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The collateral choice option
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The collateral choice option

@ Assets are perfectly collateralized:
no frictions, entire asset is covered at all times.

No default risk, discounting with time value of money.

Single curve framework based on collateral rate r.

@ Asset valuation becomes

Vo = EQ [e* foT r(t)dt VT]-
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The collateral choice option

collateral
(spot)
rates N
v2¢
s F L
time

Vo = EQ [e_ fOT ? dt V_,_]

3/20



The collateral choice option
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The CTD discount factor

Goal: Express the option without path and asset dependence.

-
EQ [exp(—{ max(ro(t),...,rN(t))dt> VT]

T

—EQ [exp<—/ ro(t) -+ max(0, (n — r0)(t), ..., (rn — ro)(t))dt) VT}

0
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~E° [exp(- { max(0, (1), qu(t))dt) exp(~ / ro(t)de) Ve

0
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The CTD discount factor

M)::EQ[efﬁJnmquﬂﬂrquUDdtefﬁfnﬁﬂdtvf]

Strong independence (all g; from ry and V):

_ go [e_ fOTmax(O,ql(t),...,qN(t))dt] EQ [e_ foT ro(t)dt VT]-
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The CTD discount factor

M)::EQ[efﬁJnmquﬂﬂrquuDdtefﬁ;nﬂﬂdtvf]

Strong independence (all g; from ry and V):
— EQ [e_ fOT max(ovql(t)v'“qu(t))dt] EQ [e_ fOT rO(t)dt VT:| X
Weak independence (all g; from V):

_ EQT [e_ foT max(O,ql(t),...,qN(t))dt]EQ [e_ foT ro(t)dt VT} )

5/20



The CTD discount factor

For either measure in {Q’QT}:
CTD(O,T)::E[e—ﬁ;nmﬂQqﬂﬂ,qu@»dq‘

Hard to evaluate (in general)!
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The CTD discount factor

For either measure in {Q’QT}:
CTD(O,T)::E[e—ﬁ;nmﬂQqﬁﬂrqu@»dq‘

Hard to evaluate (in general)!

Pragmatic solution: deterministic model

CTDyet(0, T) = e Jo max(OBlar (0], Elan(d))dt
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The model choice matters

The deterministic price is easily obtained with a composite curve.
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The model choice matters

The deterministic price is easily obtained with a composite curve.
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The model choice matters

With stochastic dynamics...
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The model choice matters

With stochastic dynamics the maximum gets bigger!
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The model choice matters

Jensen’s inequality: max(0, E[geur], E[qeep]) < E[max(0, geur; gcep)]

Collateral Spreads
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How to construct a stochastic model

Spreads g; behave similar to interest rates.

Modelling them with stochastic interest rate models (Gaussian processes)
gives rise to the maximum process M(t) = max(0, g1 (t), ..., qn(t)).

@ No closed form marginal distributions
M(t) = max(0, g1 (t), ..., qn(t)).

@ No closed form process distribution (I\/I(t))te[0 ok

e CTD(0, T) = E[exp(— fOT M(t)dt)] = [Zk 0 (M(t)dt)]

k!
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Stochastic model: Taylor approximation

( )dt) }

CTD(0, T) E[Z

First-order approximation is not precise enough, second-order
approximation appears suitable:

CTD(0, T) Nexp /M dt 1+ Var/ M(t dt

but is still dependent on the marginal distributions M(t) and covariances
Cov[M(t), M(s)]!
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Stochastic model: process approximation

A

f@ At

t1 & € - b

@ Obtain marginal distribution from conditional independence
assumption (common factor model)

@ Obtain process dynamics by approximation with similar processes for
which it is known (It or mean-reverting diffusion)
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Two models for CTD

Finally, we have three quantities:
o True value:  CTD(0, T) = E[exp(— fOT M(t)dt].
@ Deterministic model:  CTDge (0, T).

e Stochastic model: CTDcp(0, T).
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Stochastic and deterministic CTD models in practise

Consider an interest rate swap with the collateral choice option:

Ve(t) = iCTD(t, Ti) Uk(t)
k=1

Z D(t, Ty) (TkP(t, Tk)(ﬂ(t, Ti-1, Tk) — K))

“True values” CTD(t, Ty) are unknown but we can approximate the
discount factors with our models CTDgye; and CTDck.
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Stochastic and deterministic CTD models in practise

Consider an interest rate swap with the collateral choice option:

Ve(t) = iCTD(t, Ti) Uk(t)
k=1

Z D(t, Ty) (TkP(t, Tk)(ﬂ(t, Ti-1, Tk) — K))

“True values” CTD(t, Ty) are unknown but we can approximate the
discount factors with our models CTDgye; and CTDck.

Consider portfolios II;, j € {det, CF}:

T(t) = VE(t) = N> CTD;(t, Ti)mw(U(t, Tiet, Te) — K)P(t, Ti)-
T>t
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Accumulated error

Accumulated PnL difference of synthetic hedges

mm Det. CTD
CF CTD
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Accumulated valuation error over the lifetime of a swap.
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Hedging perspective

IT;(t) = - N Z i(t, T (U(t, Tee1, Ti) — K)P(t, Te).

These portfolios are comparable to a Delta hedge of the swap V°.
Ve(t) = > CID(t, Ty) Uk(t).
k=1

The linear product ), Uy only requires a Delta hedge, which risk factors
are introduced by the CTD factor?
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Hedging perspective
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Hedging perspective
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What's in a hedge?

Risk factors are the “ingredients” of the asset price that change
stochastically.

Changes in a risk factor X move the price of the asset:
Xt= V=FfX)1

Hedges are assets that move in opposite direction under these changes:
Xt= W=g(X)|

Together, asset and hedge are neutral to the risk factor:

X1 = (V+ W)1] (no change).
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Call Option example (Black—Scholes market)

Consider Geometric Brownian motion stock
A European call option C pays max(St — K, 0), hence

ST1= C71.
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Call Option example (Black—Scholes market)

Consider Geometric Brownian motion stock
A European call option C pays max(St — K, 0), hence

ST1= C71.

Delta-Hedge: Risk factor S has hedge —S:
St1= -§]

ST = (C+ AS) 1] is neutral (for some factor A).
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Call Option example (Black—Scholes market)

Delta-hedge portfolio TI(t) = C; + A(t)S:

Distribution of the A-Hedge PnL for a Black-Scholes market
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Call Option example (Heston market)

If stock S moves with Heston dynamics

dS; = pSidt 4+ /v S dW;,
th = /@(Q(t) - Vt)dt + g\/V_tthva
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Call Option example (Heston market)

If stock S moves with Heston dynamics
d5t = /,Lstdt + \/V_tstth:S7
dve = £(O(t) — vi)dt + €AWy,
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Call Option example (Heston market)

If stock S moves with Heston dynamics
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d5t = /,Lstdt + \/V_tstth:S7
dve = K(0(t) — vi)dt + &/ved WY,

Delta-hedge portfolio

Distribution of the A-Hedge PnL for a Heston market
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Volatility v is another risk factor!
vi= C?

Delta-Vega-hedge portfolio
H(t) = Ct + A*(t)St + l/(t) Ct
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Hedging the collateral choice option

What are the risk factors in an asset with the collateral choice option:
Ve(t) =CTD(¢t, T)V(t) ?

@ Vis linear = only risk factor is its underlying = Ay,.
o CTD is convex = Actp, Verp?

Collateral spreads cannot be traded, what is a hedging asset for them?
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Hedging the collateral choice option

What are the risk factors in an asset with the collateral choice option:
Ve(t) =CTD(t, T)V(t) ?

e Vs linear = only risk factor is its underlying = Ay,.
@ CTD is convex = ACTD, VCTD?

Collateral spreads cannot be traded, what is a hedging asset for them?

@ Create artlﬁaal products “bond on collateral spreads”

Qi(t, T) = Elexp(— ft qi(s
and options on it.

@ Are there liquidly traded instruments that can serve as a proxy for the

same risk factors?
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