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SPLAG - The „bible“



L = Zb1 + · · · + Zbn lattice

b1, . . . , bn basis of Euclidean space E

b1

b2

V (L)

Lattices

V (L) = Voronoi cell

vol L = volume of V (L)
<latexit sha1_base64="N306sZ4AXMbk3HcDKhi7xWdHYgE=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEnE10YounFZwVahCWEymbaDk0mcuRFK2r0bf8WNC0Xc+gPu/Bunj4VWD1w4nHMv994TpoJrcJwva2Z2bn5hsbBUXF5ZXVu3NzabOskUZQ2aiETdhEQzwSVrAAfBblLFSBwKdh3eng/963umNE/kFfRS5sekI3mbUwJGCuzSKfb0nYK870UMcCUM3D3siSgBvYfDQO72B4FddqrOCPgvcSekjCaoB/anFyU0i5kEKojWLddJwc+JAk4FGxS9TLOU0FvSYS1DJYmZ9vPRLwO8Y5QItxNlSgIeqT8nchJr3YtD0xkT6Oppbyj+57UyaJ/4OZdpBkzS8aJ2JjAkeBgMjrhiFETPEEIVN7di2iWKUDDxFU0I7vTLf0lzv+oeVQ8vD8q1s0kcBbSNSqiCXHSMaugC1VEDUfSAntALerUerWfrzXoft85Yk5kt9AvWxzf5R5nB</latexit>

=
p
| det(b1, . . . , bn)|
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�(L) = vol(L)�1 point density of L



Some optimization problems with lattices

- coloring the Voronoi cells
- potential energy minimization
- max-min polarization
- minimizing Euclidean distortion

- lattice sphere packing 
- lattice sphere covering



?�(⇤) = �(Cayley(⇤, Vor(⇤))
Determine chromatic number of this infinite graph:

vertices: V = ⇤, edges: {v, w} 2 E () v � w 2 Vor(⇤)
Cayley(⇤, Vor(⇤)) graph with vertices V and edges E

v 2 Vor(⇤) () V (⇤, 0) \ V (⇤, v) is (n� 1)-dim. facet

Voronoi vectors

0

Coloring the Voronoi cells
⇤ ✓ Rn lattice
V (⇤, v) = {x 2 Rn : kx� vk  kx� wk 8w 2 ⇤}, v 2 ⇤ Voronoi tessellation



Classification of Witt (1941):
Every root lattice is orthogonal direct sum of irreducible root lattices.
The irreducible root lattices are An, Dn, E6, E7, E8.

Coxeter-Dynkin diagrams of irreducible root lattices:

bi , bj not connected iff bi · bj = 0

bi , bj connected iff bi · bj = �1

⇤ ✓ Rn root lattice:
8v 2 ⇤ : v · v 2 2Z
R(⇤) = {v 2 ⇤ : v · v = 2} generates ⇤

8v, w 2 ⇤ : v ·w 2 Z

If ⇤ is a root lattice, then R(⇤) = Vor(⇤).

Coloring the Voronoi cells: Root lattices



Coloring the Voronoi cells: Spectral bound 1

Hoffman bound: Let G = (V, E) r-regular graph
then, �(G)� 1� 1

m(A) .

A2 RV⇥V normalized adjacency operator

m(A) = min
k f k=1

(Af , f ) smallest eigenvalue of A

Af (v) =
1
r

X

w2V
{v,w}2E

f (w) v

A : `2(⇤)! `2(⇤)
`2(⇤) =

®
f : ⇤! C :
X

v2⇤
| f (v)|2 <1
´

Af (v) =
1

|Vor(⇤)|
X

u2Vor(⇤)

f (v � u)

also works for infinite graphsBachoc, DeCorte, Oliveira Vallentin (2014):



Coloring the Voronoi cells: Spectral bound 2

�(⇤)� 1�
 

inf
x2Rn/⇤⇤

1
|Vor(⇤)|

X

u2Vor(⇤)

e2⇡iu·x

!�1

.Theorem.
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Dutour Sikirić, Madore, Moustrou, Vallentin (2021):

Serre’s Oberwolfach report (12/2004)

irred. root lattice spectral lower bound exact value

An n+ 1 n+ 1
Dn n, when n even �( 1

2 Hn)
n+ 1, when n odd �( 1

2 Hn)
E6 9 9
E7 10 14
E8 16 16
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1
2Hn = conv{x 2 {0, 1}n :

P
i xi = 0 mod 2} parity polytope



Coloring the Voronoi cells: Open questions

- Is there a finite algorithm to determine 
the chromatic number? 

- Can one define a chromatic “polynomial”? 



Potential energy minimization
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consider potential function p : (0,1) ! R
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like inverse power laws p(r) = 1
rs , s > 0
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or Gaussians p(r) = e�↵r2 , ↵ > 0
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Groundstate lattices
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min
L n-dim. lattice, �(L) = 1

E(p, L)
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p-potential energy of lattice L
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E(p, L) = lim inf
r!1

1

|L \ rBn|
X

x,y2L\rBn,x 6=y

p(|x� y|).

<latexit sha1_base64="PuApOrz3do0V5hXug2il3o3T0bg="></latexit>

=
X

x2L\{0}

p(|x|)

24.01.24, 13:14

Seite 1 von 1https://upload.wikimedia.org/wikipedia/commons/9/97/Equilateral_Triangle_Lattice.svg



Gaussian core model
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restrict p to be Gaussian p(r) = e�↵r2
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Theorem (Bernstein, 1928). Exponentials r 7! e�↵r, ↵ � 0, form extreme
rays of cone of completely monotonic functions
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g : (0,1) ! R completely monotonic if (�1)kg(k) � 0 for all k � 0.
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If g is completely monotonic, then there is a measure µ so that

g(r) =

Z 1

0
e�↵r dµ(↵).



Universal optimality - Global results
Cohn, Kumar (2006)

<latexit sha1_base64="2ubROUrYXVKaCvWf9hqRb/fO7No="></latexit>

L lattice is universally optimal if Lminimizes E(p, L) among all n-dimensional
lattices with �(L) = 1 and for all p where p(|x|) = g(|x|2) for some completely
monotonic function g.
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Cohn-Kumar Conjecture: L = A2, E8,⇤24 are universally optimal
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L = Z is universally optimal
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Bernstein =) su�ces to consider only Gaussian potential functions
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Cohn, Kumar, Miller, Radchenko, Viazovska (2019): Resolve L = E8,⇤24



Local methods: Gradients and Hessians 
Coulangeon (2006)
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Consider Gaussian f↵(r) = e�↵r2 , ↵ > 0.
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hrE(f↵, L), Hi = �↵

X

x2L\{0}

H[x]e�↵kxk2

.

<latexit sha1_base64="vyCSj5vYz535xPxKLkMjadh9aQk=">AAAB8HicdVDLSgMxFL3js9ZX1aWbYBFclZlCq+6KblxWsA9ph5LJZNrQZDIkGaEM/Qo3LhRx6+e4829M2xGq6IELh3Pu4T6ChDNtXPfTWVldW9/YLGwVt3d29/ZLB4dtLVNFaItILlU3wJpyFtOWYYbTbqIoFgGnnWB8PfM7D1RpJuM7M0moL/AwZhEj2FjpfqhwyGhs0KBUdivuHGiJ1Fzvsu4hL1fKkKM5KH30Q0lSYcOEY617npsYP8PKMMLptNhPNU0wGeMh7VkaY0G1n80XnqJTq4QoksqWHT5XlxMZFlpPRGA7BTYj/dubiX95vdREF37G4iQ1NCaLQVHKkZFodj0KmaLE8IklmChmd0VkhBUmxv6oaJ/wfSn6n7SrFa9eqd1Wy42r/B0FOIYTOAMPzqEBN9CEFhAQ8AjP8OIo58l5dd4WrStOnjmCH3DevwC7JJBg</latexit>

gradient
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Hessian
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r2E(f↵, L)[H] = ↵

X

x2L\{0}

e
�↵kxk2

✓
↵

2
H[x]2 � 1

2
H

2[x]

◆
.
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H n-dimensional symmetric matrix, Tr H = 0
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H[x] = x
T
Hx
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hA,Bi = Tr AB



Question
Regev, Stephen-Davidowitz (2020) 
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Are there lattices which are local maxima for f↵-potential energy?
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We suspect “Yes”, and one can find them among the Niemeier lattices.
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hrE(f↵, L), Hi = �↵

X

x2L\{0}

H[x]e�↵kxk2

.
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gradient
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Hessian
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e
�↵kxk2

✓
↵

2
H[x]2 � 1

2
H

2[x]

◆
.

<latexit sha1_base64="+BVPBkkuDEUxb9SyFdOqL3kUT7I="></latexit>

Heimendahl, Marafioti, Thiemeyer, Vallentin, Zimmermann (IMRN, 2023)



point conf. t

n-gon n - 1
simplex 2

cross polytope 3
icosahedron 5

240 7
196560 11

Tool from geometry: Spherical designs
<latexit sha1_base64="qS3AljF5I8SARyaYAowgcSFYMM4="></latexit>

X ✓ Sn�1(r) = {x 2 Rn : kxk = r} forms a spherical t-design
<latexit sha1_base64="6w8Mn7HpsgTmJ2g/xpXT0pBqcms="></latexit>Z

Sn�1(r)
p(x) dx =

1

|X|
X

x2X

p(x)

<latexit sha1_base64="Vd/Z4GCGfhyTHuFTyyk13FLs7YI="></latexit>

for all polynomials p of degree  t.
<latexit sha1_base64="twVAHvVu7CaxwyqZ65biM5loYkg="></latexit>

()
P
x2X

p(x) = 0 for all p with �p = 0, deg p = 1, . . . , t.



Spherical designs and criticality

<latexit sha1_base64="eIs9ejo5tPfJHfNKtpmQmlx1UgY="></latexit>

X

x2L(r2)

H[x] =

*
H,

X

x2L(r2)

xx
T

+
=

r
2|X|
n

Tr(H) = 0

<latexit sha1_base64="CFc7pJ1Ut8YZjQ3SFSwIBfQaGz4=">AAACP3icbVBNSxxBFOwxfmWTmNUcvTzcCeRglpmFqEfRSwIeDGRXYXdZenrfzDT2dA/db5Rl8Z95yV/w5tVLDgmSqzd7PwSjKWgo6lW95lVSKukoim6ChVeLS8srq69rb96+W3tfX9/oOFNZgW1hlLGnCXeopMY2SVJ4WlrkRaLwJDk7nMxPztE6afQPGpXYL3imZSoFJy8N6p2wd2R0ZmWWE7fWXITwLQX0kRG4HJUCk0J4FI J04MocrU8qCFvh5yE6meltoBz1o0NYSRNDc1BvRM1oCnhJ4jlpsDmOB/Xr3tCIqkBNQnHnunFUUn/Mrd+n8LLWqxyWXJzxDLueal6g64+n91/CR68MITXWP00wVZ8mxrxwblQk3llwyt3z2UT836xbUbrXH0tdVoRazD5KKwVkYFImDKVFQWrkCZ/dDiLnlgvyldd8CfHzk1+STqsZ7zS/fG819g/mdayyTbbFPrGY7bJ99pUdszYT7Irdst/sT/Az+BXcBX9n1oVgnvnA/kFw/wCq5qzj</latexit>

=) If every shell of L is spherical 2-design, then L is critical.

<latexit sha1_base64="ll9M5MWcGpB1AauMhOy/vLFr5cw="></latexit>

hrE(f↵, L), Hi = �↵

X

x2L\{0}

H[x]e�↵kxk2

.

<latexit sha1_base64="9ob74MIgm4de46OKG2LqJG/Npa8="></latexit>

= �↵

X

r>0

e
�↵r2

X

x2L(r2)

H[x].

<latexit sha1_base64="fxfa40BunsmqqpAX+R6OszNiKjA="></latexit>

L(r2) = {x 2 L : x · x = r2} shell of L

24.01.24, 13:14

Seite 1 von 1https://upload.wikimedia.org/wikipedia/commons/9/97/Equilateral_Triangle_Lattice.svg

<latexit sha1_base64="Zv5B/c1WqFHGUH3fsL+mxTVBYLI=">AAADVnichVFNb9NAEB0nlLbmy8CBA5eFBKmgJrIjJcABqYKC6AGpiKaNFCfR2lknq9hrs7upUlz/Av4g5V9wR4jx1kHiUHWt9cy+efN2ZifIYq60615YtfqNjZubW9v2rdt37t5z7j84VulShqwfpnEqBwFVLOaC9TXXMRtkktEkiNlJsHhXxk9OmVQ8FUf6LGOjhM4Ej3hINUIT5/tBRJoD4qtloJhmX8mXcS5aXrEjnzdJlM pEEUpUNmcSU2LS7DRbU6b4TOwSPWfC9oe2P1cZDdmLvNUNk8JGqcSPecK1muQr4nNBBgVZrca5ryJyVJA3xI8kDXM57pwPzotcFAcTFBrZE6fhtl2zyKXjddDput7rXo94VagB1TpMnZ/gwxRSCGEJCTAQoNGPgYLCbwgeuJAhNoIcMYkeN3EGBdiYu0QWQwZFdIH/GZ6GFSrwXGoqkx3iLTFuiZkEnuH+YBQDZJe3MvQV2t+4vxlsduUNuVEuKzxDG6DitlH8hLiGOTKuy0wq5rqW6zPLrjRE8Mp0w7G+zCBln+E/nX2MSMQWJkLgvWHOUCMw51N8AYG2jxWUr7xWIKbjKVpqLDMqolKkqCfRlq+P9eCY17MkVzvHnbbXa3c/dxp7b6uBb8FjeAo7ONWXsAcf4RDrCOGX9cgi1pPaj9qf+kZ985Jas6qch/Dfqjt/ARx9vik=</latexit>

If X ✓ Sn�1(r) forms a spherical 2-design, then

X

x2X

xxT =
r2|X|
n

In



Spherical designs and eigenvalues of Hessian 
Coulangeon, 2006

<latexit sha1_base64="N2+fWkXIEEzkcQwEbvgB3+SnImA="></latexit>

Similarly, if every shell of L is spherical 4-design, then
<latexit sha1_base64="S78MwWjhjXGmQZZ/R3kaJIvWrtM="></latexit>

r2E(f↵, L)[H] =
Tr H2

n(n+ 2)

X

r>0

|L(r2)|↵r2
�
↵r

2 � (n/2 + 1)
�
e
�↵r2

.

<latexit sha1_base64="DNLG5AHsNVFNT14v1POTIK7gFrQ="></latexit>

=) all eigenvalues of r2E(f↵, L) coincide



Tool from analysis: Fourier transform

<latexit sha1_base64="htKHrCAGqjdxS9b21HxmgH6a+x0=">AAACA3icbVDLSgMxFM3UV62vqjvdBIvgqswUfCyLgrisYB/QlpJJ77ShmcyQ3BHLUHDjr7hxoYhbf8Kdf2P6WGjrgcDhnPvIPX4shUHX/XYyS8srq2vZ9dzG5tb2Tn53r2aiRHOo8khGuuEzA1IoqKJACY1YAwt9CXV/cDX26/egjYjUHQ5jaIesp0QgOEMrdfIHLYQH9IP02k4UoClqpkwQ6XDUyRfcojsBXSTejBTIDJVO/qvVjXgSgkIumTFNz42xnTKNgksY5VqJgZjxAetB01LFQjDtdHLDiB5bpUvtYvsU0on6uyNloTHD0LeVIcO+mffG4n9eM8Hgop0KFScIik8XBYmkGNFxILQrNHCUQ0sY18L+lfI+04yjjS1nQ/DmT14ktVLROyue3pYK5ctZHFlySI7ICfHIOSmTG1IhVcLJI3kmr+TNeXJenHfnY1qacWY9++QPnM8fDxmYcA==</latexit>

Fourier transform

<latexit sha1_base64="42gMnhzXyvIbIcuLhvSO+12cicw="></latexit>

bf(u) =
Z

f(x)e�2⇡ix·u dx

<latexit sha1_base64="N/pfZdR0Jh1Jz7eFFlghOjbayhw=">AAACFXicbVDLSgMxFM34rPU16lKRoAgupMwIPpaiKC5bsLXQlpJJ79RgJjMkd8QydOkPuPFXunGhiFvBnd/gT5g+Fr4OBA7n3MvJPUEihUHP+3DGxicmp6ZzM/nZufmFRXdpuWLiVHMo81jGuhowA1IoKKNACdVEA4sCCZfB9Unfv7wBbUSsLrCTQCNibSVCwRlaqenu1BFuMQizU9EGFaaK93VD45Ce2QwBmqJmyoSxjrpNd9MreAPQv8Qfkc2jtV7p8269V2y67/VWzNMIFHLJjKn5XoKNjGkUXEI3X08NJIxfszbULFUsAtPIBld16ZZVWtQG26eQDtTvGxmLjOlEgZ2MGF6Z315f/M+rpRgeNjKhkhRB8WFQmEqKMe1XRFtCA0fZsYRxLexfKb9imnG0ReZtCf7vk/+Sym7B3y/slWwbx2SIHFklG2Sb+OSAHJFzUiRlwsk96ZEn8uw8OI/Oi/M6HB1zRjsr5Aecty/tYqOj</latexit>

Eigenfunctions of Fourier transform
<latexit sha1_base64="4BATkPfbgsPvq+tryUmMG33jUHU="></latexit>Z

Sk(x)e
�⇡|x|2e�2⇡ix·u dx = ikSk(u)e

�⇡|u|2

<latexit sha1_base64="/uqyjknhi2AVUJIZrgH5KI8ArcI=">AAACH3icbVDJSgNBEO2JW4xb1KOXxkSIlzAjuByDXjxGNAskIfR0apImvQzdPWII+RMv/ooXD4qIt/yNneWgiQ8KHu9VUVUvjDkz1vfHXmpldW19I72Z2dre2d3L7h9UjUo0hQpVXOl6SAxwJqFimeVQjzUQEXKohf2biV97BG2Ykg92EENLkK5kEaPEOqmdvcjft/uFp9M87imhuiBBJQb3iBZKMopjxQdSCUY4VhHuQFcD4Hw/387m/KI/BV4mwZzk0Bzldva72VE0ESAt5cSYRuDHtjUk2jLKYZRpJgZiQvukCw1HJRFgWsPpfyN84pQOjpR2JS2eqr8nhkQYMxCh6xTE9syiNxH/8xqJja5aQybjxIKks0VRwrFVeBIW7jAN1PKBI4Rq5m7F1GVDqHWRZlwIweLLy6R6Vgwuiud3Z7nS9TyONDpCx6iAAnSJSugWlVEFUfSMXtE7+vBevDfv0/uataa8+cwh+gNv/ANVtaHv</latexit>

Sk(x) homogeneous harmonic polynomial of degree k

<latexit sha1_base64="GjCqU5V4QLT7yo7wy5H2GCrb6lc=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclaTgY1l047KCfUAbymQ6aYfOI8xMxBK6d+OvuHGhiFt/wJ1/4yTNQlsPXDiccy/33hPGjGrjed/Oyura+sZmaau8vbO7t+8eHLa1TBQmLSyZVN0QacKoIC1DDSPdWBHEQ0Y64eQ68zv3RGkqxZ2ZxiTgaCRoRDEyVhq4lb4hDyaM0qakWksBdcJ57sFIKp4wNBu4Va/m5YDLxC9IFRRoDtyv/lDihBNhMENa93wvNkGKlKGYkVm5n2gSIzxBI9KzVCBOdJDmv8zgiVWG2W5bwsBc/T2RIq71lIe209451oteJv7n9RITXQYpFXFiiMDzRVHCoJEwCwYOqSLYsKklCCtqb4V4jBTCxsZXtiH4iy8vk3a95p/Xzm7r1cZVEUcJHIMKOAU+uAANcAOaoAUweATP4BW8OU/Oi/PufMxbV5xi5gj8gfP5A18rm+Y=</latexit>

Poisson summation formula
<latexit sha1_base64="whD6ZOVV/dFgpRiUnD9hvHvGwGI="></latexit>X

x2L

f(x+ v) =
1

vol(L)

X

u2L⇤

bf(u)e2⇡iu·y

<latexit sha1_base64="rfc6vtwM+fF6hthmDy44wepoUnE="></latexit>

L⇤ = {u 2 Rn : x · u 2 Z for all v 2 L} dual lattice



Even unimodular lattices 1
<latexit sha1_base64="lMgyoNje2j/0VcrzNKKR4lHmdoA="></latexit>

Probably the nicest lattices: L⇤ = L and x · x 2 2Z for all x 2 L.

<latexit sha1_base64="WXF6NuM1xtS1/vepDkaIh7kybeU=">AAAB/3icbVA9SwNBEN2LXzF+RQUbm8UgxCbcBdTYBW0sFUwUkhD2NnPJkr29Y3cuGM4U/hUbC0Vs/Rt2/hs3MYUmPhh4vDfDzDw/lsKg6345mYXFpeWV7GpubX1jcyu/vVM3UaI51HgkI33nMwNSKKihQAl3sQYW+hJu/f7F2L8dgDYiUjc4jKEVsq4SgeAMrdTO7zUR7tEP0jqofjSgRe+s4h6N2vmCW3InoPPEm5ICmeKqnf9sdiKehKCQS2ZMw3NjbKVMo+ASRrlmYiBmvM+60LBUsRBMK53cP6KHVunQINK2FNKJ+nsiZaExw9C3nSHDnpn1xuJ/XiPBoNJKhYoTBMV/FgWJpBjRcRi0IzRwlENLGNfC3kp5j2nG0UaWsyF4sy/Pk3q55J2Ujq/Lher5NI4s2ScHpEg8ckqq5JJckRrh5IE8kRfy6jw6z86b8/7TmnGmM7vkD5yPb5g6lSw=</latexit>

Venkov (1980)
<latexit sha1_base64="AuDvUKfdrZ2TiAjyEZVlLBQILw0=">AAACLXicbVDJSgNBEO1xN25Rj14ag+ApzAgux7gcPEYwUYgh1HRqMk16eobuGiUEf8iLvyKCh4h49TfsLIJbQTevX9Wr6nphpqQl3x94U9Mzs3PzC4uFpeWV1bXi+kbdprkRWBOpSs11CBaV1FgjSQqvM4OQhAqvwu7pMH91i8bKVF9SL8NmAh0tIymAHNUqnh1rUD2LnGJ0twIiKdDyO0nxkCPgFo38YmwWu5cAxUWKkWsjUZNtFUt+2R8F/wuCCSixSVRbxeebdiryxImFAmsbgZ9Rsw/GDVd4X7jJLWYgutDBhoMaErTN/mjbe77jmDaPUuOOJj5ivyv6kFjbS0JXmQDF9nduSP6Xa+QUHTX7Umc5oRbjQVGuOKV8aB1vS4OCVM8BEEa6v3IRgwFBzuCCMyH4vfJfUN8rBwfl/Yu9UuVkYscC22LbbJcF7JBV2DmrshoT7IE9sQF79R69F+/Nex+XTnkTzSb7Ed7HJzsUqWA=</latexit>

Analyse these lattices with theta series with spherical coe�cients

<latexit sha1_base64="2ZVGidl/NYNSsO4ZmLHHEID/cVY="></latexit>

⇥L,p(⌧) =
X

x2L

p(x)e⇡i⌧kxk
2

=
X

x2L

p(x)q
1
2kxk

2

,

<latexit sha1_base64="0nFin4VCVe+ilDoxb3GRFrNuSW0=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoOJYBV2A4naBW0sI5gHJEuYncwmQ+axzMwKS0jjr9hYKGLrZ9j5N06SFaLogQuHc+7l3nvCmFFtPO/Tya2srq1v5DcLW9s7u3vu/kFLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY6vZ377nihNpbgzaUwCjoaCRhQjY6W+e1SKS3CEFJeCYhhLlgrJKWJ9t+iVvTngEql6/mXNh36mFEGGRt/96A0kTjgRBjOkddf3YhNMkDIUMzIt9BJNYoTHaEi6lgrEiQ4m8wem8NQqAxhJZUsYOFeXJyaIa53y0HZyZEb6tzcT//K6iYkuggkVcWKIwItFUcKgkXCWBhxQRbBhqSUIK2pvhdimgbCxmRVsCN+fwv9Jq1L2a+XqbaVYv8riyINjcALOgA/OQR3cgAZoAgym4BE8gxfnwXlyXp23RWvOyWYOwQ84719FLJY8</latexit>

p harmonic polynomial
<latexit sha1_base64="Bqlkd9QXPpWG50OqZ1bo96uJTgk="></latexit>

⌧ lies in the upper half plane {z 2 C : =(z) > 0}
<latexit sha1_base64="p/hLoz7xRcXVoxYs80ghox9/yIc=">AAAB/XicdVDJSgNBEK1xjXEbl5uXxiB4CjPBRD0IQS8eI5gFMmPo6fQkTXoWu3uEOAR/xYsHRbz6H978GzvJCFH0QcHjvSqq6nkxZ1JZ1qcxN7+wuLScW8mvrq1vbJpb2w0ZJYLQOol4JFoelpSzkNYVU5y2YkFx4HHa9AYXY795R4VkUXithjF1A9wLmc8IVlrqmLu36AzRm7SEnJghhhyFk1HHLFhFawI0Q8qWfVqxkZ0pBchQ65gfTjciSUBDRTiWsm1bsXJTLBQjnI7yTiJpjMkA92hb0xAHVLrp5PoROtBKF/mR0BUqNFFnJ1IcSDkMPN0ZYNWXv72x+JfXTpR/4qYsjBNFQzJd5CccqQiNo0BdJihRfKgJJoLpWxHpY4GJ0oHldQjfn6L/SaNUtCvF8tVRoXqexZGDPdiHQ7DhGKpwCTWoA4F7eIRneDEejCfj1Xibts4Z2cwO/IDx/gWa95QS</latexit>

q = e2⇡i⌧



Even unimodular lattices 2
<latexit sha1_base64="9IuiF3ywZqgJg2qauLMxI3pD8l0=">AAACFXicdVDLSgMxFM34rPU16tJNsBVcSJkptOqu6MaFiwr2AW0pmTQzDc1jSDJKGfoTbvwVNy4UcSu4829MH0IVPRA4nHMvOfcEMaPaeN6ns7C4tLyymlnLrm9sbm27O7t1LROFSQ1LJlUzQJowKkjNUMNIM1YE8YCRRjC4GPuNW6I0leLGDGPS4SgSNKQYGSt13eOqpFpLAXXC+USDoVQ8YQjm21dSRIpGfYOUknd52HVzXsGbAM6RkueflX3oz5QcmKHadT/aPYkTToTBDGnd8r3YdFKkDMWMjLLtRJMY4QGKSMtSgTjRnXRy1QgeWqU3TmOfMHCizm+kiGs95IGdtMn7+rc3Fv/yWokJTzspFXFiiMDTj8KEQSPhuCLYo4pgw4aWIKyozQpxHymEjS0ya0v4vhT+T+rFgl8ulK6Lucr5rI4M2AcH4Aj44ARUwCWoghrA4B48gmfw4jw4T86r8zYdXXBmO3vgB5z3L9Qunzw=</latexit>

Poisson summation formula =)
<latexit sha1_base64="8n/ZNLqzxUDDGTO3RuU8VRyitZU="></latexit>

Even unimodular lattices exist only when n is divisible by 8

<latexit sha1_base64="H/fVG4bvBj0JBIqZXKDjgrdlfgU="></latexit>

⇥L,p is a modular form of weight n/2 + k, k = deg p.

<latexit sha1_base64="52tGJZTwFYiZjC72cGi4wOyHZmA="></latexit>

⇥L,p 2 C[E4, E6]
<latexit sha1_base64="ab+JPOUrMqYWqamDHNZHBdrqUqk="></latexit>

E4(⌧) = 1 + 240q + 2160q2 + 6720q3 + · · · ,
<latexit sha1_base64="w/ws/tq2W0RTbS+9Su8doxexPJg="></latexit>

E6(⌧) = 1� 504q � 16632q2 � 122976q3 � · · · ,
<latexit sha1_base64="uEZLpWsoQVFgGdm3Ocvqpl/fVUA=">AAACB3icdVDLSgNBEJz1GeMr6lGQwSDES9gNJOotKILHCOYBSQizk95kyOzMMjMrxCU3L/6KFw+KePUXvPk3Th5CFC1oKKq66e7yI860cd1PZ2FxaXllNbWWXt/Y3NrO7OzWtIwVhSqVXKqGTzRwJqBqmOHQiBSQ0OdQ9wcXY79+C0ozKW7MMIJ2SHqCBYwSY6VO5iAnpAoJZ3fQPcaXTIPQBpjAGhQD3clk3bw7AZ4jRdc7K3nYmylZNEOlk/lodSWNQxCGcqJ103Mj006IMoxyGKVbsYaI0AHpQdNSQULQ7WTyxwgfWaWLA6lsCYMn6vxEQkKth6FvO0Ni+vq3Nxb/8pqxCU7bCRNRbEDQ6aIg5thIPA4Fd5kCavjQEkIVs7di2ieKUGOjS9sQvj/F/5NaIe+V8sXrQrZ8PosjhfbRIcohD52gMrpCFVRFFN2jR/SMXpwH58l5dd6mrQvObGYP/YDz/gXplZld</latexit>

(normalized) Eisenstein series



Even unimodular lattices 3
<latexit sha1_base64="MlsbDBuBssl23UA42oIWrY0nF+Y="></latexit>

For every fixed n there are only finitely many even unimodular lattices.

<latexit sha1_base64="lpoxond/ApoRbZwWVM9RqMyQT5c=">AAACEnicdVBNSwJBGJ7t0+zL6thlSIOCkF1Js0MgeelokBaYyOz4bg3Oziwzs4Es/oYu/ZUuHYro2qlb/6ZxNbCo5/TwPO/n40ecaeO6n87M7Nz8wmJmKbu8srq2ntvYbGkZKwpNKrlUVz7RwJmApmGGw1WkgIQ+h0u/Xx/5l3egNJPiwgwi6ITkRrCAUWKs1M3t12UYcTDAB5hyorX1oIcDqXBB4BNcPcBe5QCXDgvdXN4tuinwFCm73nHFw95EyaMJGt3cx3VP0jgEYdLJbc+NTCchyjDKYZi9jjVEhPbJDbQtFSQE3UnSl4Z41yrjMwIpDE7V6Y6EhFoPQt9WhsTc6t/eSPzLa8cmqHYSJqLYgKDjRUHMsZF4lA/uMQXU2DR6jFDF7K2Y3hJFqLEpZm0I35/i/0mrVPQqxfJ5KV87ncSRQdtoB+0hDx2hGjpDDdREFN2jR/SMXpwH58l5dd7GpTPOpGcL/YDz/gX1GpsP</latexit>

Completely classified for n = 8, 16, 24

<latexit sha1_base64="sM+KlnXk63ZQzxsGz8ivr5GNdJo="></latexit>

n = 8 Mordell (1938) only E8 root lattice.

n = 16 Witt (1941) D+
16 and E8 ? E8

n = 24 Niemeier (1973) Apart from the universally optimal Leech lattice ⇤24

there are 23 further even unimodular lattices.

n = 32 � 80 million

<latexit sha1_base64="O9lrp16TPvx1vS4JVC+ZoP+GQMQ=">AAACD3icdVC7SgNBFJ31GeNr1dJmMCixCbuBRO2CNpYRzAOSEGYnN8mQ2Z1l5q4QQv7Axl+xsVDE1tbOv3HyEKLogYHDOfcx9wSxFAY979NZWl5ZXVtPbaQ3t7Z3dt29/apRieZQ4UoqXQ+YASkiqKBACfVYAwsDCbVgcDXxa3egjVDRLQ5jaIWsF4mu4Ayt1HZPslwyY6wCHRoMKfZBaKqVQmqSQDJEwcGctt2Ml/OmoAuk4PkXRZ/6cyVD5ii33Y9mR/EkhAinCxq+F2NrxLSdJ2GcbiYGYsYHrAcNSyMWgmmNpveM6bFVOrSrtH0R0qm62DFioTHDMLCVIcO++e1NxL+8RoLd89ZIRHGCEPHZom4iKSo6CYd2hAaOcmgJ41rYv1LeZ5pxtBGmbQjfl9L/STWf84u5wk0+U7qcx5Eih+SIZIlPzkiJXJMyqRBO7skjeSYvzoPz5Lw6b7PSJWfec0B+wHn/As+UnIs=</latexit>

(classified by their root sublattices)



Known results
<latexit sha1_base64="BB2nFcTsb6jdDxrqL1RqzcooDLw="></latexit>

Theta series with spherical coe�cients =)
<latexit sha1_base64="02HqYHMZemraF36FE00AS5mvZkU="></latexit>

All shells of even unimodular lattices for n = 8, 16, 24 are spherical 2-designs

<latexit sha1_base64="OduR20g8GQWyUp4k5Tq9F8yhiJc="></latexit>

All shells of L = E8,⇤24 are spherical 4-designs
<latexit sha1_base64="MhzrenLUssWd+yZPEuB7wlfMd5w="></latexit>

Sarnak, Strömbergsson (2006): r2E(f↵, L)[H] > 0 for all ↵ > 0

<latexit sha1_base64="4pEfgAZpUyewRd5XlL9iFFUrnPk="></latexit>

Need: Modified r2-computation when shells are not spherical 4-designs.



Our modification
<latexit sha1_base64="91BQXdG9zKomg0Ct4mNcLz+Lsv4="></latexit>

Theorem. Let L be an even unimodular lattice in dimension n  32. Let

⇥L(⌧) =

1X

m=0

amq
m

with am = |L(2m)|

be the theta series of L and let
P1

m=1 bmq
m

be the cusp form of weight n/2+4

with b1 = 1. Then all the eigenvalues of the Hessian r2E(f↵, L) are given by
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where � is an eigenvalue of the quadratic form
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Eigenvalues



Results for n = 16



Results for n = 24

<latexit sha1_base64="uGE+aOkDyZNGoSjvxdR/CrLJmj4="></latexit>

For large values of ↵: Only the Niemeier lattices with irreducible root sys-

tems, namely A24 and D24, are local minima for f↵-potential energy. All other

Niemeier lattices are saddle points for f↵-potential energy for ↵ large enough.

There are no local maxima among the Niemeier lattices.



Some results for n = 32
<latexit sha1_base64="aSNb6RMSA6IWkxjSgHY872frXlQ="></latexit>

King (2002): There are at least ten million even unimodular lattices without
roots (L(2) = ;) in dimension 32.

<latexit sha1_base64="BrsEJ1jxKDpOae3PKHIvD+S4yVQ=">AAACDXicdVDJSgNBEO1xjXGLevTSGAVPYUZwPQW9eIyQRUhCqOlUMk16FrprAiHkB7z4K148KOLVuzf/xs4iqOiDgsd7VVTV8xMlDbnuhzM3v7C4tJxZya6urW9s5ra2qyZOtcCKiFWsb30wqGSEFZKk8DbRCKGvsOb3rsZ+rY/ayDgq0yDBZgjdSHakALJSK7dfDnDAQSkeQB85BcgNhBNCwA1qieailcu7BXcC/o0cu975ice9mZJnM5RaufdGOxZpiBEJBcbUPTeh5hA0SaFwlG2kBhMQPehi3dLIbjTN4eSbET+wSpt3Ym0rIj5Rv08MITRmEPq2MwQKzG9vLP7l1VPqnDWHMkpSwkhMF3VSxSnm42h4W2oUpAaWgNDS3spFABoE2QCzNoSvT/n/pHpU8E4KxzdH+eLlLI4M22V77JB57JQV2TUrsQoT7I49sCf27Nw7j86L8zptnXNmMzvsB5y3T2dqmyo=</latexit>

They all have the same theta series:
<latexit sha1_base64="eTpmaiGbv7iaP33WM9yho4C4n7M="></latexit>

⇥L(⌧) = E4
4(⌧)� 960E4(⌧)�(⌧)

= 1 + 146880q2 + 64757760q3 + 4844836800q4 + 137695887360q5

+ 2121555283200q6 + 21421110804480q7

+ 158757684004800q8 + · · ·

<latexit sha1_base64="RI88hVoDc57l1NDASc1TPK8nE5c=">AAACFHicdVDLSgMxFM3UV62vqks3wVYQxGGm2Kq7qhsXLipYW2hLyWTutKGZzJBkhFL6EW78FTcuFHHrwp1/Y/oQquiBwOGcc8m9x4s5U9pxPq3U3PzC4lJ6ObOyura+kd3culVRIilUacQjWfeIAs4EVDXTHOqxBBJ6HGpe72Lk1+5AKhaJG92PoRWSjmABo0QbqZ09OOMcqy5wrnAU4PxVHgeRDLGKuyBNiuOjQx8U6whlt7M5x3bGwDOk6LinJRe7UyWHpqi 0sx9NP6JJCEJTTpRquE6sWwMiNaMchplmoiAmtEc60DBUkBBUazA+aoj3jOKPljFPaDxWZycGJFSqH3omGRLdVb+9kfiX10h0cNIaMBEnGgSdfBQkHOsIjxrCPpNANe8bQqhkZldMu0QSqk2PGVPC96X4f3JbsN2SXbwu5Mrn0zrSaAfton3komNURpeogqqIonv0iJ7Ri/VgPVmv1tskmrKmM9voB6z3L2KfnS8=</latexit>

All shells of L form spherical 4-designs.



Eigenvalues of the Hessian

<latexit sha1_base64="4zBaTFEyszCKQkVFRV81j1+SQy0=">AAACEXicdVC7SgNBFJ31bXytWtqMJoJV2A3ERyfaWFhEMCaQhHB3MkkG57HMzKph8Rds/BUbC0Vs7ez8GyfJCip64MLhnHu5954o5szYIPjwJianpmdm5+ZzC4tLyyv+6tqFUYkmtEoUV7oegaGcSVq1zHJajzUFEXFaiy6Ph37timrDlDy3g5i2BPQk6zIC1kltf6fQPFWyp1mvb0FrdV3ANYq7KpEdzBUBjgXcMAGbbT8fFIMR8DdSDsKD3RCHmZJHGSpt/73ZUSQRVFrCwZhGGMS2lYK2jHB6m2smhsZALqFHG45KENS00tFHt3jbKR13hnYlLR6p3ydSEMYMROQ6Bdi++e0Nxb+8RmK7+62UyTixVJLxom7CsVV4GA/uME2J5QNHgGjmbsWkDxqIdSHmXAhfn+L/yUWpGO4Wy2el/OFRFscc2kBbaAeFaA8dohNUQVVE0B16QE/o2bv3Hr0X73XcOuFlM+voB7y3T4cpnNc=</latexit>

=) We found local maxima!


