SIAM J. Numer. Anal. 55 (2017), 2811–2834.

MITRA K., VOHRALÍK M. A posteriori error estimates for the Richards equation, Math. Comp. 93 (2024), 1053–1096.

BEN GHARBIA I., FERZLY J., VOHRALÍK M., YOUSEF S., Semismooth and smoothing Newton methods for nonlinear systems with
complementarity constraints: Adaptivity and inexact resolution, J. Comput. Appl. Math. 420 (2023), 114765.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization, discretization, and linearization for nonsmooth problems based on
primal-dual gap estimators, Comput. Methods Appl. Mech. Engrg. 418 (2024), 116558.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization for the Richards equation, Comput. Geosci. 28 (2024), 1371–1388.

Thank you for your attention!

M. Vohralík Adaptive iterative approximation in nonlinear PDEs II 43 / 43



Introduction Heat Richards Multiphase flows Conclusions

Conclusions

a posteriori overall error control
adaptive iterative approximation: space & time mesh, iterative
regularization, linear & nonlinear solver
not a novel scheme, rather an efficient use of existing building blocks
recovering mass balance in any situation

References
ERN A., SMEARS I., VOHRALÍK M., Guaranteed, locally space-time efficient, and polynomial-degree robust a posteriori error estimates for
high-order discretizations of parabolic problems, SIAM J. Numer. Anal. 55 (2017), 2811–2834.

MITRA K., VOHRALÍK M. A posteriori error estimates for the Richards equation, Math. Comp. 93 (2024), 1053–1096.

BEN GHARBIA I., FERZLY J., VOHRALÍK M., YOUSEF S., Semismooth and smoothing Newton methods for nonlinear systems with
complementarity constraints: Adaptivity and inexact resolution, J. Comput. Appl. Math. 420 (2023), 114765.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization, discretization, and linearization for nonsmooth problems based on
primal-dual gap estimators, Comput. Methods Appl. Mech. Engrg. 418 (2024), 116558.

FÉVOTTE F., RAPPAPORT A., VOHRALÍK M. Adaptive regularization for the Richards equation, Comput. Geosci. 28 (2024), 1371–1388.

Thank you for your attention!
M. Vohralík Adaptive iterative approximation in nonlinear PDEs II 43 / 43


	Introduction
	Nonsmooth and degenerate nonlinearities
	Variational inequalities (complementarity problems)
	Setting & achievements

	Heat equation: robustness wrt final time and space–time error localization
	A posteriori error estimates
	Flux reconstruction

	The Richards equation: adaptive regularization and linearization
	Discretization, regularization, linearization
	Flux reconstruction
	A posteriori estimates and adaptive iterative approximation

	Multiphase multicompositional flows (phase appearance and disappearance)
	Adaptive iterative approximation

	Conclusions



