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Algorithm
Algorithm 1 Adaptive iterative approximation
ki
while \’\]\(Ulﬁ'j\i > Yot dO > while user-specified relative precision is not reached
4

assemble the finite element space V?

assemble the nonlinear problem

while nlin,K<Ug7l> > “/linndisc,K(Ug’l) VK € T, do 1> while linearization dominates discretization
assemble the linearized problem
while VK € T, do > while algebra dominates linearization

one step of iterative algebraic solver,

end while (iterative algebraic solver)
k++

end while (iterative linearization)

refine K € T; with big 7aise k (Uy”), € + +

end while (adaptive mesh refinement)
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Error control

at any moment during the simulation

price: local finite element quadrature/sparse
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same physical units of all component estimators
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Total, linearization, & alg. errors: (A,(U,") # F,, AK-TUy "~ Bk 1y
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—Au=f in Q,
u=0 on 90Q

Guaranteed error upper bound (reliability) (u, € P,(7;) N H}(Q), p > 1, FEs)
IVu—u)l = nlu)
unknown error computable estimator
Local error lower bound (efficiency, f € P,_1(7¢))
nk(Ue) < Cere|V(U = tp)lle VK €T

@ C. a generic constant only dependent on d and shape regularity of 7, and
thus independent of ©, u, us, ¢, p

@ computable bound on C available, Cer ~ 5 in 2D

@ Prager and Synge (1947), Ladeveze (1975), Babuska & Rheinboldt (1987),
Verfirth (1989), Ainsworth & Oden (1993), Destuynder & Métivet (1999),
Vejchodsky (2006), Braess, Pillwein, & Schéberl (2009), Ern & Vohralik (2015)
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Error characterization

Theorem (Error characterization)
Let u € H}(Q2) be the weak solution and let u, = H'(7,) be arbitrary. Then

u—w)|? = min Vu—i—v2 + min [|V(u, — v)|?
IV ( o)l veg(;lh;ﬂ)” 0+ V|| veHg(Q)H (ue = V)|l
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@ Itis enough to choose suitable (discrete, piecewise polynomial) oy € H(div, Q)
with V.o, = f and s, € H}(Q) to get a guaranteed upper bound.
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constrained distance to H(div,Q) distance to Hj(2)=nonconformity residual

:maXVGHa (Q){(f,V)—(ng,VV)}Z

[Vv]=1
dual norm of the PDE residual

Comments
@ Itis enough to choose suitable (discrete, piecewise polynomial) oy € H(div, Q)
with V.o, = f and s, € H}(Q) to get a guaranteed upper bound.

@ Local construction of o, and s;? . A
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_ Estimates Potential rec. Flux rec. Error control h-adaptivity p-adaptivity
Potential reconstruction

Potential u, Potential reconstruction s,

Up € Pp(Ti) = 80 € Ppra(Te) N HY(Q)
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Potential reconstruction: datum v, € Pp(7;), p > 1

Definition (Nonconformity residual IIftIng Sy Ern & V. (2015), = Carstensen and Merdon (2013))
For each vertex a € Vy, solve the local minimization problem

3? = arg min |’V(L’aUZ - Vf)H’w‘a
VgGVZa
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Potential reconstruction: datum v, € Pp(7;), p > 1

Definition (Nonconformity residual lifting Sy ema v. (2015), ~ carstensen and Merdon (2013))

For each vertex a € Vy, solve the local minimization problem

S; = arg min IV (Vate — Vo),
Vee VE:=Pp1(T?)NH] (wa)

. o a
and combine S¢ = Z Sy
ac)y

Equivalent form: conforming FEs
Find s§ € V7 such that n

(VS?, VV[)wa = (V(@DaUZ), VVg)wa Yvp € Vf. Yala) =1, ala) =0

— interior patch w,
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Definition (Nonconformity residual lifting Sy ema v. (2015), ~ carstensen and Merdon (2013))
For each vertex a € Vy, solve the local minimization problem

S; = arg min IV (Vate — Vo),
Vee VE:=Pp1(T?)NH] (wa)

. o a
and combine S¢ = Z Sy
ac)y

Equivalent form: conforming FEs
Find s? € V7 such that Y

(VS], VVo)wy = (V(Vallr), VVi)w, Vv e VE.

tcrior patch wa
0 condition
a(a) =1, Ua(as) =0

Key points
@ localization to patches 77
@ cut-off by hat basis functions v,
@ projection of the discontinuous ¥ 3u, to a conforming space
@ homogeneous Dirichlet BC on dwa: 8¢ € Ppy1(T2) VHN(Q)  fopasa . L2

PONTS

9
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~Vug € RT, 1(T0), f € L3(Q) = a4 € RTp(Te) N H(div, Q), V-0p = Mpf

(fv,(pa)wa 7(vufvaa)wa =0 VaeV}m
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Equilibrated flux reconstruction: —Vu, € RTp-1(To), p > 1, f € L2(Q)

Assumption (Orthogonality wrt hat functions)

There hOlds (f7 wa)uJa - (vufu vwa)Wa = o va € Vém‘
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Equilibrated flux reconstruction: —Vu, € RTp-1(To), p > 1, f € L2(Q)

Estimates Potential rec. Fluxrec. Error control h-adaptivity p-adaptivity

Assumption (Orthogonality wrt hat functions)

There holds

(f7 wa)wa - (VUZ, V1/}a)wa = O

vac vin.

Definition (Dual PDE residual lifting oy, pestuynder and Metivet (1999) & Braess and Schoberl (2008))
For each a € V,, solve the local constrained minimization pb

a.__ 5 ’
o) = arg min laVue + Vi,
vee
V-vy=
as
az
interior patch w,
a no-flow condition
Ya(a) =1, ¢a(a,) =0
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Equilibrated flux reconstruction: —Vu, € RT,-1(T:), p > 1, f € L3(Q)

Assumption (Orthogonality wrt hat functions)

There holds (f, Ya)ws — (YU, Va)uy =0 Vae VM.

Definition (Dual PDE residual lifting oy, pestuynder and Metivet (1999) & Braess and Schoberl (2008))

For each a € V,, solve the local constrained minimization pb

a -
o; ‘= ar min VaVue + Vgl
¢ Vi ERTH(T3)NH, (div,wa) I e

V-v=MNp(fpa—V u;-Vi)a)

H 0 a
and combine or:=>» of.
acVy

Key points ¥
@ homogeneous Neumann BC on dwa: o¢ € RTp(T;) N H(div, Q)
o equilibrium V.o, = > V-of = Y Mp(foa — Vug-Vipa) = Mpf

ac)Vy acl,

M. Vohralik Adaptive iterative approximation in nonlinear PDEs | 22/ 44



_ Estimates Potential rec. Flux rec. Error control h-adaptivity p-adaptivity
Equilibrated flux reconstruction: —Vu, € RTp-1(To), p > 1, f € L2(Q)
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Flux —=Vu, ¢ H(div,Q), V-(=Vug) # f
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Equilibrated flux reconstruction: —Vu, € RTp-1(To), p > 1, f € L2(Q)
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Equilibrated flux reconstruction:

Estimates Potential rec. Fluxrec. Error control h-adaptivity p-adaptivity
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Equilibrated flux reconstruction:

Estimates Potential rec. Fluxrec. Error control h-adaptivity p-adaptivity
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Equilibrated flux reconstruction: —Vu, € RTp-1(To), p > 1, f € L2(Q)
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Introduction: adaptive iterative approximation
@ A posteriori error estimates and adaptivity
@ Achievements and example results

@ Real life comparison

e Linear diffusion: discretization error, mesh and polynomial degree adaptivity
@ A posteriori error estimates
Potential reconstruction
Flux reconstruction
A posteriori error control
Balancing error components: mesh adaptivity
@ Balancing error components: polynomial-degree adaptivity
O Nonlinear diffusion: overall error and solvers adaptivity
@ A posteriori error estimates (overall and components)
@ Balancing error components: solvers adaptivity
o Conclusions
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_ Estimates Potential rec. Flux rec. Error control h-adaptivity p-adaptivity
How large is the discretization error? (model pb, known smooth

solution)

¢ p|  n(u)  rel. error estimate 7| [|V(u— w)| rel. error INEZBIL] o —
01 1.25 28% 1.07 24% 117
1 [6.07x107" 14% 5.56 x 10~ 13% 1.09
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How large is the discretization error? (model pb, known smooth
solution)

- ) TV {@=u )T f_ ]
¢ p| n(u) rel. error estimate {0 | [|[V(u — u)|| rel. error INEZEILT o — lin
0 1 1.25 28% 1.07 24% 117
1 6.07 x 107! 14% 5.56 x 10" 13% 1.09
2 [310x 107" 7.0% 2.92 x 107" 6.6% 1.06
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Error control  h-adaptivity p-adaptivity

How large is the discretization error? (model pb, known smooth

solution)
¢ p| n(u) rel. error estimate {0 | [|[V(u — u)|| rel. error INEZEILT o — lin
0 1 1.25 28% 1.07 24% 1.17
1 6.07 x 107! 14% 5.56 x 10" 13% 1.09
2 [310x 107" 7.0% 2.92 x 107" 6.6% 1.06
3 |1.45x107" 3.3% 1.39 x 10~ 3.1% 1.04
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Estimates Potential rec.

Flux rec.

Error control  h-adaptivity p-adaptivity

How large is the discretization error? (model pb, known smooth

solution)
¢ p| n(u) rel. error estimate {0 | [|[V(u — u)|| rel. error INEZEILT o — lin
0 1 1.25 28% 1.07 24% 117
1 ]16.07x 107" 14% 556 x 107" 13% 1.09
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How large is the discretization error? (model pb, known smooth

solution)
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How large is the discretization error? (model pb, known smooth
solution)
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@ A posteriori error estimates and adaptivity
@ Achievements and example results
@ Real life comparison
e Linear diffusion: discretization error, mesh and polynomial degree adaptivity
@ A posteriori error estimates
@ Potential reconstruction
@ Flux reconstruction
@ A posteriori error control
@ Balancing error components: mesh adaptivity
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Where (in space) is the error localized? (known smooth solution)

%107 %107

Estimated error distribution 1 () Exact error distribution V(1 — 1)/«
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Can we decrease the error efficiently? (adaptive

Estimated error

M. Vohralik
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Estimates Potential rec. Flux rec. Error control h-adaptivity p-adaptivity

Actual error Effectivity index

M. Vohralik, SIAM Journal on Numerical Analysis (2087)

Adaptive iterative approximation in nonlinear PDEs |

26/ 44

mesh refinement)

InsTiTUT
POLYTECHNIGUE



Introduction Linear diffusion Nonlinear diffusion Conclusions Estimates Potential rec. Flux rec. Error control h-adaptivity p-adaptivity

Singular solutions
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Estimates Potential rec. Flux rec. Error control h-adaptivity p-adaptivity

Estimated and actual error against the number of elements in
uniformly/adaptively refined meshes (singular solutions)

Energy error

1

—e— error uniform
—a— estimate uniform
-4 - error adapt.

-A - estimate adapt.
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H-5* singularity
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Adaptive mesh refinement




Adaptive mesh refinement

> k() = n(w)?

KeT,




_ Estimates Potential rec. Flux rec. Error control h-adaptivity p-adaptivity
Adaptive mesh refinement

Adaptive mesh refinement
@ Dorfler marking: subset M, containing ¢-fraction of the estimates

> mk(ue)? =07 ) ak(ue)? = 0Pn(ug)?

KeM, KeTy
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Adaptive mesh refinement

Adaptive mesh refinement
@ Dorfler marking: subset /M, containing ¢-fraction of the estimates

D mk(ue)? =07 ak(ug)? = 0Pn(ug)?

KeM, KeTy

Convergence on a sequence of adaptively refined meshes
° IV(u—up)|| =0
@ some mesh elements may not be refined at all: A0
@ Babuska & Miller (1987), Dorfler (1996)

9
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Adaptive mesh refinement

Adaptive mesh refinement
@ Dorfler marking: subset M, containing ¢-fraction of the estimates

D nk(ue)? = 02> ni(ug)? = 0Pn(ug)?

KeM, KeTy

Optimal error decay rate wrt degrees of freedom
° [V(u— )| < |DoF,| P9 (replaces hP)
@ same for smooth & singular solutions: righererderontypay-ofi-forsm—sek
@ decays to zero as fast as on a best-possible sequence of meshes

@ Morin, Nochetto, Siebert (2000), Stevenson (2005, 2007), Cascdn, Kreuzer,
Nochetto, Siebert (2008), Canuto, Nochetto, Stevenson, Verani (2017)

&zxzm/- yyyyy
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@ Balancing error components: polynomial-degree adaptivity
O Nonlinear diffusion: overall error and solvers adaptivity
@ A posteriori error estimates (overall and components)
@ Balancing error components: solvers adaptivity
O Conclusions



Introduction Linear diffusion Nonlinear diffusion Conclusions Estimates Potential rec. Flux rec. Error control h-adaptivity p-adaptivity

Best-possible error decrease: /p adaptivity, (smooth solution)
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Best-possible error decrease: /p adaptivity, (smooth solution)
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Mesh 7, and polynomial degrees px
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Best-possible error decrease: /p adaptivity, (singular solution)
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@ A posteriori error estimates and adaptivity
Achievements and example results
Real life comparison

® O

A posteriori error estimates

Potential reconstruction

Flux reconstruction

A posteriori error control

Balancing error components: mesh adaptivity

Balancing error components: polynomial-degree adaptivity
Nonlinear diffusion: overall error and solvers adaptivity

@ A posteriori error estimates (overall and components)

@ Balancing error components: solvers adaptivity

®© 6 6 6 60

-

h'u'a,— Fonts
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Find v € H}(Q) such that
(a(|Vu)Vu,Vv) = (f,v)  VYveH}(Q).

~ /

(A(u),v): nonlinear operator
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A model nonlinear problem

Find u € HJ () such that
(a(|Vu))Vu,Vv) = (f,v) Vv e H(Q).

(A(u),v): nonlinear operator

Assumption (Gradient-dependent diffusivity)

Function a : [0, 00) — (0, 00), for all x,y € RY,

la(|x])x — a(|y|)y| < a|x —y| (Lipschitz continuity),
(a(|x))x — a(ly])y) - (x —y) > an|Xx — y|?  (strong monotonicity).
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A model nonlinear problem

Find u € HJ () such that
(a(|Vu))Vu,Vv) = (f,v) Vv e H(Q).

(A(u),v): nonlinear operator

Assumption (Gradient-dependent diffusivity)

Function a : [0, 00) — (0, 00), for all x,y € RY,

la(|x])x — a(|y|)y| < a|x —y| (Lipschitz continuity),
(a(|x))x — a(ly])y) - (x —y) > an|Xx — y|?  (strong monotonicity).

@ an<alr)<a.,am<(alnr) <a.
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)

dc — @m

alr) .= am + .
") V1i+r2
a(r) with a, =1
100 -
50 1
a. =100
0 . .
0 5 10"
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)

a(r) := am + & Ew
VS e
a(r) with a, = 1 (a(r)r) with a, =1
100 - 100
50 + 50 +
a. =100
0 = = 0 ] ,
0 5 10 " 0 5 107
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)

a(r) = an + 8. — @m 4. Lipschitz continuity
T A F 2 a,  strong monotonicity
a(r) with a, = 1 (a(r)r) with a, =1
100 - 100 1
50 50 +
a. =100
0 . . 0 : }
0 5 10 7 0 5 10
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Finite element discretization

Definition (Finite element discretization)

Find u, € V, such that

(a(|Vue)Vue, Vve) = (f,v) Vv, € V.

(A(uy),ve): nonlinear operator

9
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Finite element discretization

Definition (Finite element discretization)

Find u, € V, such that

(a(|Vue)Vue, Vve) = (f,v) Vv, € V.

(A(ug),ve): nonlinear operator

@ 7, simplicial mesh of Q

@ p > 1 polynomial degree
o Vi :=Pp(Te) N H(Q)

@ conforming finite elements
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Finite element discretization

Definition (Finite element discretization)

Find u, € V, such that

(a(|Vue)Vue, Vve) = (f,v) Vv, € V.

(A(ug),ve): nonlinear operator

@ 7, simplicial mesh of Q

@ p > 1 polynomial degree

o Vi :=Pp(Te) N H(Q)

@ conforming finite elements

@ system of nonlinear algebraic equations
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lterative linearization

Definition (Linearized finite element approximation)

Find u) € V, such that
(A'Vuf - b V) = (f,v)  Yv e V.

-

(AK=1(uf),v,): linearized operator
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lterative linearization

Definition (Linearized finite element approximation)

Find u) € V, such that
(A'Vuf - b V) = (f,v)  Yv e V.

-

(AK=1(uf),v,): linearized operator

@ iterative linearization index k > 1
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lterative linearization

Definition (Linearized finite element approximation)

Find uy € V, such that
(A7 'Vuf — b V) =(fv) Vv e V.

(AK=1(uf),v,): linearized operator

@ iterative linearization index k > 1
e u? € V, agiven initial guess
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lterative linearization

Definition (Linearized finite element approximation)

Find uy € V, such that
(A7 'Vuf — b V) =(fv) Vv e V.

(AK=1(uf),v,): linearized operator

@ iterative linearization index k > 1
e u? € V, agiven initial guess
o A1 pX~1: matrix- and vector-valued functions constructed from uf~"
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lterative linearization

Definition (Linearized finite element approximation)

Find uy € V, such that
(A7 'Vuf — b V) =(fv) Vv e V.

(AK=1(uf),v,): linearized operator

@ iterative linearization index k > 1

e u? € V, agiven initial guess

o A1 pX~1: matrix- and vector-valued functions constructed from uf~"
@ system of linear algebraic equations
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lterative linearization

Definition (Linearized finite element approximation)

Find uy € V, such that
(A7 'Vuf — b V) =(fv) Vv e V.

(AK=1(uf),v,): linearized operator

iterative linearization index k > 1
u? € V, a given initial guess
Al b~ matrix- and vector-valued functions constructed from u¥~"
system of linear algebraic equations
examples
o A7 = a(|Vuk—"))I4, bf~" = 0 (Picard)

M. Vohralik Adaptive iterative approximation in nonlinear PDEs | 34/ 44



Introduction  Linear diffusion Nonlinear diffusion Conclusions Estimates Solvers adaptivity

lterative linearization

Definition (Linearized finite element approximation)

Find uy € V, such that
(A7 'Vuf — b V) =(fv) Vv e V.

(AK=1(uf),v,): linearized operator

iterative linearization index k > 1

u? € V, a given initial guess

Al b~ matrix- and vector-valued functions constructed from u¥~"
system of linear algebraic equations

examples

o A7 = a(|Vuk—"))I4, bf~" = 0 (Picard)
a/
a

/
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lterative linearization

Definition (Linearized finite element approximation)

Find uy € V, such that
(A7 'Vuf — b V) =(fv) Vv e V.

(AK=1(uf),v,): linearized operator

@ iterative linearization index k > 1
e u? € V, agiven initial guess
o A1 pX~1: matrix- and vector-valued functions constructed from uf~"
@ system of linear algebraic equations
@ examples
o A7 = a(|Vuk—"))I4, bf~" = 0 (Picard)
° a 7
° A
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lterative algebraic solver

Definition (lterative algebraic solver)

Find ué" € V, such that

(A§*1Vué(: _bgidlavvf) = (fa Vf)_ (ré(’i, Vg) \V/Vg c VK~
. HH
(R (U™, ve): residual
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lterative algebraic solver

Definition (lterative algebraic solver)

Find u)" € V, such that

(AU — b Yy = (f,v) - (& vp) Vv, € V.
(R (U, ve): residual

@ iterative algebraic solver index / > 1

M. Vohralik Adaptive iterative approximation in nonlinear PDEs | 35/ 44



Introduction  Linear diffusion Nonlinear diffusion Conclusions Estimates Solvers adaptivity

lterative algebraic solver

Definition (lterative algebraic solver)

Find u)" € V, such that

(AU — b Yy = (f,v) - (rf' vy Vv, € V.
(R (U, ve): residual

@ iterative algebraic solver index / > 1

° ué"o 1= ué(_” € V initial guess from the previous linearization step

Do

M. Vohralik Adaptive iterative approximation in nonlinear PDEs | 35/ 44



Introduction  Linear diffusion Nonlinear diffusion Conclusions Estimates Solvers adaptivity

lterative algebraic solver

Definition (lterative algebraic solver)

Find u)" € V, such that

(AU — b Yy = (f,v) - (rf' vy Vv, € V.
(R (U, ve): residual

@ iterative algebraic solver index / > 1

° ué"o = ué(_” € V, initial guess from the previous linearization step

@ algebraic residual: discrete, known

Do
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Introduction: adaptive iterative approximation
@ A posteriori error estimates and adaptivity
@ Achievements and example results
@ Real life comparison
O Linear diffusion: discretization error, mesh and polynomial degree adaptivity
A posteriori error estimates
Potential reconstruction
Flux reconstruction
A posteriori error control
Balancing error components: mesh adaptivity

@ Balancing error components: polynomial-degree adaptivity
e Nonlinear diffusion: overall error and solvers adaptivity

@ A posteriori error estimates (overall and components)

@ Balancing error components: solvers adaptivity
o Conclusions
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Error measure, error components

Definition (Intrinsic measure of error)

llu—ulll:= max { (f,v) = (a(lVy DV, vv) }
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Error measure, error components

Definition (Intrinsic measure of error)

k7 . k7 k7

o= = max { (Fv)—(a0VE VY, VY) )
veH () ~ ~
IVVI=1 (R(u)"),v): total residual
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Error measure, error components

Definition (Intrinsic measure of error)

K, K,
llu =yl = max { (f,v)=(a(|Ve )Vy,Vv) }
veH () ~ ~-
IVVII=1 (R(u)"),v): total residual=(f,v)—(A(u}"),v)
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Error measure, error components

Definition (Intrinsic measure of error)

K, K,
llu =yl = max { (f,v)=(a(|Ve )Vy,Vv) }
veH () ~-

[VVI=1 (R(uf"),v): total residual=(f,v)—(A(u"),v)

(f,v) = (A(uy" ), V) = (£,v) = (A (), v) = (R (), v)

-

(R(uf’ ),v): total residual (Rd*“(uéf’ ),v): discretization residual

+ (AT (W), v) — (A ), v)

(R“"(uif* ),v): linearization residual
K,i
+ R (U7),v)
—_——
residual
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Reminder from the linear case

Theorem (Error characterization)
Let u € H}(Q2) be the weak solution and let u, = H] (<)) be arbitrary. Then

V(u—w)|® = min  ||Vu, + v|?
I1V( Al ng((Iii\gQ)H e+ V||
V.-v=f
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Reminder from the linear case

Theorem (Error characterization)

Let u € H}(Q2) be the weak solution and let u, = H] (<)) be arbitrary. Then
IV (u—u)l? = min Q)HVUe +v|?

veH(div,
V-v=f

—~
constrained distance to H(div,2)
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Reminder from the linear case

Theorem (Error characterization)

Let u € H}(Q2) be the weak solution and let u, = H] (<)) be arbitrary. Then
IV (u—u)l? = min Q)HVUe +v|?

veH(div,
V-v=f

constrained distance to H(div,2)
:maXVEH(} (Q) {(f,V)—(vUe,VV)}Z
[V v]=1
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Reminder from the linear case

Theorem (Error characterization)

Let u € H}(Q2) be the weak solution and let u, = H] (<)) be arbitrary. Then
IV (u—u)l? = min Q)HVUe +v|?

veH(div,
V.v=f

constrained distance to H(div,2)
— 2
7maxv€H(1) Q) {(f,v)—(Vue,Vv)}

(IVv]=1
dual norm of the PDE residual
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Reminder from the linear case

Theorem (Error characterization)

Let u € H}(Q2) be the weak solution and let u, = H] (<)) be arbitrary. Then
IV(u—w)|® = min )ng + v|?

veH(div,Q
V.v=f

constrained distance to H(div,2)
— 2
=max, ¢ pt ) (V) (Ve YV}

[Vv][=1
dual norm of the PDE residual

Comments

@ Itis enough to choose suitable (discrete, piecewise polynomial) oy € H(div, Q)
with V-0, = f to get the guaranteed upper bound |V(u — uy)|| < [[Vue + o]].
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Reminder from the linear case

Theorem (Error characterization)

Let u € H}(Q2) be the weak solution and let u, = H] (<)) be arbitrary. Then
IV(u—w)|® = min )ng + v|?

veH(div,Q
V.v=f

constrained distance to H(div,2)
— 2
=max, ¢ pt ) (V) (Ve YV}

[Vv][=1
dual norm of the PDE residual

Comments

@ Itis enough to choose suitable (discrete, piecewise polynomial) oy € H(div, Q)
with V-0, = f to get the guaranteed upper bound |V(u — uy)|| < [[Vue + o]].

@ Local construction of o!
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Equilibrated flux reconstruction: —Vu, € RTp-1(To), p > 1, f € L2(Q)

1

vol NIV s
P NN\ Y /S A
02t = TN\ Y # T F—
DD e e R e ST T
-O-ZA/:/O N R\\:\«
04 :: a7/ // TN \\ Nw ::
oo 1//11\\1 -
PPl N

1
-0.5 0.5

T 0 1
Flux —=Vu, ¢ H(div,Q), V-(=Vug) # f



_ Estimates Solvers adaptivity
Equilibrated flux reconstruction: —Vu, € RTp-1(To), p > 1, f € L2(Q)

1

osl__ AN /Y o
P NN\ Y /S A
02t = TN\ Y # T F—
DD e e R e ST T
-O-ZA/:/O N R\\:\«
04 :: a7/ // TN \\ Nw ::
oo 1//11\\1 -
PPl N

1
-0.5 0.5

T4 0 1
Flux —=Vu, ¢ H(div,Q), V-(=Vug) # f
~Vu € RT,-1(To), f € L3(R)

(F a)ua— (Vs Viba)rg =0 VaEV]
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Equilibrated flux reconstruction: —Vu, € RTp-1(To), p > 1, f € L2(Q)

1
0-8’ﬁ£f\ oA /ti‘_’ . -

06F _ _. \ N\ / S A 1 |
R N

02— ™~X\VY #Z .1 P/' : i

o= > << = ' J .

02t X L7 A AN~ A < . " —1aVuy
V412 NV 4/4\\ NP ™~ =

Ml R

A I (O [

0.5 1

Flux —Vu, & H(div. Q), V-(—Vug) # f
~Vu, € RT,1(To), f € L3(Q)

(fa)wa—(VUr,Vipa)wa=0 Vac
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Equilibrated flux reconstruction: —Vu, € RTp-1(To), p > 1, f € L2(Q)

1 ~

SR A

osf _ . '\‘ \ /o o . ;

04> ™ \\\ \‘\ \ / /'/ /” —

o2l = TN\ ¥ ¥ T K — B «

S R TN v

02f— A /’/ /7 N ‘i\ \‘\ <X T ’x : 1‘

-0-47::7 e /‘/ GO\ \\ B 1: - 4 .

o8 1 7 N Ay - S P

L e N -

'l-l -0.5 0 0.5 1 » & A a
Flux —Vu, ¢ H(div,Q), V-(=Vu) # f R N o2

~Vu, € RT,1(To), f € L3(Q)

(f.¥a)wa—(VUg,Vipa)wa=0 VYacyint
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Equilibrated flux reconstruction: —Vu, € RTp-1(To), p > 1, f € L2(Q)

1 ] -
RN A]
06f _ _. '\‘ \ i S - .
04> ™ \\\ \‘\ \ / /'/ /” —
o2l = TN\ ¥ ¥ T K — B «
0T I K <KL TN v
02f— A /’/ /7 N ‘i\ \‘\ <X T ’x : 1‘
044, _~ 7 ‘/ A \\ NN ~ . I 3
sl — A Y 5 %\ S WY —
— T / / T T \ \ T - S = = .
L e N -
'l-l -0.5 0 0.5 1 » & A a
Flux —Vu, ¢ H(div,Q), V-(=Vu) # f R N o2
—Vu, € RT, 1(Ty), f € L3(Q ar Vu + v
/ p—1(T¢) () %ERT(T )mHo(dww;fa 0+ Vollw,
(fvwa)wa_(vubvd)a)wa:o VaEV}m V.-v,= rlp(f’ll)a Vug- V’L/}a)
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Equilibrated flux reconstruction: —Vu, € RTp-1(To), p > 1, f € L2(Q)

1 1
SR AT LA SO AT 7
06~ — \\ \\ AT // // ~— ] 06 oo \} \lll {/ T
e = N \\ W /r i e \\\\ iu; ///(( P
2= X"TNN\ Y Z T F4— 02— N M AT A
e . - = g
02f— A :/ 7 A X \: N 02 M/:/// i \\\:\h
'0'4'/'/'/’/ / AN \\ \\‘\\‘\‘ A /)/(/ f“k \% D
-0.6 1 -0.6
A N P - _0.8/////711\'&\\\
Tl PN 28 4RI R
0 0.5 1

’ -1 -0.5 0 0.5 1 -1 -0.5
Flux —Vu, ¢ H(div,Q), V-(-=Vu,) # f  Equilibrated flux rec. o,

VU € RTp1(T), f € L3(Q) = o= > 0f € RTp(Te) N H(div,Q), Vo = Mpf
acyy

(fﬂﬁa)wa _(VUIZ 7V'¢a)wa =0 Vaevé"‘
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Equilibrated flux reconstruction: —Vu, € RTp-1(To), p > 1, f € L2(Q)

1 1

RN T AT LA SNOINCIE AT A
ol 2 N L AN/
e = N \\ W /r i O Ne— \\\\ iu; ///(( —
2= X" T\ Y #Z T 5~ 02— N M AT A
e . - = g
02f— A :/ 7 A X \: N 02 M/:/// i \\\:\h
'0'4'/'/'/’/ / AN \\ \\‘\\‘\‘ R et /)/(/ f“k \% D
-0.6 1 -0.6
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i -1 -0.5 0 0.5 1 i -1 -0.5 0 0.5 1
Flux —Vu, ¢ H(div.Q), V-(=Vu,) # f  Equilibrated flux rec. oy ¢ H(div.Q), V-oy = f

VU € RTp1(T), f € L3(Q) = o= > 0f € RTp(Te) N H(div,Q), Vo = Mpf
acyy

(fﬂﬁa)wa _(VUIZ 7V'¢a)wa =0 Vaevé"‘
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Flux reconstructions (residual liftings)

Definition (Discretization residual lifting o' )

For each a € Vy, solve the local constrained minimization pb

kia : k=1, k k—1
o, = arg min va(A;, " 'Vu,” — b + v
disc,¢ VZGRn(Ta)ﬁHo(diV,wa) H ( v y2 y4 ) Hwa
Vve=Np((f—r" Ya— (AT VU —bE=1).Vya)
and combine ol =Y ohla,
ac)y
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Flux reconstructions (residual liftings)

Definition (Discretization residual lifting o' )

For each a € Vy, solve the local constrained minimization pb

kia : k=1, K k—1
o, = arg min va(A;, " 'Vu,” — b + v
disc,¢ VeeRn(Ta)ﬂHo(div,wa) H ( v l y4 ) Hwa
Vve=Np((f—r" Ya— (AT VU —bE=1).Vya)
and combine ol =Y ohla,
ac)y

Definition (Linearization residual lifting ak”;@)

For each a € V,, solve the local constrained minimization pb

k,i,a . K,i K,i k—1 k k—1
o = ar min a(|\vu,”|)\vVu,” — (A,”'Vu,” — b +v
lin,¢ gv@eR’I;,(T"’)ﬂHo(div,wa)Hwa( (IVu, )V, (A /) 0 ) 0l wa
V-v,=0
H k7. . k?'?
and combine o linl,é o= Z @ nnl,f c
acVy,
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid solve)
Find /5!, € P1(T5) N H(Q) s.t.
(Vp;};,o»v%)wa = (Qk’l,i/)a)wa Vae),.

@ P, FE solve on coarse mesh 7
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid solve)

Find /’f(u;o € P1(To) N HY(Q) s.t.
(Vp:l’gl,O’ V"ﬁa)w;,, = (rZ(J’ wa)wa Va e Vo.

@ P; FE solve on coarse mesh 7

Definition (Algebraic residual lifting o' )

P f 5

VoEVE, Vv =Tlg, (var'=V¥a' Vol )

@ lifting the algebraic residual rtf""
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid solve)

Find /’f(u;o € P1(To) N HY(Q) s.t.
(Vp:l’gl,O’ V"ﬁa)w;,, = (rZ(J’ wa)wa Va e Vo.

@ P; FE solve on coarse mesh 7

Definition (Algebraic residual lifting o ) NAVAVAWAVA
, >
k7 e, H T |
o '7? = arg min y [Vellwas
vee V?? V'ngnoe(iﬁaré' _vd)a‘vl)“l-g‘o) 'Y /
|
@ lifting the algebraic residual r[" “ \
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Estimates Solvers adaptivity

Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid solve)

Find /)1100 € P1(To) N HY (Q) s.t.
(Vpalg 0’ V"ﬁa)wa - ( ¢ ’¢a)wa

vae .

@ P; FE solve on coarse mesh 7

Definition (Algebraic residual lifting al]" 2)

k,/,a - o7
o = arg min y Vel was
vye V?,V~V{:|_|Qe(¢ar£' —V’ll)a'vp“l'g‘o) 06
0.5
e lifting the algebraic residual r,’
0.4

M. Vohralik
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid solve)

08

]
Find /)11(,0 € Pi(To) N H, (Q) s.t. .
(Vpal 0’ V¢a)wa = ( Y, a¢a)wa Va e V. o
g,
(*) P1 FE SOIVe on coarse meSh 76 O;Ig, (:;ror ‘Hux ruescons()ti'uctil)ll
1 \ . . .
Definition (Algebraic residual lifting o a0 7,)
0.8 -
k,i,a . .
'y 1= arg min y [Vellwas
VeeV], Vovy=Nq,(Yar," —Va-Vp,. ) 08¢
ki k,i.a
o= D o 04
ac),
e lifting the algebraic residual r, °2
ki k.i,a k/ K,i
e Vo', = Va” =g, =r, DAFLTAN T
f Z ¢ 00 0.2 0.4 0.6 0.8 1

ac)y
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A posteriori error estimate distinguishing the error components

Theorem (A posteriori error estimate)

Let u?’ € V, be given.
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A posteriori error estimate distinguishing the error components

Theorem (A posteriori error estimate)

K, ; K, ._ ki K,i ki
Letu,” € V, begiven. Leto, = o4 ., + oy, +0o7,.
~ ~~— ~~—~ M~
total discretization  linearization  algebraic
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A posteriori error estimate distinguishing the error components

Theorem (A posteriori error estimate)

K, ; K, ._ ki K,i ki K,
Letu,” € Vy begiven. Leto, = oy, + o, +0.,. Theno, €
~ ~~— ~~—~ M~
total discretization  linearization  algebraic

H(div, Q) is such that V-o" = f
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Estimates Solvers adaptivity

A posteriori error estimate distinguishing the error components

Theorem (A posteriori error estimate)
K,i

k7 [ k7 0
Letu,” € V, begiven. Let o, = o4,
S~~~ \V_/
total discretization

k

K,i K,i ,
+ Oy T O, Theno, <
~~—~ M~
linearization  algebraic

H(div, Q) is such that V-aéf’ = f and there holds the guaranteed upper bound

K, K, K,
llu = (Il < |la( )V,

(u”)

< |la(

-~

ki
Tldisc (Ug )

k?
)VUZ +Ud1€c[H+Ho-lm€H —I—HO' ZH .
\W_/

H,_/

()

Min (u§7i) n

M. Vohralik
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A posteriori error estimate distinguishing the error components

Theorem (A posteriori error estimate)

K, ; K, ._ ki K,i ki K,
Letu,” € Vy begiven. Leto, = oy, + o, +0.,. Theno, €
~ ~~— ~~—~ M~
total discretization  linearization  algebraic

H(div, Q) is such thatv'aéf’ = f and there holds the guaranteed upper bound
)Vug’ + 0'?’

n(4)

K, K,
llu—u," (| < lla(|Vy,

k, K, K,i ki ki
<lla(Vu, )\Vuy' + o g ol +llogl + o -
Mdisc (ug’l) n]ill(u?”) n (U?,,)

Moreover, the estimates are locally efficient and robust with respect to the
strength of nonlinearities

, a.
nk(US) < Cegrll|lu— U lx VK €Ti,  Cerr independent of —.

m
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Introduction: adaptive iterative approximation
@ A posteriori error estimates and adaptivity
@ Achievements and example results
@ Real life comparison
O Linear diffusion: discretization error, mesh and polynomial degree adaptivity
A posteriori error estimates
Potential reconstruction
Flux reconstruction
A posteriori error control
Balancing error components: mesh adaptivity
@ Balancing error components: polynomial-degree adaptivity
e Nonlinear diffusion: overall error and solvers adaptivity
@ A posteriori error estimates (overall and components)
@ Balancing error components: solvers adaptivity

o Conclusions
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Including algebraic error: AU, * F,

%1077 %1077

ri ri'

Estimated algebraic errors 1, «(u}) Exact algebraic errors |V (v, — u})||«

J. Papez, U. Rude, M. Vohralik, B. Wohimuth, Computer Methods in Applied Mechanigs and Enginee
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Including algebraic error: A,U, * F,

x107 <102
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2.5
3

2
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2 1.5
15

]
;

0.5
0.5

Estimated total errors 7c(u}) Exact total errors | V(u — u})||«
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Including algebraic error: A,U, # F,

Total error and its bounds

. alg. error

100 NG total error | 3
N LI total error UB

— = total error LB

107} \__________

107§ 4

1 2 3 4 5
MG iteration

Total error

Discretization and algebraic errors and their bounds

m— dis. error
........ dis. error UB
= = dis. error LB

100 L

alg. error
........ alg. error UB
~ = alg. error LB

4l
10 adaptive stopping criterion

1 2 3 4 5
MG iteration

Error components and adaptive st. crit.

J. Papez, U. Ride, M. Vohralik, B. WohImuth, Computer Methods in Applied Mechanics and Engineering (2020)
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Nonlinear pb —V-(a|Vu|)(Vu) = f: including linearization and

algebraic error: .Ag(Uk"i) + Fy, AFUS £ FE

\\\\\N \};

* NANP {

/\ \\

/\1» M

Estimated errors 1 (u/") Exact errors [|o(Vu) — (VU ) |lgx
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Nonlinear pb —V-(a|Vu|)(Vu) = f: including linearization and
algebraic error: A,(U,") + F,, AK-TU, ' + Bt

0 0
10 \ \ \ [ 10 ¢ \ \ \ \ \ \ 3
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5] 4L
Tg glo ;MALALA A—A A A A A 7:
A 410 _ a r ]
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Algebraic iteration Algebraic iteration
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Nonlinear pb —V-(a|Vu|)(Vu) = f: including linearization and
algebraic error: A,(U,") + F,, AK-TU, ' + Bt

10 WeT 717 17 17 17 17 T T [T
& —e—error up
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Dual error
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o
Dual error
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Newton iteration Newton iteration
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Optimal decay rate wrt degrees of freedom & computational cost

Estimates  Solvers adaptivity

Energy error
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