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A posteriori estimates of total and algebraic errors: AℓUi
ℓ ̸= Fℓ

1 2 3 4 5

MG iteration

10-4

10-2

100

Total error and its bounds

alg. error
total error
total error UB
total error LB

Total error

1 2 3 4 5

MG iteration

10-4

10-2

100

Discretization and algebraic errors and their bounds

adaptive stopping criterion

Error components and adaptive st. crit.

J. Papež, U. Rüde, M. Vohralík, B. Wohlmuth, Computer Methods in Applied Mechanics and Engineering (2020)
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Outline
1 Introduction: adaptive iterative approximation

A posteriori error estimates and adaptivity
Achievements and example results
Real life comparison

2 Linear diffusion: discretization error, mesh and polynomial degree adaptivity
A posteriori error estimates
Potential reconstruction
Flux reconstruction
A posteriori error control
Balancing error components: mesh adaptivity
Balancing error components: polynomial-degree adaptivity

3 Nonlinear diffusion: overall error and solvers adaptivity
A posteriori error estimates (overall and components)
Balancing error components: solvers adaptivity

4 Conclusions
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Numerical approximations of nonlinear PDEs:

3 crucial questions

& suggested answers

Setting
u: unknown exact PDE solution
u

k ,i

ℓ : known numerical approximation on mesh Tℓ

, linearization step k , and
linear solver step i

Crucial questions
1 How large is the overall error

between u and uk ,i
ℓ ?

2 Where (space/linearization/algebra)
is it localized?

3 Can we decrease it efficiently?

Suggested answers

1 Computable a posteriori error
estimates.

2 Identification of error components.
3 Balancing error components,

adaptivity (working where needed).
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Main achievements
A posteriori error estimates

Guaranteed

a posteriori error estimates

, locally efficient, robust with re-
spect to strength of nonlinearities, and identifying error components.

|||u − uk ,i
ℓ ||| ≤ η

(
uk ,i
ℓ

)

≤ Ceff|||u − uk ,i
ℓ |||,

Ceff independent of nonlinearities

ηK
(
uk ,i
ℓ

)
≤ Ceff|||u − uk ,i

ℓ |||ωK for all K ∈ Tℓ,
ηK

(
uk ,i
ℓ

)
= ηdisc,K

(
uk ,i
ℓ

)
+ ηlin,K

(
uk ,i
ℓ

)
+ ηalg,K

(
uk ,i
ℓ

)
.

Optimal decay rate of error wrt computational cost
Adaptive iterative approximation allows to achieve

|||u−uk ,i
ℓ ||| ≲

{
ℓ∑
ℓ=0

k(ℓ)∑
k(ℓ)=0

i(ℓ,k)∑
i(ℓ,k)=0

|V p
ℓ |
}−p/d

.

(replaces traditional a priori hp)
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Algorithm

Algorithm 1 Adaptive iterative approximation

while η(uk,i
ℓ )

|||uk,i
ℓ |||>γtot do ▷ while user-specified relative precision is not reached

assemble the finite element space V p
ℓ

assemble the nonlinear problem
while ηlin,K

(
uk ,i
ℓ

)
>γlinηdisc,K

(
uk ,i
ℓ

)
∀K ∈ Tℓ do ▷ while linearization dominates discretization

assemble the linearized problem
while ηalg,K

(
uk ,i
ℓ

)
>γalgηlin,K

(
uk ,i
ℓ

)
∀K ∈ Tℓ do ▷ while algebra dominates linearization

one step of iterative algebraic solver, i ++
end while (iterative algebraic solver)
k ++

end while (iterative linearization)
refine K ∈ Tℓ with big ηdisc,K

(
uk ,i
ℓ

)
, ℓ++

end while (adaptive mesh refinement)
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Implementation and observations

Error components
ηdisc,K

(
uk ,i
ℓ

)
: discretization

ηlin,K
(
uk ,i
ℓ

)
: linearization

ηalg,K
(
uk ,i
ℓ

)
: algebraic solver

Error control
at any moment during the simulation
price: local finite element quadrature/sparse
matrix-vector multiplication

Adaptive iterative approximation
same physical units of all component estimators
balance all component estimators
online steering (work where needed)

hard problem replaced by a sequence of easier
problems
not a novel scheme, rather an efficient use of
existing building blocks
easy implementation into existing codes
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A posteriori error estimates: discretization error control
Laplace equation in Ω ⊂ Rd , d = 2, 3, f ∈ L2(Ω)

−∆u = f in Ω,
u = 0 on ∂Ω

Guaranteed error upper bound (reliability) (uℓ ∈ Pp(Tℓ) ∩ H1
0 (Ω), p ≥ 1, FEs)

∥∇(u − uℓ)∥︸ ︷︷ ︸
unknown error

η(uℓ)︸ ︷︷ ︸
computable estimator

Local error lower bound (efficiency, f ∈ Pp−1(Tℓ))
ηK (uℓ) ≤ Ceff∥∇(u − uℓ)∥ωK ∀K ∈ Tℓ

Ceff a generic constant only dependent on d and shape regularity of Tℓ and
thus independent of Ω, u, uℓ, ℓ, p
computable bound on Ceff available, Ceff ≈ 5 in 2D
Prager and Synge (1947), Ladevèze (1975), Babuška & Rheinboldt (1987),
Verfürth (1989), Ainsworth & Oden (1993), Destuynder & Métivet (1999),
Vejchodský (2006), Braess, Pillwein, & Schöberl (2009), Ern & Vohralík (2015)
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Error characterization

Theorem (Error characterization)

Let u ∈ H1
0 (Ω) be the weak solution and let uℓ ∈ H1(Tℓ) be arbitrary. Then

∥∇(u − uℓ)∥2 = min
v∈H(div,Ω)

∇·v=f

∥∇uℓ + v∥2

︸ ︷︷ ︸
constrained distance to H(div,Ω)

=maxv∈H1
0 (Ω)

∥∇v∥=1

{(f ,v)−(∇uℓ,∇v)}2

dual norm of the PDE residual

+ min
v∈H1

0 (Ω)
∥∇(uℓ − v)∥2

︸ ︷︷ ︸
distance to H1

0 (Ω)=nonconformity residual

.

Comments
It is enough to choose suitable (discrete, piecewise polynomial) σℓ ∈ H(div,Ω)
with ∇·σℓ = f and sℓ ∈ H1

0 (Ω) to get a guaranteed upper bound.
Local construction of σℓ and sℓ?
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Potential reconstruction

Figure 5 – Solution post-traitée unh (à gauche) et solution conforme snh (à droite)

Remarque 3.2. On observe que pour tout 0 ≤ n ≤ N , Inav(unh) ∈ H1
0 (Ω) et on observe aussi

que la partie contenant les fonctions bulles appartient également à H1
0 (Ω). On obtient alors que

snh ∈ H1
0 (Ω) pour tout 0 ≤ n ≤ N et par suite s ∈ P1

τ (H1
0 (Ω)), comme imposé par (3.10).

Une conséquence importante de (3.7) est le résultat suivant :

Lemme 3.1. On suppose que sh,τ vérifie (3.7) et (3.10). Alors, pour tout 1 ≤ n ≤ N , on a

(∂nt sh,τ , 1)K = (∂nt uh,τ , 1)K , ∀K ∈ T n. (3.11)

On présente la preuve donnée dans [10].

Démonstration. Tout d’abord, on observe que, pour tout 1 ≤ n ≤ N ,

∂nt (sh,τ − uh,τ ) = 1
τn [(snh − unh)− (sn−1

h − un−1
h )].

De plus, par (3.7), snh et unh possèdent les mêmes valeurs moyennes sur tous les éléments des
maillages T n et T n+1. De même, sn−1

h et un−1
h possèdent les mêmes valeurs moyennes sur tous les

éléments des maillages T n et T n−1. Alors, (snh − sn−1
h ) et (unh − un−1

h ) possèdent les mêmes valeurs
moyennes sur tous les éléments du maillage T n. D’où (3.11).

Remarque 3.3 (Evalution de snh). La condition (3.7) utilise le maillage T n+1 qui n’est pas encore
connu au temps discret tn. En pratique, il suffit d’ajuster les moyennes de snh uniquement sur
les éléments du maillage actuel T n (en mettant temporairement T n+1 := T n). Ensuite, au pas
de temps suivant tn+1, et uniquement s’il existe des éléments du maillage T n+1 qui sont des
rafinements des éléments de T n, des fonctions bulles supplémentaires sont ajoutées à snh, comme
décrit par (3.8) et (3.9), avant l’évaluation de l’erreur à tn+1.

La figure 5 représente la solution post-traitée (à gauche) et son interpolation H1
0 (Ω)-conforme

(à droite).

4 Borne supérieure de l’erreur

Le but de cette section est de dériver une estimation d’erreur a posteriori pour le problème (1.1a)–
(1.1c) discretisé en utilisant la méthode de volumes finis centrés par maille en espace donnée par

9

Potential uℓ
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Une conséquence importante de (3.7) est le résultat suivant :
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Potential reconstruction sℓ

uℓ ∈ Pp(Tℓ) → sℓ ∈ Pp+1(Tℓ) ∩ H1
0 (Ω)
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Potential reconstruction in 1D, p = 1

• • •
a′ a a′′

ωa

uℓ

ψa

ψauℓ
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Potential reconstruction: datum uℓ ∈ Pp(Tℓ), p ≥ 1
Definition (Nonconformity residual lifting sℓ Ern & V. (2015), ≈ Carstensen and Merdon (2013))
For each vertex a ∈ Vℓ, solve the local minimization problem

sa
ℓ := arg min

vℓ∈V a
ℓ :=Pp+1(T a)∩H1

0 (ωa)
∥∇(ψauℓ − vℓ)∥ωa

and combine sℓ :=
∑
a∈Vℓ

sa
ℓ .

Equivalent form: conforming FEs
Find sa

ℓ ∈ V a
ℓ such that

(∇sa
ℓ ,∇vℓ)ωa = (∇(ψauℓ),∇vℓ)ωa ∀vℓ ∈ V a

ℓ .
Key points

localization to patches T a

cut-off by hat basis functions ψa
projection of the discontinuous ψauℓ to a conforming space
homogeneous Dirichlet BC on ∂ωa: sℓ ∈ Pp+1(Tℓ) ∩ H1

0 (Ω)
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projection of the discontinuous ψauℓ to a conforming space
homogeneous Dirichlet BC on ∂ωa: sℓ ∈ Pp+1(Tℓ) ∩ H1

0 (Ω)
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Potential reconstruction

Figure 5 – Solution post-traitée unh (à gauche) et solution conforme snh (à droite)

Remarque 3.2. On observe que pour tout 0 ≤ n ≤ N , Inav(unh) ∈ H1
0 (Ω) et on observe aussi

que la partie contenant les fonctions bulles appartient également à H1
0 (Ω). On obtient alors que
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0 (Ω) pour tout 0 ≤ n ≤ N et par suite s ∈ P1

τ (H1
0 (Ω)), comme imposé par (3.10).

Une conséquence importante de (3.7) est le résultat suivant :

Lemme 3.1. On suppose que sh,τ vérifie (3.7) et (3.10). Alors, pour tout 1 ≤ n ≤ N , on a

(∂nt sh,τ , 1)K = (∂nt uh,τ , 1)K , ∀K ∈ T n. (3.11)

On présente la preuve donnée dans [10].
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h ) possèdent les mêmes valeurs
moyennes sur tous les éléments du maillage T n. D’où (3.11).

Remarque 3.3 (Evalution de snh). La condition (3.7) utilise le maillage T n+1 qui n’est pas encore
connu au temps discret tn. En pratique, il suffit d’ajuster les moyennes de snh uniquement sur
les éléments du maillage actuel T n (en mettant temporairement T n+1 := T n). Ensuite, au pas
de temps suivant tn+1, et uniquement s’il existe des éléments du maillage T n+1 qui sont des
rafinements des éléments de T n, des fonctions bulles supplémentaires sont ajoutées à snh, comme
décrit par (3.8) et (3.9), avant l’évaluation de l’erreur à tn+1.

La figure 5 représente la solution post-traitée (à gauche) et son interpolation H1
0 (Ω)-conforme

(à droite).

4 Borne supérieure de l’erreur

Le but de cette section est de dériver une estimation d’erreur a posteriori pour le problème (1.1a)–
(1.1c) discretisé en utilisant la méthode de volumes finis centrés par maille en espace donnée par
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Potential reconstruction sℓ

uℓ ∈ Pp(Tℓ) → sℓ ∈ Pp+1(Tℓ) ∩ H1
0 (Ω)
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Equilibrated flux reconstruction
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Equilibrated flux reconstruction σℓ

−∇uℓ ∈ RTp−1(Tℓ), f ∈ L2(Ω)︸ ︷︷ ︸
(f ,ψa)ωa−(∇uℓ,∇ψa)ωa=0 ∀a∈V int

ℓ

→ σℓ ∈ RTp(Tℓ) ∩ H(div,Ω),∇·σℓ = Πpf
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Equilibrated flux reconstruction: −∇uℓ ∈ RTp−1(Tℓ), p ≥ 1, f ∈ L2(Ω)

Assumption (Orthogonality wrt hat functions)
There holds (f , ψa)ωa − (∇uℓ,∇ψa)ωa = 0 ∀a ∈ V int

ℓ .

Definition (Dual PDE residual lifting σℓ, Destuynder and Métivet (1999) & Braess and Schöberl (2008))
For each a ∈ Vℓ, solve the local constrained minimization pb

σa
ℓ := arg min

vℓ∈RTp(T a)∩H0(div,ωa)
∇·vℓ=Πp(fψa−∇uℓ·∇ψa)

∥ψa∇uℓ + v ℓ∥ωa

and combine σℓ :=
∑
a∈Vℓ

σa
ℓ .

Key points
homogeneous Neumann BC on ∂ωa: σℓ ∈ RTp(Tℓ) ∩ H(div,Ω)

equilibrium ∇·σℓ =
∑
a∈Vℓ

∇·σa
ℓ =

∑
a∈Vℓ

Πp(fψa −∇uℓ·∇ψa) = Πpf
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Equilibrated flux reconstruction: −∇uℓ ∈ RTp−1(Tℓ), p ≥ 1, f ∈ L2(Ω)
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Flux −∇uℓ ̸∈ H(div,Ω), ∇·(−∇uℓ) ̸= f
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∈ H(div,Ω),
∇·σℓ = f
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Equilibrated flux reconstruction: −∇uℓ ∈ RTp−1(Tℓ), p ≥ 1, f ∈ L2(Ω)
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Equilibrated flux rec. σℓ

∈ H(div,Ω),
∇·σℓ = f

−∇uℓ ∈ RTp−1(Tℓ), f ∈ L2(Ω)︸ ︷︷ ︸
(f ,ψa)ωa−(∇uℓ,∇ψa)ωa=0 ∀a∈V int

ℓ
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How large is the discretization error? (model pb, known smooth
solution)

ℓ p η(uℓ) rel. error estimate η(uℓ)
∥∇uℓ∥

∥∇(u − uℓ)∥ rel. error ∥∇(u−uℓ)∥
∥∇uℓ∥

Ieff = η(uℓ)
∥∇(u−uℓ)∥

0 1 1.25 28% 1.07 24% 1.17
1 6.07 × 10−1 14% 5.56 × 10−1 13% 1.09
2 3.10 × 10−1 7.0% 2.92 × 10−1 6.6% 1.06
3 1.45 × 10−1 3.3% 1.39 × 10−1 3.1% 1.04
1 2 4.23 × 10−2 9.5 × 10−1% 4.07 × 10−2 9.2 × 10−1% 1.04
2 3 2.62 × 10−4 5.9 × 10−3% 2.60 × 10−4 5.9 × 10−3% 1.01
3 4 2.60 × 10−7 5.9 × 10−6% 2.58 × 10−7 5.8 × 10−6% 1.01

A. Ern, M. Vohralík, SIAM Journal on Numerical Analysis (2015)
V. Dolejší, A. Ern, M. Vohralík, SIAM Journal on Scientific Computing (2016)
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Where (in space) is the error localized? (known smooth solution)

Estimated error distribution ηK (uℓ) Exact error distribution ∥∇(u − uℓ)∥K

P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Can we decrease the error efficiently? (adaptive mesh refinement)

M. Vohralík, SIAM Journal on Numerical Analysis (2007)
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Singular solutions

H1.54 singularity H1.13 singularity
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Estimated and actual error against the number of elements in
uniformly/adaptively refined meshes (singular solutions)
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H1.13 singularity
M. Vohralík, SIAM Journal on Numerical Analysis (2007)
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Adaptive mesh refinement

Adaptive mesh refinement

Dörfler marking: subset Mℓ containing θ-fraction of the estimates∑
K∈Mℓ

ηK (uℓ)2 ≥ θ2
∑

K∈Tℓ
ηK (uℓ)2 = θ2η(uℓ)2

Optimal error decay rate wrt degrees of freedom
∥∇(u − uℓ)∥ ≲ |DoFℓ|−p/d (replaces hp)

same for smooth & singular solutions: higher-order only pay-off for sm. sol.
decays to zero as fast as on a best-possible sequence of meshes
Morin, Nochetto, Siebert (2000), Stevenson (2005, 2007), Cascón, Kreuzer,
Nochetto, Siebert (2008), Canuto, Nochetto, Stevenson, Verani (2017)
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Nochetto, Siebert (2008), Canuto, Nochetto, Stevenson, Verani (2017)
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A posteriori error estimates
Potential reconstruction
Flux reconstruction
A posteriori error control
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Best-possible error decrease: hp adaptivity, (smooth solution)

P1

P2

P3

P4

P5

Mesh Tℓ and pol. degrees pK
P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Best-possible error decrease: hp adaptivity, (smooth solution)

P1

P2

P3

P4

P5

Mesh Tℓ and pol. degrees pK Exact solution
P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Best-possible error decrease: hp adaptivity, (singular solution)

Mesh Tℓ and polynomial degrees pK
P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Best-possible error decrease: hp adaptivity, (singular solution)

Mesh Tℓ and polynomial degrees pK
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A model nonlinear problem

Find u ∈ H1
0 (Ω) such that(

a(|∇u|)∇u,∇v
)︸ ︷︷ ︸

⟨A(u),v⟩: nonlinear operator

=
(
f , v

)
∀v ∈ H1

0 (Ω).

Assumption (Gradient-dependent diffusivity)

Function a : [0,∞) → (0,∞), for all x ,y ∈ Rd ,

|a(|x |)x − a(|y |)y | ≤ ac|x − y | (Lipschitz continuity),

(a(|x |)x − a(|y |)y) · (x − y) ≥ am|x − y |2 (strong monotonicity).

am ≤ a(r) ≤ ac, am ≤ (a(r)r)′ ≤ ac
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)

a(r) := am +
ac − am√

1 + r2
.

r

a(r) with am = 1

ac = 1
ac = 10
ac = 100

0 5 10
0

50

100

Strength of the nonlinearity

ac

am
=

Lipschitz continuity
strong monotonicity

r

(a(r)r)′ with am = 1

0 5 10
0

50

100
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Finite element discretization

Definition (Finite element discretization)
Find uℓ ∈ Vℓ such that(

a(|∇uℓ|)∇uℓ,∇vℓ
)︸ ︷︷ ︸

⟨A(uℓ),vℓ⟩: nonlinear operator

=
(
f , vℓ

)
∀vℓ ∈ Vℓ.

Tℓ simplicial mesh of Ω
p ≥ 1 polynomial degree
Vℓ := Pp(Tℓ) ∩ H1

0 (Ω)

conforming finite elements

system of nonlinear algebraic equations
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Iterative linearization

Definition (Linearized finite element approximation)

Find uk
ℓ ∈ Vℓ such that

(Ak−1
ℓ ∇uk

ℓ − bk−1
ℓ ,∇vℓ)︸ ︷︷ ︸

⟨Ak−1(uk
ℓ ),vℓ⟩: linearized operator

= (f , vℓ) ∀vℓ ∈ Vℓ.

iterative linearization index k ≥ 1
u0
ℓ ∈ Vℓ a given initial guess

Ak−1
ℓ , bk−1

ℓ : matrix- and vector-valued functions constructed from uk−1
ℓ

system of linear algebraic equations
examples

Ak−1
ℓ = a(|∇uk−1

ℓ |)Id , bk−1
ℓ = 0 (Picard)

Ak−1
ℓ = a(|∇uk−1

ℓ |)Id +
a′(|∇uk−1

ℓ |)
|∇uk−1

ℓ |
∇uk−1

ℓ ⊗∇uk−1
ℓ ,

bk−1
ℓ = a′(|∇uk−1

ℓ |)|∇uk−1
ℓ |∇uk−1

ℓ (Newton)

Ak−1
ℓ = γId with γ ≥ a2

c
am

, bk−1
ℓ =

(
γ − a(|∇uk−1

ℓ |)
)
∇uk−1

ℓ (Zarantonello)
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Iterative algebraic solver

Definition (Iterative algebraic solver)

Find uk ,i
ℓ ∈ Vℓ such that

(Ak−1
ℓ ∇uk ,i

ℓ − bk−1
ℓ ,∇vℓ) = (f , vℓ)− (r k ,i

ℓ , vℓ)︸ ︷︷ ︸
⟨Ralg(uk,i

ℓ ),vℓ⟩: algebraic residual

∀vℓ ∈ Vℓ.

iterative algebraic solver index i ≥ 1

uk ,0
ℓ := uk−1,i

ℓ ∈ Vℓ initial guess from the previous linearization step
algebraic residual: discrete, known
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Error measure, error components
Definition (Intrinsic measure of error)

|||u − uk ,i
ℓ ||| := max

v∈H1
0 (Ω)

∥∇v∥=1

{ (f , v)− (a(|∇uk ,i
ℓ |)∇uk ,i

ℓ ,∇v)︸ ︷︷ ︸

⟨R(uk,i
ℓ ),v⟩: total residual=(f ,v)−⟨A(uk,i

ℓ ),v⟩

}

Error components

(f , v)− ⟨A(uk ,i
ℓ ), v⟩︸ ︷︷ ︸

⟨R(uk,i
ℓ ),v⟩: total residual

= (f , v)− ⟨Ak−1(uk ,i
ℓ ), v⟩ − ⟨Ralg(uk ,i

ℓ ), v⟩︸ ︷︷ ︸
⟨Rdisc(uk,i

ℓ ),v⟩: discretization residual

+ ⟨Ak−1(uk ,i
ℓ ), v⟩ − ⟨A(uk ,i

ℓ ), v⟩︸ ︷︷ ︸
⟨Rlin(uk,i

ℓ ),v⟩: linearization residual

+ ⟨Ralg(uk ,i
ℓ ), v⟩︸ ︷︷ ︸

algebraic residual
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Reminder from the linear case

Theorem (Error characterization)

Let u ∈ H1
0 (Ω) be the weak solution and let uℓ ∈ H1

0 (Ω) be arbitrary. Then

∥∇(u − uℓ)∥2 = min
v∈H(div,Ω)

∇·v=f

∥∇uℓ + v∥2

︸ ︷︷ ︸
constrained distance to H(div,Ω)

=maxv∈H1
0 (Ω)

∥∇v∥=1

{(f ,v)−(∇uℓ,∇v)}2

dual norm of the PDE residual

.

Comments
It is enough to choose suitable (discrete, piecewise polynomial) σℓ ∈ H(div,Ω)
with ∇·σℓ = f to get the guaranteed upper bound ∥∇(u − uℓ)∥ ≤ ∥∇uℓ + σℓ∥.
Local construction of σℓ!
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Equilibrated flux reconstruction: −∇uℓ ∈ RTp−1(Tℓ), p ≥ 1, f ∈ L2(Ω)
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Flux −∇uℓ ̸∈ H(div,Ω), ∇·(−∇uℓ) ̸= f
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Equilibrated flux rec. σℓ

∈ H(div,Ω),
∇·σℓ = f
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Equilibrated flux rec. σℓ

∈ H(div,Ω),
∇·σℓ = f

−∇uℓ ∈ RTp−1(Tℓ), f ∈ L2(Ω)︸ ︷︷ ︸
(f ,ψa)ωa−(∇uℓ,∇ψa)ωa=0 ∀a∈V int

ℓ
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ℓ := arg min

vℓ∈RTp(T a)∩H0(div,ωa)
∇·vℓ=Πp(fψa−∇uℓ·∇ψa)

∥ψa∇uℓ + v ℓ∥ωa
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Flux reconstructions (residual liftings)

Definition (Discretization residual lifting σk ,i
disc,ℓ)

For each a ∈ Vℓ, solve the local constrained minimization pb

σk ,i,a
disc,ℓ := arg min

vℓ∈RTp(T a)∩H0(div,ωa)

∇·vℓ=Πp((f−rk,i
ℓ )ψa−(Ak−1

ℓ ∇uk,i
ℓ −bk−1

ℓ )·∇ψa)

∥ψa(Ak−1
ℓ ∇uk ,i

ℓ − bk−1
ℓ ) + v ℓ∥ωa

and combine σk ,i
disc,ℓ :=

∑
a∈Vℓ

σk ,i,a
disc,ℓ.

Definition (Linearization residual lifting σk ,i
lin,ℓ)

For each a ∈ Vℓ, solve the local constrained minimization pb

σk ,i,a
lin,ℓ := arg min

vℓ∈RTp(T a)∩H0(div,ωa)
∇·vℓ=0

∥ψa(a(|∇uk ,i
ℓ |)∇uk ,i

ℓ − (Ak−1
ℓ ∇uk ,i

ℓ − bk−1
ℓ )) + v ℓ∥ωa

and combine σk ,i
lin,ℓ :=

∑
a∈Vℓ

σk ,i,a
lin,ℓ .
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Algebraic error flux reconstruction, two-level setting
Definition (Coarse grid solve)

Find ρk ,i
alg,0 ∈ P1(T0) ∩ H1

0 (Ω) s.t.

(∇ρk ,i
alg,0,∇ψa)ωa = (r k ,i

ℓ , ψa)ωa ∀a ∈ V0.

P1 FE solve on coarse mesh T0
0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Definition (Algebraic residual lifting σk ,i
alg,ℓ)

σk ,i,a
alg,ℓ := arg min

vℓ∈V a
ℓ ,∇·vℓ=ΠQℓ

(ψar k,i
ℓ −∇ψa·∇ρk,i

alg,0)
∥v ℓ∥ωa ,

σk ,i
alg,ℓ :=

∑
a∈V0

σk ,i,a
alg,ℓ

lifting the algebraic residual r k ,i
ℓ

∇·σk ,i
alg,ℓ =

∑
a∈V0

∇·σk ,i,a
alg,ℓ = ΠQℓ

r k ,i
ℓ = r k ,i

ℓ
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A posteriori error estimate distinguishing the error components
Theorem (A posteriori error estimate)

Let uk ,i
ℓ ∈ Vℓ be given.

Let σk ,i
ℓ︸︷︷︸

total

:= σk ,i
disc,ℓ︸ ︷︷ ︸

discretization

+ σk ,i
lin,ℓ︸ ︷︷ ︸

linearization

+ σk ,i
alg,ℓ︸ ︷︷ ︸

algebraic

. Then σk ,i
ℓ ∈

H(div,Ω) is such that ∇·σk ,i
ℓ = f and there holds the guaranteed upper bound

|||u − uk ,i
ℓ ||| ≤ ∥a(|∇uk ,i

ℓ |)∇uk ,i
ℓ + σk ,i

ℓ ∥︸ ︷︷ ︸
η
(

uk,i
ℓ

)
≤ ∥a(|∇uk ,i

ℓ |)∇uk ,i
ℓ + σk ,i

disc,ℓ∥︸ ︷︷ ︸
ηdisc

(
uk,i
ℓ

) + ∥σk ,i
lin,ℓ∥︸ ︷︷ ︸

ηlin

(
uk,i
ℓ

)+ ∥σk ,i
alg,ℓ∥︸ ︷︷ ︸

ηalg

(
uk,i
ℓ

) .
Moreover, the estimates are locally efficient and robust with respect to the
strength of nonlinearities

ηK
(
uk ,i
ℓ

)
≤ Ceff|||u − uk ,i

ℓ |||ωK ∀K ∈ Tℓ, Ceff independent of
ac

am
.
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Including algebraic error: AℓUi
ℓ ̸= Fℓ

Estimated algebraic errors ηalg,K (ui
ℓ) Exact algebraic errors ∥∇(uℓ − ui

ℓ)∥K

J. Papež, U. Rüde, M. Vohralík, B. Wohlmuth, Computer Methods in Applied Mechanics and Engineering (2020)
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Including algebraic error: AℓUi
ℓ ̸= Fℓ

Estimated total errors ηK (ui
ℓ) Exact total errors ∥∇(u − ui

ℓ)∥K
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Including algebraic error: AℓUi
ℓ ̸= Fℓ
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Discretization and algebraic errors and their bounds

adaptive stopping criterion

Error components and adaptive st. crit.
J. Papež, U. Rüde, M. Vohralík, B. Wohlmuth, Computer Methods in Applied Mechanics and Engineering (2020)
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Nonlinear pb −∇·(a|∇u|)(∇u) = f : including linearization and
algebraic error: Aℓ(U

k ,i
ℓ ) ̸= Fℓ, Ak−1

ℓ Uk ,i
ℓ ̸= Fk−1
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Optimal decay rate wrt degrees of freedom & computational cost

10
1

10
2

10
3

10
4

10
5

10
−3

10
−2

10
−1

10
0

Number of faces

E
ne

rg
y 

er
ro

r

energy error uniform
energy error adaptive

Optimal decay rate wrt DoFs

1 2 3 4 5 6 7 8 9 10 11 12 13
0

50

100

150

200

250

300

350

400

450

500

550

600

Refinement level

T
ot

al
 n

um
be

r 
of

 a
lg

eb
ra

ic
 s

ol
ve

r 
ite

ra
tio

ns

uniform
adaptive

Optimal computational cost

A. Ern, M. Vohralík, SIAM Journal on Scientific Computing (2013)

M. Vohralík Adaptive iterative approximation in nonlinear PDEs I 44 / 44



Introduction Linear diffusion Nonlinear diffusion Conclusions Estimates Solvers adaptivity

Optimal decay rate wrt degrees of freedom & computational cost

10
1

10
2

10
3

10
4

10
5

10
−3

10
−2

10
−1

10
0

Number of faces

E
ne

rg
y 

er
ro

r

energy error uniform
energy error adaptive

Optimal decay rate wrt DoFs

1 2 3 4 5 6 7 8 9 10 11 12 13
0

50

100

150

200

250

300

350

400

450

500

550

600

Refinement level

T
ot

al
 n

um
be

r 
of

 a
lg

eb
ra

ic
 s

ol
ve

r 
ite

ra
tio

ns

uniform
adaptive

Optimal computational cost
A. Ern, M. Vohralík, SIAM Journal on Scientific Computing (2013)

M. Vohralík Adaptive iterative approximation in nonlinear PDEs I 44 / 44



Introduction Linear diffusion Nonlinear diffusion Conclusions

Outline
1 Introduction: adaptive iterative approximation

A posteriori error estimates and adaptivity
Achievements and example results
Real life comparison

2 Linear diffusion: discretization error, mesh and polynomial degree adaptivity
A posteriori error estimates
Potential reconstruction
Flux reconstruction
A posteriori error control
Balancing error components: mesh adaptivity
Balancing error components: polynomial-degree adaptivity

3 Nonlinear diffusion: overall error and solvers adaptivity
A posteriori error estimates (overall and components)
Balancing error components: solvers adaptivity

4 Conclusions
M. Vohralík Adaptive iterative approximation in nonlinear PDEs I 44 / 44



Introduction Linear diffusion Nonlinear diffusion Conclusions

Conclusions
a posteriori

overall

error control

adaptive

iterative

approximation: space mesh,

linear & nonlinear solver

optimal (best-possible) decay rate of the error wrt the computational cost
not a novel scheme, rather an efficient use of existing building blocks
recovering mass balance in any situation
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CDG Terminal 2E collapse in 2004 (opened in 2003)

no earthquake, flooding, tsunami, heavy rain, extreme temperature
deterministic, steady problem, PDE known, data known, implementation OK

probably numerical simulations done with insufficient precision,
I believe without error control
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1. Introduction

Terminal 2E, with a daring design and wide open spaces, was Charles de Gaulle Airport’s newest addition. Terminal 2E had
been inaugurated in 2003 after some delays in construction. On the 23rd of May 2004, not long after its inauguration, a part
of Terminal 2E’s ceiling collapsed early in the day, leaving four casualties. Some questioned the construction methods as
being the primary cause, which were rushed as the project was a month behind schedule due to technical problems, and
some have also considered the possibility of improper design as the cause of the accident. In the following, a deterministic
analysis and a mechanical reliability assessment will be elaborated. We will show the importance of reliability assessment
and long term strains of materials, especially for public constructions where the human and economic repercussions are
heavy to bear. The purpose of our research is to study the problem using the available data in order to examine the real
reasons of the incident, to see if it were possible to predict the structure’s failure from the beginning and to simulate the
progressive collapse of the structure.

2. General overview of Roissy’s Terminal 2E [1]

We will first describe the terminal, its different construction phases, the incidents that occurred before the accident and
the collapse itself. Then we will present in a general way the principle of finite element modeling, recommendations for good
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Paris Charles de Gaulle Airport also known as Roissy Airport is the world’s eighth-busiest

airport in passengers served. In May 2004, the news of collapse of a portion of Terminal 2E

leaving four casualties shook the world. Luckily, no boarding had been taking place in the

collapsed area which consisted of a boarding area and three footbridges. This part of the

terminal had an innovative design consisting of a vaulted concrete tube. We chose to

model a representative part of the terminal to observe the structure’s behavior. The

purpose of our research is to explain the structure’s collapse and to see if there were

deficiencies from the design phase. Also, our new fine-grained model using Ansys Software

makes it possible to explain the progressive collapse of the structure, which was the main

challenge of our study. Moreover, a sensitivity analysis was performed in order to study

the importance of each of the variables taken into account in the model.
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a Ecole Supérieure d’Ingénieurs de Beyrouth (ESIB), Université Saint-Joseph, CST Mar Roukos, PO Box 11-514, Riad El Solh Beirut 1107 2050,

Lebanon
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c LGC/CUST – UBP, Campus des Cézeaux, 63174 Aubière, France

1. Introduction

Terminal 2E, with a daring design and wide open spaces, was Charles de Gaulle Airport’s newest addition. Terminal 2E had
been inaugurated in 2003 after some delays in construction. On the 23rd of May 2004, not long after its inauguration, a part
of Terminal 2E’s ceiling collapsed early in the day, leaving four casualties. Some questioned the construction methods as
being the primary cause, which were rushed as the project was a month behind schedule due to technical problems, and
some have also considered the possibility of improper design as the cause of the accident. In the following, a deterministic
analysis and a mechanical reliability assessment will be elaborated. We will show the importance of reliability assessment
and long term strains of materials, especially for public constructions where the human and economic repercussions are
heavy to bear. The purpose of our research is to study the problem using the available data in order to examine the real
reasons of the incident, to see if it were possible to predict the structure’s failure from the beginning and to simulate the
progressive collapse of the structure.

2. General overview of Roissy’s Terminal 2E [1]

We will first describe the terminal, its different construction phases, the incidents that occurred before the accident and
the collapse itself. Then we will present in a general way the principle of finite element modeling, recommendations for good

Case Studies in Engineering Failure Analysis 3 (2015) 88–95

A R T I C L E I N F O

Article history:

Received 17 December 2014

Received in revised form 13 March 2015

Accepted 13 March 2015

Available online 24 March 2015

Keywords:

Finite element modeling

Reliability

Progressive collapse

Failure

Sensitivity

A B S T R A C T

Paris Charles de Gaulle Airport also known as Roissy Airport is the world’s eighth-busiest

airport in passengers served. In May 2004, the news of collapse of a portion of Terminal 2E

leaving four casualties shook the world. Luckily, no boarding had been taking place in the

collapsed area which consisted of a boarding area and three footbridges. This part of the

terminal had an innovative design consisting of a vaulted concrete tube. We chose to

model a representative part of the terminal to observe the structure’s behavior. The

purpose of our research is to explain the structure’s collapse and to see if there were

deficiencies from the design phase. Also, our new fine-grained model using Ansys Software

makes it possible to explain the progressive collapse of the structure, which was the main

challenge of our study. Moreover, a sensitivity analysis was performed in order to study

the importance of each of the variables taken into account in the model.

� 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC

BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

* Corresponding author. Tel.: +961 1 421354; fax: +961 4 532645.

E-mail address: wassim.raphael@usj.edu.lb (W. Raphael).

Contents lists available at ScienceDirect

Case Studies in Engineering Failure Analysis

jou r nal h o mep age: w ww.els evier . co m/lo c ate /c sef a

http://dx.doi.org/10.1016/j.csefa.2015.03.003

2213-2902/� 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).

M. Vohralík Adaptive iterative approximation in nonlinear PDEs I 46 / 44



CDG Terminal 2E collapse in 2004 (opened in 2003)

no earthquake, flooding, tsunami, heavy rain, extreme temperature
deterministic, steady problem, PDE known, data known, implementation OK

probably numerical simulations done with insufficient precision,
I believe without error control

Reliability study and simulation of the progressive collapse of
Roissy Charles de Gaulle Airport

Y. El Kamari a, W. Raphael a,*, A. Chateauneuf b,c
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1. Introduction

Terminal 2E, with a daring design and wide open spaces, was Charles de Gaulle Airport’s newest addition. Terminal 2E had
been inaugurated in 2003 after some delays in construction. On the 23rd of May 2004, not long after its inauguration, a part
of Terminal 2E’s ceiling collapsed early in the day, leaving four casualties. Some questioned the construction methods as
being the primary cause, which were rushed as the project was a month behind schedule due to technical problems, and
some have also considered the possibility of improper design as the cause of the accident. In the following, a deterministic
analysis and a mechanical reliability assessment will be elaborated. We will show the importance of reliability assessment
and long term strains of materials, especially for public constructions where the human and economic repercussions are
heavy to bear. The purpose of our research is to study the problem using the available data in order to examine the real
reasons of the incident, to see if it were possible to predict the structure’s failure from the beginning and to simulate the
progressive collapse of the structure.

2. General overview of Roissy’s Terminal 2E [1]

We will first describe the terminal, its different construction phases, the incidents that occurred before the accident and
the collapse itself. Then we will present in a general way the principle of finite element modeling, recommendations for good
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A B S T R A C T

Paris Charles de Gaulle Airport also known as Roissy Airport is the world’s eighth-busiest

airport in passengers served. In May 2004, the news of collapse of a portion of Terminal 2E

leaving four casualties shook the world. Luckily, no boarding had been taking place in the

collapsed area which consisted of a boarding area and three footbridges. This part of the

terminal had an innovative design consisting of a vaulted concrete tube. We chose to

model a representative part of the terminal to observe the structure’s behavior. The

purpose of our research is to explain the structure’s collapse and to see if there were

deficiencies from the design phase. Also, our new fine-grained model using Ansys Software

makes it possible to explain the progressive collapse of the structure, which was the main

challenge of our study. Moreover, a sensitivity analysis was performed in order to study

the importance of each of the variables taken into account in the model.
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